!“ —— ee— ke v— m— e — e — o — - — e — - —

pum— TOPICAL
Past Papers

F

|

)
i)
L
t

?709

MATHEMATICS

\.f

M READZWRITE
| 7% pUBLICATIONS

Fiw . "« P i '
~) A4 L L) syLsehitl 514 (} oo e 1h Bty 5 ff n reabapabaiile pruabilicationahep

i3 Plaa F /s [ F fiippn Jhiis Yind K ipig ) ] Siaan G reatandmiite puabilicationsGeginal com
St Fapaad Tnivay s 4L E [ paewind L pispandt F e Masdiin Halempan € wntis, Ciliasni Steeat, Hoda [Sazat, [abore

L'.‘-: el e



A
ROV |
\! \ Level
( 0 W Article No. 273

I\}Iathemaric”%

- Paper-3
(Topical Past Paper with Mark Scheme)
(2002-2019)

Features:

v All Variants
v" Mark schemes included .
v Questions order new to old

Editorial Board

O

Javed Ghuman

(GreenHall, LGS JT, LGS-1A1, BSS,
Pak Turk)

Jawad Saeed

(GreenHall, LGS, Roots Millennium),
Amjad Ali Siddiqui

(GreenHall, LGS, KIMS, Pak-Turk,
BSS ALJT)

Mian Asif

(GreenHall, LGS JT, BSS AUT, Pak Turk)
Majid Nisar

(GreenHall, BSS model Town)
Naveed Ur Rehman

(GreenHall)

Nubeer Khan

(GreenHall, KIMS)

Hafiz Imran Sabri

(GreenHall)
,,El_rglil
R
[=]r

Sean QR Code

() +92-42-35714038

@ Head Office: 3-C, Zahoor Elahi Road, Gulberg II, Lahore. :
Sale Point: Shop No. 25-28 Lower Ground Floor, Haadia Halecma Centre, Ghazni Street,

[] +92-336-5314141 ) www.readnwrite.org

Saif Cheema

(GreenHall, Ex. Aitchison, LGS Paragon, LGS IT,
BDC)

Muhammad Raza

(GreenHall, BSS-AUT, BCCG)

-Ahsan Jawad

(GreenHall, LGS Phase-I&V, SICAS)

S.A. Qamar

(GreenHall, SICAS, Lahore Lyceum & ESI)
Kaleem Butt

(GreenHall, LGS, LACAS, BRICK, Crescent., LSL)
Kashif Jabran

(GreenHall, LGS-1A1, LGS Model Town)
Abid Nusrat

(GreenHall, LGS)

Hafiz M. Farooq

(GreenHall, SISA)

M. Shahid Butt

(GreenHall, Learning Alliance DHA Campus)

READ&WRITE

PUBLICATIONS

IF; readandwritepublications/Shop

= readandwrite.publications@gmail.com
Urdu Bazar, Lahore



ESWNOESAVET WA= e -

A

3

Rond & erl;u Publications

CONTENTS

UNIT1 | Algebra el
_L____-—_h_——_ b e— . ) e e e
i1 Equation and inequalities 8
. | Answer Section — 9
. | Remainder and factor theorem 18
Answer Section — 21
123 _Partial fractions and binomial expansions 27
Answer Section - —-— | 33
Logarithmi d i 53
UNIT 2 g IC and exponential funqtnons
Answer Section - 59
Trigonomet 69
UNIT3 |— 4
Answer Section -— | 77
Differentiation 91
UNIT 4 _
Answer Section — | 101
UNIT 5 | Integration 117
: Integration 118
A
Answer Section 133
5a Trapezium rule 157
| Answer Section 165
Numerical solution of equations 175
UNIT 6 -
Answer Section -=— | 193
Vectors 211
UNIT 7 -
Answer Section - | 221
Differential equations 259
UNIT 8 :
Answer Section — | 272
Complex numbers 289
UNIT 9 _
Answer Section —— | 300
YEARLY PAST PAPERS
October/November 2018 Paper 32 - 323
Answer Section — | 326
May/June 2019 Paper 32 330
Answer Section 332




Hond & Wille Publications

UNIT 1 ‘Topics

1.1 Equation & inequalities
1.2 Remainder & factor

theorem

1.3 Partial fractions &
binomial expansions

Algebra

A-Level
Mathematics Paper 3
Topical Workbook

d
READ XWRITE

PUBLICARTIONS

Sake Point: Shop 8 2508 Lowe Crotiind FR\,
Piaadia Haleama Oetthe, Ghaat Stieael,
Ui Bazar, Latwie
T a0 2387 1A
Ol 180 RG34 141
AVEIN WA TR N

V-l oIV RETCAERNRE Oty



LB

N D T, e e = AR = T
ST TR

themalics A-Lovel P-3 Toplcal 8 Unit1.1:
Matheméatic l Rond & Wrlto Publications 1 Equation & Inequalitis

Unit-1: Algebra

1.1: Equation and Inequalities

1.

12,

13.

14.

15.

10.

1.

M 17/P32/Q2

Solve the inequality |x — 3| < 3x =4,
M/J 17/P31/Q1

Solve the incquality |2x 4 1] < 3]x =2,
M/ 16/P31/Q1

(i) Solve the equation 2|x = 1] = 3|x|.

(ii) Hence solve the equation 2|5 — 1] = 3|5%|, giving your answer correct (o 3 significant figures.

M/J 16/P33/Q1

Solve the incquality 2]x = 2| > [3x + L.

O/N 15/P32/Q1, O/N 15/P31/Q1

Solve the incquality |2¢ = 5| > 3|2x + 1.

M/J 15/P33/Q2

Solve the inequality |x = 2| > 2v =

OIN 14/P33/Q1

Solve the incquality [3x— 1] <|2x - 5],

M/J 14/P32/Q1

Find the set of values of v satislying the inequality
|+ 2a| > 3| —al,

where a is a positive constant.

M/J 13/P32/Q1

Solve the equation |xv =2 = Ht[

M/J 13/P31/Q3

X =3

Express W in partial [ractions, &

M/J 13/P33/Q1 ¢
i , A

Solve the incquality [4x + 3] > |.x|. 5‘ Q&S’S

O/N 12/P32/Q1, O/N 12/P31/Q1

Find the set of values of x satisfying the inequality 3|x = 1] < [2xv + l| 5) @/

MIJ 12/P31/Q1
Solve the equation |4 = 2| = 10, giving your answer correct lo@ﬁlﬂ}%mq’ﬁ\l figures.

O/N 11/P31/Q3

The polynomial x* + 3x* 4 ax + 3 is denoted by p(x). Iti n F\(&l l}[t p(,\) is divisible by x* —x+1.
(i) Find the value of a. 'k

(ii) When a has this value, find the real roots of %ﬂ émwm p(x) = 0.

M/J 11/P32/Q1 Qq.j-’
Solve the inequality |x| < |5+ 2x|.

a)

(4]

(4]

3]

(2]

[4]

[4]
(4]

(4]

(4]

(3]

(3]

[4]

(3]

[2]

(3]

|
|
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16. M1 11/P231/Q4
‘The polynomial f(x) is defined by
f(x) = 122 4+ 2542 —4x - 12.
(i) Show that f(=2) = 0 and factorise f(x) completely, (4]

(iiy Criven that
12227 42529 -4 %23 -12=0,

state the value of 27 and hence find y correct to 3 significant figures. (3]
17. MIJ 11/P33/Q5

The polynomial ax® + bx* + 5x =2, where a and b arc constants, is denoted by p(x). It is given that
(Zx — 1) is a factor of p(x) and that when p(x) is divided by (x —2) the remainder is 12.

(i) Find the values of a and b, (5]
(i) When a and b have these values, find the quadratic factor of p(x). (2]

18. O/N 10/P32/Q1, O/N 10/P31/Q1
Solve the inequality 2|x— 3| > [3x -+ 1]. (4]

19. O/N 10/P33/Q10
The polynomial p(z) is defined by
p(z) = z° + mz* + 24z + 32,

whete nis a constant. It is given that (z + 2) is a factor of p(z).

(1) Find the value of m. (2]
(i) Hence, showing all your working, find
(a) the three roots of the equation p(z) = 0, (5]
(b) the six roots of the equation p(z*) = 0. [6]

20. MIJ 10/P32/Q5

The polynomial 2x” + 5x* + ax + b, where a and b are constants, is denoted by p(x). It is given that
(2x 1) is a factor of p(x) and that when p(x) is divided by (x + 2) the remainder is 9.

(i) Find the values of a and b. [5]
(i) When a and b have these values, factorise p(x) completcly. [3]
21, M 10/P31/Q1
Solve the inequality [x 4+ 3a| > 2|x = 2a|, where a is a positive constant. [4)
22, MIJ 10/P33/Q11 W@ A
Solve the inequality [x = 3| > 2|x+ 1. Y QS [4]
23, OIN 09/P31/Q1 0@5 &
N
Solve the inequality 2 - 3x < |x - 3]. ﬁ @@’ [4]
24, MIJ 08/P03/Q1 Q ®©
Sulve the inequality |x - 2| > 3|2x + 1|, @ @55@ [4]
28, OIN 06/P03/Q1 %@%S j
Find the set of values of v satisfying the inequality |3* — 8| @%} iying 3 significant figures in your
answer, (4]
26, MIJ 06/P03/Q2 @@@ v
Solve the inequality 2v > |x - 1. @, ﬁ (4]
27, OIN 05/P03/Q1 &

Given that a is a positive constant, solve the inequality
|x=3al| > |x-aq]. (4]
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1. MIJ17IP22/Q2

EITHEE:
State or irply rovi-mmcdalar ¢ mogzlity (x -—3;2 <3z~ *}2 or corresponding equation
Make rexsonable sttengt 28 siving 5 toeee ter guadratic

Ontzin criticz] valus » :2/.
State finzl znawer 2 > i— onh

OF:

State the refevant critical inegualiny 3 —x<3x—4, or corresponding equation
Solve for z

Obtzin critical value z =L

3N

Stzte finzl zngwer - 2— r.-::i'.'

OR2:
Make recognizable sicetches of y=12—3 2245 =35-4 ona single diagram
Find z-coordinate of the frmerpertion

. 7
Obtzinx=+<L
btain x y

State finzl znswer x

MIJ 17/P31/Q1

EITHER:

State or imply nom-modulzr in neguelity (2z+1)° <(3(x-2)) , or corresponding
quadratic equation, or pzir of lineer eguztions (2z+1) =23(z—2)

Make rezsonzble soluticn ziomptatz 3o guadratice.g. 5x° —40x+35=0 or
solve twio linszr eguations for x

Obtzin criticzl vzlues ,—I endz=7

Stete final enswer x< 1 znd x> 7

OR: /(_w@

Obtzin critical value x = 7 from 2 graphical method, or by inspection, or by solving ., 5 A9
z linear equation or inequality )’«\y o
Obtzin criticzl value x = 1 similarly A S
State finzl znswier <1 znd x> 7 2
1/J 16/P31/Q1

(i) EITHER: Stzte or imnply non-modular equation (2(x 1)) =(3x) },\oﬁ) 5@]1ncar equations
2Ax-1)=%3x “:\ﬁ" &
Mzke reasonable solution zttempt a1 4 3-term quadratic, nmalv‘é: tys
Obtain answers z--—2andx~2 \"/ A

Z,

OR: Obtzin answer 2 = =2 by inspection or b ¥ solving/d )me,;s,(cquat:on
Obtain znswer z = 2 similarly o7

”
only

ulq

finear equations

(i) Use correct method for wolving an equation of the furn? =aor 5 =u, where a >
Obtain znswer z =—.569 only [2]

.. RN Tk R B R R

m"!ﬁ‘ﬂ_‘l"“r—; T v m— T W T T T
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4. M/J 16/P33/Q1
ZITHER: Statc or
equation, or pair of Jinear equ

Make reasonable solution attemp
=5 and x=%

imply non-modular inequality (2(x ~2))? >(3x+1)?, or corresponding quadratic

ations 2(x—2)=x(3x+1)
t at a 3-term quadratic, or solve two linear equations for x

(btain critical values x
State final answer “§E e %

OR; Oktam eritical valuex =
eguation or inequality
C3ktain critical valuex= 2 similarly

State final answer —5<x {%
(4]

_5 from a graphical method, or by inspection, or by solving a lincar

Mo not condone < for <]

o 15/P22/Q1, O/N 15/P31/Q1
EITHER: State or imply non-modular inequa

o

lity (2x—5)* > (3(2x+1))*, or corresponding

guadratic
equation, or pair of linear equations (2x—5)= +3(2x+1)
Make rezsonable solution attempt at 2 3-term quadratic, or solve two linear equations for x

Oktain critical values —2 2nd ;%

State final answer —2<x ""'é?
(f: Obtain critical value x= 2 from a graphical method, or by inspection, or by solving a

linear

equation or ineguality

Obtain critical value x= :!,- similarly

State final answer —2<X<% (4]
[Do not condone < for <]

&, MIJ15/P32/Q2
EIT/HER: State or imply non-modular inequality (x - 2y >(2x~ 3)?, or corresponding gquation

Solve a 3-term quzdratic, 2s in QL.
5

Obtzin critical value x=—
3 .
5 P
State final answer x < — only LV L)
3 S
OK1: State the relevant criticzl linear ineguality (2—x)> (2x—3),0r correspom_ig"lgz éﬁf
equation g -{?j Al
Solve inequality or equation for x D@r,f?:f
i 5 i
Obtain critical value x = — @ @) 3
5 ’ ;«j@ 42
Statc final answer x < — only NS o
3 S g
OR2:  Make recognisable sketches of y=2x—3 and y =[x@i[‘6n,;z ingle dizgrzm
Find x-coordinate of the intersection 2 2
; 5 17 77
Obtain x = = o ¢?
3 & -:-*:‘{v
; 5 & B
State final answer x < = only &

R — T, \c;:"l_’.j
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7. OIN 14/P33/Q1
Either  State or imply non-modular inequality (3x - 1)2 < (2x + S)2 or corresponding
quadratic equation or pair of linear equations 3x -1 = +(2x +5)

Solve a three-term quadratic or two lincar cquations 5x? — 26x — 24 < (

Obtain —% and 6

State —-:—«:tx(G

Or Obtain value 6 from graph, inspection or solving linear equation

Obtain value —-:— similarly

State —--54—<x<6
8. MIJ 14/P32/Q1

quadratic equation, or pair of linear cquations (x + 20): ﬂ(x— a)

| forx
’ Obtain critical values x=14 and x= la

State answer La< x<%a

a linear equation or inequality
Obtain critical value x = 1 asimilarly

State answer %a<x<%a

i [Do not condone < for <.]

i 9. M/J 13/P32/Q1 e
EITHER: State or imply non-modular equation (x—2)2 = (EIJ 5

or pair of equations x-2 = :tlx

Obtain answer x =3

Obtain answer x = >’ or equivalent

10. M/J 13/P31/Q3

i State or imply correct form 2 + B’? <
| x x‘+l é
f Use any relevant method to find at least one constant o
Obtain 4=2 7 f/
Obtain B =5 @
. , 53
Obtain C=-3 f

EITHER: State or imply non-modular incquality (x + 2a)* > (3(x—a))?, or corresponding

Make reasonable solution attempt at a 3-term quadratic, or solve two linear equations

OR: Obtain critical valuex=%a from a graphical method, or by inspection, or by solving

&
_ . 3 : ¢

f; Obtain answer x = > or equivalent 5}@,

| : N e Q)
H OR: Obtain answer x = 3 by solving an equation or by inspection {4@} ‘@b

|

} State or imply the equation x—2 = —% , or equivalent 5/\0}

(4]

(5]
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11. MAJ 13/P33/Q1
EITHER: State or immply nossmodular ineguaality (4x = 3)7 2 x| or comespondiag AQAAZON
or pair of equations 4r+ 3= 2x
Obtainr a critval valee, a8 —

Lo i".l.‘

Obtain a sevond critical vale, a8 —

N

State final answerx < -l x>~

OR&: Obtain crigeal valke x=-1, by
wethod oc by taspection
Obtain the cnitcal valee —— smilacdy
-

-
-

State final answerx <l x>—=
~

[D\" nod L,"L‘.u\.\:"d' s .I

12. O/N12/P32/Q1, O/N 12P311Q1
EITHER  State o tmply nossmodular r.:.\:s;m Y p@. D) -\( + 1)
X, OF Pt oF i a;:a:.\\mt Je=-D=2Rx+1)

or cormesponding quadratic aguas
Make reasonable solution amvagy a1a -m \‘..:tﬁr‘.ﬁL\., ar sabve o Bnear

aquations
Obtain critical valesy=Tandx =<

- -

State snswer s<x <<
dex = 4 fhom a graphical methad, or dy inspection, or by

- "nl'l.

OX Obtain catival valee x =
solving 8 ifn\'.‘.i: aquation or tmaguaiily
Obaain cniteal values v = :-1.\. A

-

State answer TN
[Do not condone < for <]

13. M 12/P31/QT
' ==10and 10

solving a Noear aguation of Inagualily, of Jom 2 qraphical

State or wply 42" =
Use correvt methad tor solving aguiation of form 2 =g
Obtain 3.81 A
s A
14. O/N 11/P31/Q3 ‘\\f\‘ A
el ooy
(0 SITHER: Attopt tit\mmh\\\ -x -+ 1 raching a partial quotient of ey _ k\\\ \\\0\‘
Ut‘::uu Quottenta® + 4y + 3 \.‘\" B
Equate remmander of fom A o 2o amd solve fore, or oqmwh\\\ N
- \
Obtan answer o = | R QF
oxy Substitute a complex zem ofa—x + 1 inp) and aquate r\\\ n
Obtain & comat Nlmi‘lml i i any unsiplitiad !\\n\ N ,.::‘\
Expand temms, vee 17 = <1 and solve for \Y\ 0y o
h N
Obtain answer o = | 3 ‘Q
\ -
(SR The fist M1 is camad i fnspection reaches an 111\&\‘13‘%\ ‘I(‘i\\!l AT By Cand an
and:kit aquation 4 andor A,

ation i & and or G or an unknown factor 4v° 4 ‘:‘\

The savoud M1 s only camad iuse of the eqn.nmn A ;. Qﬂ.\ seen ot iplied. ]
\\

(1D State answer, e v -3 “\\ '*'
A W
State answer, e v -1 and wo others X

e

- 1\3.
ALY Avvwany 1

Ml

(4

[l

h-—
» 1'_s.h”i
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15. M/J 11/P32/Q1
EITHER; State or imply non-modular inequality x* < (5 + 21)2, or corresponding
equation, or pair of lincar cquations x = :1:(5 + Zx)

Obtain critical values -5 and -—% only

Obtain final answer x < -5, x > 2

OR: State one critical value e.g, -5, by solving a linear equation or inequality, or
from a graphical method, or by inspection

State the other critical value, c.g. ——j—, and no other

Obtain final answer x < -5, x> 2 [3]
[Do not condone < or 2]

16. M/J 11/P31/Q4
(i) Verify that—-96+ 10048 - 12 =0

Attempt to find quadratic factor by division by (x +2), reaching a partial quotient

12x” + kx, inspection or use of an identity
Obtain 12> +x -6

State (x +2)(4x + 3)(3x - 2) [4]
[The M1 can be carned if inspection has unknown factor A + By — 6 and an equation in
A and/or B or equation 1222 + Bx + C and an equation in £ and/or C.]

(i) State 3”= 2 and no other value

Use correct method for finding y from equation of form 3 = k, where k> 0
Obtain —0.369 and no other value (3]

17. MIJ 11/P33/Q5

(i) Substitute x = % and equate to zero, or divide, and obtain a correct equation, e.g.
la+lb+—5——2=0
8 4 2

Substitute x = 2 and equate result to 12, or divide and cquate constant remainder to 12

Obtain a correct equation, e.g. 8a+4b+10—-2 =12

Solve for a or for b

Obtaina=2 and b =-3 [5]

(i) Attempt division by 2x— 1 reaching a partial quotient %a;:r2 +kx S-‘\OS%'O §)ﬂ©

Obtain quadratic factor x* —x + 2 2 &
[The M1 is earned if inspection has an unknown factor A + Bx + 2 and an é \ inpﬁ\n A
and/or B, or an unknown factor of %axz +Bx + C and an equation in Boa@% 5

18. O/N 10/P32/Q1, O/N 10/P31/Q1 e

EITHER: State or imply non-modular inequality (2(x—3))*> (3% ﬁ@@:aé‘%{mdmg
T +
\u.a

2]

quadratic equation, or pair of linear equations 2(x — 3)
Make reasonable solution attempt at a 3-term quadra@ ors
()

equations b
Obtain critical values x =—7 and x =1
¢/
@)

two linear

2,
State answer -7 <x< ] X
OR: Obtain critical value x=-7 orx =1 from a graphical method, or by inspection,
or by solving a linear equation or inequality
Obtain critical values x=—7 and x = |
State answer—7 <x < | [4]
[Do not condone: < for <]

Err———m———a————mmr g T = — o e ———

N L T U oo e —
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19. O/N 10/P33/Q10
() Attempt to solve for m the equation p(-2) = 0 or equivalent

Obtain m = 6 [2]
Alternative:
Attempt p(z) = (z + 2), equate a constant remainder to zero and solve for m.
Obtain m=6
(i) (a) Statez=-2
Attempt to find quadratic factor by inspection, division, identity, ..
Obtain 77 + 4z + 16
Use correct methad to solve a 3-term quadratic equation
Obtain —2+2+/3i or equivalent 5]
(b) State or imply that square roots of answers from part (ii)(a) needed
Obtain +iv2
Attempt to find square root of a further root in the form x + iy or in polar form
Obtain &® — b*=—2 and ab =(+}/3 following their answer to part (ii)(a)
Solve foraand b
Obtain * (l +iJ_’T) and + (1 —iﬁ) (6]
20. M/J 10/P32/Q5
(i) Substitute x=—1 3 » equate to zero and obtain a correct equation, €.g.
—++2-Ja+b= O
Substitute x =—2 and equate to 9
Obtain a correct equation, e.g. —16+20—-2a+b=9
Solve fora or for b
Obtaina=-—4and b =-3 [5]
(i) Attempt division by 2x + 1 reaching a partial quotient of x* + kx
Obtain quadratic factor x” +2x—3
Obtain factorisation (2x+1)(x+3)(x—1) (3]
[The M1 is eamed if inspection has an unknown factor of x? +ex+ f and an equation in e and/or
£, or if two coefficients with the correct moduli are stated without working,.]
[If linear factors are found by the factor theorem, give B1 + B1 for (x —1) and (x + 3), and then Bl
for the complete factorisation.] :
21. MIJ 10/P31/Q1 4)%@
EITHER: State or imply non-modular inequality (x + 3a)® > (2(x —2a))?, or correspdnd
quadratic equation, or pair of linear equations (x +3a) =+ 2(x —2a) "\0
Make reasonable solution attempt at a 3-term quadratic, or sgﬁ @) inear
equations
Obtain critical values x=1a and x = 7a
State answer La<x<7a €§%
OR: Obtain the critical value x = 7a from a graphlcal , G %ér)mspectlon or by
solving a lincar equation or incquality <"
Obtain the critical value x =1 a similarly @
7 & [4]

State answer La<x<7a
[Do not condone = for <; accept 0.33 for 1.] &
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22. MIJ 10/P33/Q1

EITHER: State or imply non-modular incquality (x=3)"> (2(x + 1))*, or corresponding quadratic
equation, or pair of lincar equations (x — 3) =+ 2(x -+ 1) '
Make reasonable solution altempt at a 3-term quadratic, or solve two lincar equations
Obtain critical values ~5 and 1

State answer ~5<x <1

OR: Obtain the critical value x = -5 from a graphical method, or by inspection,
or by solving a linear equation or inequality
Obtain the critical value x =1 similarly

State answer —5<x <1 (4]
[Do not condone < for <; accept 0.33 for 1]
23. O/N 09/P31/Q1

EITHER: State or imply non-modular inequality (2 — '.’uc)2 <(x- 3)2, or corresponding equation,
and make a reasonable solution attempt at a 3-term quadratic
Obtain critical value x = -%

Obtain x > -2
Fully justify x> —1 as only answer

OR1: State the relevant critical linear equation, i.e. 2 —3x=3 —x
Obtain critical value x = —%

Obtain x > —%

Fully justify x > -—% as only answer

OR2: Obtain the critical value x = —

Obtain x > —‘E

-;— by inspection, or by solving a linear inequality

Fully justify x > —% as only answer

OR3: Make recognisable sketches of y =2 —3x and y = |x — 3| on a single diagram
Obtain critical value x = H%
Obtain x > JE

Fully justify x > —% as only answer

@ (4]
[Condone = for > in the third mark but not the fourth.] ‘ @‘o

24. M/J 08/P03/Q1 0 \©®
EITHER State or imply non-modular inequality (x - 2)2 > (3(2x + 1))2 ,or R Qg

N
corresponding quadratic equation, or pair of linear equations &"c;}
(x-2)=3(2x +1) @

Make reasonable solution attempt at a 3-term Quadraticgré%@twgﬁiear

equations

Obtain critical values x =—1 and x = —% §

State answer —1 < x < —% %

Obtain the critical value x = —1 from a graphicalmne
by solving a linear equation or inequality @@} %
Obtain the critical value x = —-% similarly

OR

State answer —1< x < —7:. [4]

[Do not condone < for <; accept —-% and — 0.14 for —% J

.3 B
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25. O/N 06/P03/Q1
EITHER: State or imply non-modular inequality — 0.5 < 3*_8<0.5,0r (3 - 8) <(0. 5) or

corresponding pair of linear equations or quadratic equation
Use correct method for solving an equation of the form 3" =a, where a > 0

Obtain critical values 1.83 and 1.95, or exact equivalents

State correct answer 1.83 <x < 1.95

Use correct method for solving an equation of the form 3" =a, where a> 0

Obtain one critical value, e.g. 1.95, or exact equivalent

Obtain the other critical value 1.83, or exact equivalent

State correct answer 1.83 <x <1.95

[Do not condone <of <. Allow final answer given in the form 1.83 <x, (and) x< 1.95.]
[Exact equivalents must be in terms of In or logarithms to base 10.] :
[SR: Solutions given as logarithms to base 3 can only earn M1 and B1 of the first scheme.]

OR:

[4

26. M/J 06/P03/Q2
EITHER: State or imply non-modular inequality (2x)’>(x — 1)?, or corresponding equation
Expand and make a reasonable solution attempt at a 2- or 3-term quadratic
Obtain critical value x =3
Status answer x > % only

OR: State the relevant critical linear equation, i.e. 2x=1-x
Obtain critical valuex =

Status answer x >-;- only
State or imply by omission that no other answer exists

OR: Obtain the critical value x =-3[- from a graphical method, or by inspection, or by solving a

linear inequality
Status answer x > %
State or imply by omission that no other answer exists [4]

27. O/N 05/P03/Q1
EITHER : State or imply non-modular inequality (x‘—3a)2 >(x=a)
Expand and solve the incquality, or equivalent

Obtain critical value 2a
State correct answer x < 2a only o~
o

State a correct linear equation for the critical value, e.g. x =3a = —(x —a), or corresp ; £

% o corresponding equation

. OR :
inequality
Solve the linear equation for x, or equivalent
Obtain critical value 2a
State correct answer x < 2a only

OR: Make recognizable sketches of both y = | x-3aland y=|x—-alona sj
Obtain a critical value from the intersection of the graphs N
%\\3@ : 4

Obtain critical value 24
Obtain correct answer x < 2a only

28. M/J 04/P03/Q2
EITHER: State or imply non-modular inequality (2x+l) czﬂ/%spondmg quadratic

equation or pair of linear equations (2x + 1)

Expand and make a reasonable solution att p égl:e S-ter'm quadratic, or sofve two
linear equations

Obtain critical values x=-1and x=-1

[ o T P ' |

[~}
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OR. Obtaln the critical value x = -1 from a graphical method , or by inspection, or by

solving a linear inequality or equation
Obtain the critical value x = —%- (deduct B1 from B3 if extra values are obtained)

Stalo answer-1<x <—4 4
[Condone s for <; accept ~0.33 for —1 ]
29, O/N 03/P03/Q1
EITHER: State or imply non-modular incquality -5 <2* -8 <5, or (2* —8)* < 52 or corresponding
pair of lincar equations or quadratic equation
Use correct method for solving an equation of the form 2* =a
Obtain critical values 1.58 and 3.70, or exact equivalents
State correct answer 1.58 <x <3.70
OR: Use correct method for solving an equation of the form 2* =a
Obtain one critical value (probably 3.70), or exact equivalent
Obtain the other critical value, or exact cquivalent
State correct answer 1.58 <x <3.70 (4]
[Allow 1.59 and 3.7, Condone < for <, Allow final answers given separately. Exact equivalents must be
in terms of In or logarithms to base 10.]
[SR: Solutions given as logarithms to base 2 can only earn M1 and B1 of the first scheme.]
30. M/J 03/P03/Q3
EITHER State or imply non-modular inequality (x -2)2 < (3 -2x)?, or
corresponding equation
Expand and make a reasonable solution attempt at a 2- or 3-term
quadralic, or equivalent
Obtain critical value x = 1
State answer x < 1 only
OR State the relevant linear equation for a critical value,
i.e.2-x=3-2x, or equivalent
Obtain critical value x = 1
Sltate answer x < 1
State or imply by omission that no other answer exists
OR Obtain the critical value x = 1 from a graphical method, or by inspection,
or by solving a linear inequality ;
State answer x < 1 _ 35@©
State or imply by omission that no other answer exists \N\%@ . ’g\\ [4]
31. O/N 02/P03/Q1 é)@ OF
EITHER: State or imply non-modular inequality (9 -2x)* < 1, or a correct pair of i ar,xg:g: ualities,

OR:

OR:

‘@ @p

combined or scparate, e.g. -1 <9 - 2x<1|
Obtain both critical values 4 and 5

State correct answer 4 <x<35; accept x> 4, x<5 q%
State a correct equation or pair of equations for both crih&k@ cs{ﬁ@ 9-2x= land 9-2x=-1

or 9-2x=11

Obtain critical values 4 and 5 28 ai

State one critical value (probably =4) from a gr /Egu/cal hod or by inspection or by solving

a linear inequality or equation )

State the other cnitical value correctly ’)L

State correct answer 4 <x< 5; accept x> 4 X,CL'S ‘9;/ [3]

[use of <, throughout, or at the end, scores a mgximum of B2.]
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41.2: Remainder and Factor Theorem

1. M/ 18/P31/Q4
The polynomial x* + 2 + ax + b, where a and b are constants,

values of @ and b.

2. O/N 17/P31/Q1, O/N 17/P33/Q1
Find the quotient and remainder when x*is divided by x? + 2x - 1. 3]

3. O/N 16/P33/Q4
The polynomial 4x* + ax® + 11x + b, where a and b are constants, is denoted by p(x). It is given that

is divisible by x> —x + 1. Find the
(5]

p(x) is divisible by Z-x+2.

(i) Find the values of @ and b.
(ii) When a and b have these values, find the real roots of the equation p(x) = 0.

4. OJN 15/P32/Q6, O/N 15/P31/Q6
The polynomial 8x° + ax? + bx — 1, where a and b are constants, is denoted by p(x). It is given that

(x+ 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the remainder is 1.

[5]
(2]

(i) Find the values of a and b. [5]
(3]

(ii) When a and b have these values, factorise p(x) completely.

5. O/N 14/P31/Q3
+ x+ 3, where a and b are constants, is denoted by p(x). Itis given that

The polynomial ax® + bx*
(3x+ 1) is a factor of p(x), and that when p(x) is divided by (x — 2) the remainder is 21. Find the
[5]

values of a and b.

6. O/N 14/P33/Q3
The polynomial 4x° + @i + bx — 2, where a and b are constants, is denoted by p(x). Itis given that

(x + 1) and (x + 2) are factors of p(x).
(i) Find the values of @ and b. [4]

(i) When a and b have these values, find the remainder when p(x) is divided by (*+1). [3]
7. M/J 14/P32/Q5
(i) The polynomial f(x) is of the form (x — 2)2g(x), where g(x) is another polynomial. Z§how that
' © [

(x —2) is a factor of f'(x).
(i) The polynomial x* + ax® + 32> + bx* + a, where a and b are constants, has
Using the factor theorem and the result of part (i), or otherwise, find the

8. M/J 14/P31/Q6
It is given that 2In(4x = 5) +In(x+ 1) = 31In3.
(i) Show that 16x° — 24x* — 15x—2 =0, @ (3]
(ii) By first using the factor theorem, factorise 16x° — 24x> — 1§, - 3

(iii) Hence solve the equation 2In(4x —5) +In(x + 1) = 31 (1)
9. OIN 13/P33/Q3 2
The polynomial f(x) is defined by @@'
f(x) = 2 + ax G
where a is a constant. It is given that (x + 2) is a facto i f(x).
(i) Find the value of a. (2]
. [3]

(ii) Show that, when a has this value, the equation f(x) = 0 has only one real root.

) -
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10 M/J 13/P32/Q4

The polynomial ax® =205* + x + 3, where a is a constant, is denoted by p(x). It is given that (3x + 1)
is n factor of p(x).

(i) Find the value of a. [3]
(if) When a has this value, factorise p(x) completely. 3]
11. M/J 13/P33/Q5

The polynomial 8x° + ax? + bx + 3, where a and b are constants, is denoted by p(x). It is given that
(2x + 1) is a factor of p(x) and that when p(x) is divided by (2x — 1) the remainder is 1.
(i) Find the values of @ and b. [5]
(if) When a and b have these values, find the remainder when p(x) is divided by 22—~ 1. [3]
12. M/J 12/P31/Q3
The polynomial p(x) is defined by

p(x) = X* = 3ax + 4a,
where a is a constant.

(i) Given that (x—2) is a factor of p(x), find the value of a. [2]
(ii) When a has this value,
(a) factorise p(x) completely, [3]
(b) find all the roots of the equation p(x?) = 0. [2]

13. O/N 11/P33/Q7
The polynomial p(x) is defined by
p(x) = ax® —x% +4x—a,
where @ is a constant, It is given that (2x — 1) is a factor of p(x).
(i) Find the valuc of a and hence factorise p(x). (4]

4 -13 , s
(if) When a has the value found in part (i), express i in partial fractions. [5]

1
p(x)
14. O/N 09/P32/Q5

The polynomial 2x* + ax® + bx — 4, where a and b are constants, is denoted by p(x). The result of
differentiating p(x) with respect to x is denoted by p'(x). It is given that (x + 2) is a factor of p(x) and
of p'(x).
(1) Find the values of @ and b. {él‘: [5]
(1) When a and b have these values, factorise p(x) completely. 5 /,%@ (3]
15. O/N 08/P03/Q5

The polynomial 4x> — 4x? + 3x + a, where a is a constant, is denoted by p(x ﬂfg> n that p(x) i
divisible by 2x? - 3x + 3.
(3]

(i) Find the value of a.
(ii) When a has this value, solve the inequality p(x) < 0, Justlfym @ r an’sgwcr [3]|
16. O/N 07/P03/Q2 -( 2%

The polynomial x* + 3x% + a, where a is a constant, is denote by p(¥). Itis given that x* + x+2isa
factor of p(x). Find the value of @ and the other quadrati c“f (x). - (4]

17. MJ 07/P03/Q2 @
The polynomial x* — 2x + a, where a is a conslaﬁ@s

ndted by p(x). It is given that (x +2) is a

factor of p(x). |
(i) Find the value of a. 2] |
(i) When a has this value, find the quadratic factor of p(x). (2] |
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18. M/J 05/P03/Q5
The polynomial +* + 5x + a is denoted by p(x). It is given that x2 — x + 3 is a factor of p(x). .
(i) Find the value of a and factorise p(x) completely. (6)
= 0, justifying your answer. 2]

(ii) Hence state the number of real roots of the equation p(x)

19. M/J 03/P03/Q4
The polynomial « —2x3 — 2x% + a is denoted by f(x). It is given that f(x) is divisible by il 4
(3)

(i) Find the value of a.
(ii) When a has this value, show that f(x) is never negative. [4]

20. M/J 02/P03/Q3
The polynomial x* + 4x? + x + a is denoted by p(x). It is given that (x” + x+ 2) is a factor of p(x).
[4]

Find the value of @ and the other quadratic factor of p(x)-
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Answers Section

M/J 18/P31/Q4

EITHER: Commence division by x* — x-+1 and reach a partial quotient
of the form x* + kx
Obtain quoticnt x* +3x+2

Either Sct remainder identically equal to zero and solve for « or for b, or
multiply given divisor and found quotient and obtain a or b

Obtaina =1

Obtain b =2

OR: Assume an unknown factor x* + Bx+C and obtain an equation
in B and/or C

ObtainB=3and 4 =2

Either Use cquations to obtain a or b or multiply given divisor and
found factor to obtain a or b

Obtaina =1

Obtain b =2

O/N 17/P31/Q1, O/N 17/P33/Q1

Commence division and reach a partial quotient x* + kx
Obtain quotient x* —2x+5

Obtain remainder —12x + 5

O/N 16/P33/Q4

(i) Commence division by x* —x+2 and reach a partial quotient 4x* + kx
Obtain quotient 4x” +4x+a—4 or 4x* +4x+b/2
Equate x or constant term to zero and solve for a or b
Obtaina=1
Obtain b=-6
(ii) Show that x* —x+2=0 has no real roots
Obtain roots Zand —2 from 4x” +4x—3=0

@
(A~ =
O/N 15/P32/Q6, O/N 15/P31/Q6 Q@ AD
() Substitute x=-1, equate to zero and simplify at least as faras —8+g—b—1=go> MRy

&,
Substitute x= —% and cquate the result to 1

& o

D
Obtain a correct equation in any form, e.g. —1 -{—-%-—g—%b .. Q\) >

Solve for g or for b ©

~ Obtaina=6and b=-3 fé@’ oo
(if) Commence division by (x + 1) reaching a partial quotient 8 Y

Obtain quadratic factor 8x* —2x-1
Obtain factorisation (x +1)(4x+1)(2x —1)

S

&

%
Ny

%

() 7
[The M1 is earned if inspection reaches an unknowri4 acto®x? + Bx+C and an equation

in B and/or C, or an unknown factor Ax?* + Bx—1 r@%?;luation in 4 and/or B.]

[If lincar factors are found by the factor theorem, giv%’BlBl for (2x~1) and (4x + 1), and
B1 for the complete factorisation.]

(5]

3]

]

[2]

[5]

(3]
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5 OIN 14/P31/Q3
' Substitute x = -—%, cquate resu

It to zero or divide by 3x + 1 and equate the remainder to zero
and obtain a correct equation, ¢.g.—27 ¢ + 9 b 3 =4
¢ =2 and equate result to 21 or divide by x — 2 and equate constant remainder to 21

itut
Substitute on. c.g, 8a-+4b+5=21

Obtain a correct cquati
Solve for a or for b
Obtaina=12 and b=-20 | .

6. OIN 14/P33/Q3 B
(i) Either Equate p(~1) or p(-2) to zero or divide by (x+1) or (x+2) and
equatc constant remainder to zero.
Obtain two equations a—b =6 and 4a—2b =34 or equivalents
Solve pair of equations fora or b
Obtain a=11 and b=35
Or State or imply third factor is 4x—1
o Carry out complete expansion of (x + l)(x + 2)(4:: - 1) or
(x+1)x +2)Cx +D)
Obtain a=11
Obtain b=35 4
(i) Use division or equivalent and obtaining linear remainder
Obtain quotient 4x +a , following their value of @

7. MIJ 14/P32/Q5
(i) Differentiate f(x) and obtain f{(x) = (x—2)" g'(x) + 2(x = 2)g(x)
Conclude that (x —2) is a factor of f'(x) [2]
(i) EITHER: Substitute x = 2, equate to zero and state a correct equation,
e.g 32+16a+24+4b+a=0
Differentiate polynomial, substitute x = 2 and equate to zero or divide by
(x—2) ‘and equate constant remainder to zero
Obtain a correct equation, e.g. 80 +32a +36 +4b =10
ORI: Identify given polynomial with (x —2)? (x3 + Ax* + Bx + C) and obtain an -
equation in a and/or b
Obtain a correct equation, e.g. ya— A4 +a)+4=3

Obtain a second correct equation, e.g. —3a+ 4(4 + a)z b
OR2:  Divide given polynomial by (x —2)* and obtain an equation in fﬁ

g 5 2
Obtain a correct equation, e.g. 29+8a+b+0 @ @‘@
a

Obtain a second correct equation, e.g. 176 +47a +4b=0 @
Nz

Solve for a or for b
Obtaing=—4and b=3 @S
8. M/J 14/P31/Q6 %
(i) Use law for the logarithm for a product or quotient or neng i

AND for a power
QY

Obtain (4x - 5)%(x + 1) =27
Obtain given equation correctly 16x* — 24x* — 15x —

3]

Indicate remainder x —13 o ;
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(i) Obtain x =2 is root or (x — 2) is a factor, or likewisc with x = ==

Read & Wrile Publications

Divide by (x —2) to reach a quotient of the form 16x + kx
Obtain quotient 16x + 8x + 1

Obtain (x — 2)(4x + 1)* or (x — 2), (4x + 1), (4x + 1) [4]

(i) State x =2 only (1]
9. OIN 13/P33/Q3

(®

(ii)

Substitute —2 and equate to zero or divide by x + 2 and equate remainder to zero or use

—2 in synthetic division

Obtain a = -1 (2]
Attempt to find quadratic factor by division reaching x” + kx, or inspection as far as

(x+ 2)(x2 +Bx + c) and equations for one or both of B and C, or (x+ 2)( Ax* +Bx + 7)

and equations for one or both of 4 and B.

Obtain x* —3x+7

Use discriminant to obtain —19, or equivalent, and confirm one root CWO [3]

10. M/J 13/P32/Q4

0] Substitute x = —é— , or divide by 3x +1, and obtain a correct equation,
1 20
el D1,
27 9 3
Solve for @ an equation obtained by a valid method
Obtain a = 12 (3]
(ii) Commence division by 3x + 1 reaching a partial quotient lr:.'.x2 + kx
Obtain quadratic factor 4x> —8x+3
Obtain factorisation (3x+1)(2x—1)(2x-3) [3]
[The M1 is earned if inspection reaches an unknown factor l.:z::cz + Bx+C and an
equation in B and/or C, or an unknown factor Ax* + Bx +3 and an equation in 4
and/or B, or if two coefficients with the correct moduli are stated without working.]
[If linear factors are found by the factor theorem, give B1B1 for (2x — 1) and
(2x — 3), and B1 for the cnmplctc factorisation.]
[Synthetic division giving 12x —24x + 9 as quadratic factor earns M1A1, but the@ "/\©
final factorisation needs (x +-§) , or equivalent, in order to earn the second ®(~3
A
[SR: If x =% is used in substitution or synthetic division, give the M14 ég‘«ﬁut
give MO in part (ii).] ®©
11.MU13/P33Q5 @D @
(i) Substitute x= —-2-, or divide by (2x + 1), and obtain a correct @ﬁj ‘%gp a-2b+8=0
Substitute x —-% and equate to 1, or divide by (2x — 1) a & nstant remainder to 1
Obtain a correct equation, e.g. a+2b+12=0
Solve for a or for b
Obtain a=-10 and b =-1 [5]
(ii) Divide by 2x* — 1 and reach a quotient of the form 4x + &

Obtain quotient 4x — 5
Obtain remainder 3x — 2 i [3]
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.M 12/P31/Q3 o
12 (i) Substitute x =2 and cquatc to zero, or divide by x - 2 and cquate constant remainder to

zero, or cquivalent
Obtaina=4
(ii) (1) Find further (quadratic or lincar) factor by division, inspection or factor BHeotei e

equivalent
Obtain x* +2x -8 orx + 4

State (x — 2)*(x + 4) or equivalent
(b) State any two of the four (or six) rools

2]

B3]
State all roots (& V2, £2i ), provided two are purcly imaginary

13. O/N 11/P33/Q7

(i) Substitute x= 1 and cquate to zero

2]

i 2 . . .

or divide by (2x -1), reach 4-x"+ kv + ...and cquate remainder to zero
s i 2 i . . 3 ;

or by inspection reach 4-x* + bx + ¢ and an equation in b/c

or by inspection reach Ax” ++ Bx + a and an cquation in A/B

Obtain a=2
Attempt to find quadratic factor by division or inspection or cquivalent
Obtain (2x —1)(x’ +2)

(i)  State or imply form 4 + B’f i ; following factors from part (i)
2x-1 x"+2

Use relevant method to find a constant

Obtain A4 = -4, following factors from part (i)

Obtain B=2

ObtainC=35

(4]
14. O/N 09/P32/Q5

(i) Substitute x =-2, equate to zero and state a correct equation, e.g. —16 +4a—2b—-4 =
Differentiate p(x), substitute x = -2 and equate to zero
Obtain a correct cquation, e.g. 24 —da+ =0
Solve for a or for b
Obtiana =7 and b = 4 - [3]

() EITHER: State or imply (x +2)? is a factor

Attempt division by (x + 2)? reaching a quotient 2x + & or use inspection wi 4@
unknown factor ex + o reaching ¢ =2 or d=-1 /‘*\ @Z)
Obtain factorisation (x +2)? (2x - 1) (@ @:‘
OR: Attempt division by (x + 2) ,:-‘1§
Obtain quadratic factor 2x° + 3x - 2 ﬁ @%;
Obtain factorisation (x + 2)(x -+ 2)(2x - 1) @ ® Bl

*+ kxy or if inspection has an

,

[The M1 is carned if division reaches a partial quotient :
‘Q@ o coefficients with the

unknown factor of 2x* + ex + fand an equation in e ¢ \gf\f& 7, oF.
correct moduli are stated without working. ] »E_@

§
15. O/N 08/P03/Q5 ¢ ﬁ
() EITHER: Attempt division by 2x* ~3x+3and state partial @@S&e%

Complete division and form an cquation for a_ $
Obtain a =3 @@ @’

By inspection or using an unknown factor by + tainb=2
Complete the factorisation and obtain a
Obtaina=3

OR1:
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OR2:  Find a complex root of 2x* —3x4-3 = 0and substitute it in p(x)

Equatc a correct expression to zero
Obtaina=13

OR3: Use 2x? =3x-3 in p(x) at least once
Reduce the expression to the form a + ¢ = 0, or cquivalent
Obtaina=3 , (3]
State answer x <1 only
Carry out a complete method for showing 2x? —3x+3 is never zero
Complete the justification of the answer by showing that 2x2-3x+3>0 forallx (3]

[These last two marks arc independent of the B mark, so BOM1A 1 is possible. Alternative methods
include (2) Complete the square M1 and usc a correct completion to justify the answer Al; (b) Draw

a recognizable graph of y = 2x? +3x—3 or p(x) M1 and use a correct graph to justify the answer Al;
(c) Find the x-coordinate of the stationary point of y =2x* +3x—3 and either find its y-coordinate or

determine its naturc M1, then use minimum point with correct coordinates to justify the answer Al.]
[Do not accept < for <]

16. O/N 07/P03/Q2
EITHER: Attempt division by x? + x+ 2 reaching a partial quotient of x* +kx

OR:

Complete the division and obtain quotient x? = x +2

Equate constant remainder to zero and solve for a

Obtain answer a= 4

Calling the unknown factor x> +bx +c , obtain an equation in b and/or c, or state without
working two coefficients with the correct moduli

Obtain factor x* —x+2

Usea=2cto finda
Obtain answera=4 [4]

17. M/IJ 07/P03/Q2

)

- (i)

Substitute x =—2 and equate to zero, or divide by x+ 2 and equate constant remainder to zero, or
use a factor Ax” + Bx +C and reach an equation in a

Obtain answer a =4 (2]
Attempt to find quadratic factor by division or inspection
State or exhibit quadratic factor x* —2x+2 [2]

[The M1 is carned if division reaches a partial quotient x* + kx, or if inspection has an u;]@wn
factor x? +bx+c and an equation in b and/or ¢, or if inspection without working statc@@o@

18. M/J 05/P03/Q5

(i)

(i)

coefficients with the correct moduli. ] %’ ,_@%)
Go®
S

EITHER: Attempt division by x* — x + 3 reaching a partial quotieigt x(é
Complete division and equate constant remainder to Zefo @

Obtain answera = - @D &
OR: Commence inspection and reach unknown fa(‘z@ﬁv 2 d*" re

Obtain 3c = a and an equation in ¢
Obtain answera = -6 @

State or obtain factor x* + x - 2
State or obtain factors x + 2 and x ,5{%)

State that x* + x —2 = 0, has two (real) roots @ﬁ&
Show that x* — x + 3 = 0, has no (real) roots [2]

C}\
(6]
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19. M/J 03/P03/Q4
(i) EITHER State or imply that x - 2 is a factor of f{x)

Substitute 2 for x and equate to zero
Obtzin answer 3 =8
[The statement (x-2)° = x* - 4x + £ eams B1] .

OR Commence division by x* - 4x + 4 and obtain partial quotient x* + 2x
Compilete the division a2nd equate the remainder o zero
Obtzin answer2=8

OR Commence inspection and obtain unknown factor XX + 2x + ¢
Obtzin 4c = @ and an eguationin ¢
Obtzin answer2=28 3]

(ii) EITHER Substitute a = 8 and find other facior «* + 2x + 2 by inspection

or division
State that X2 - 4x + 4 = 0 for 2ll x (condone > for =)
Attempt to establish sign of the other factor
Show that x* + 2x + 2 > 0 for all x and complete the proof
[An attempt to find the zeros of the other factor eamns M1.]

OR Eguate derivative to zero and attempt to solve for x
Obtzin x=-%2and 2
Show correctly that f(x) has 2 minimurn at each of these values
Having zlso obtained and considered x = 0, complete the proof [4]

20. M/J 02/P03/Q3
Attempt to find g and/or quzdratic factor by division or by inspection
Obtazin partial quotient or factor x*—x
State answer a =6
State or imply the other factor is x* —x +3 [4]
[The M1 is earned if division has produced 4 partial quoticnt x*+ b, or if inspection has an unknown
Factor x* + bx + ¢ and has reached an equation in b and/or c.]
[SR: a correct division with unresolved constant remainder can carn MIAIBOAL ]
[NB: successive division by a pair of incorrect linear factors, ¢.p. x— 1 and x + 2 or x + 1 and x + 2, can eam

MI1AO or M1AL1 (if their product is of the form £* + z+ £).]
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1.3: Partial Fractions and Binomial Expansions

1. M/J 18/P32/Q9
x —4x2

flx)= ————.
Letf0) = Goae+ )
B
(i) Express f(x) in the form 3? =+ ;:;. | (4]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.
(5]
2. M/J18/P31/Q9
Let £(x) = 12x% + 4x — 1
. T (x=1)(3x+2)’
(i) Express f(x) in partial fractions. (5]
(if) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.
3]
3. M/J 18/P33/Q1 [
Expand ﬁ in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. (4]
4. OIN 17/P32/Q8
2
Let £(x) = 8x" +9x + 8 .
(1=-x)(2x+3)
() Express f(x) in partial fractions. [5]
(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.
5. M/J 17/P32/Q8 (5]
S5x2 - Tx+4
Let f(x) = i
) (3x+2)(x* +5)
- (i) Express f(x) in partial fractions. (5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.

6. MIJ 17/P31/Q2 - & & 5]
1 ;
Expand ———— T0+60 in ascending powers of x, up to and including the term in xlﬁgé ng the
coefficients.

(4]

7. MU 17/P33/Q2

Expand (3 + 2x)™? in ascending powers of x up to and including th/"\e @y x2 simplifying the

coefficients. (@ [4]
8. O/N 16/P32/Q2, O/N 16/P31/Q2 $ o

Expand (2 - x)(1 + 2x)_% in ascending powers of x, up to and/inchidin e term in x2 simplifying the

coefficients, 4]
9. O/N 16/P33/Q8 @

33 +x+6
L‘ctf(x)_'(x+2)(x2+4)' QD Q>
(i) Express f(x) in partial fractions. (5]

(if) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2,

(5]
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10. M/J 16/P32/Q2 |

Expand Wl_l_l’.x_) in ascending powers of x, up to and including the term in 2, simplifying the |
cocfficients. 4 :
11. M/J 16/P31/Q8
Let f(x) = _5@;1_2_2.
(x+1)(x=3) |
(i) Express f(x) in partial fractions. . , [5)
. d .
(i) Hence obtain the expansion of f(x) in ascending powers of X, up to and including the term i, 2
J
12. MIJ 16/P33/Q10 8
10x — 2x2
Let f(x) = ———— |
() (x+3)(x—1)
(i) Express f(x) in partial fractions. ) ) . [5)
(i) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in 2
B
13. O/N 15/P33/Q2 |
Given that J/(1 + 9x) ~ 1 + 3x + ax’ + bx’ for small values of x, find the values of the coefficients ,
and b. B3]
14. M/J 15/P32/Q8
- 5x+x+6
Letit) = 5 @+ a)
(i) Express f(x) in partial fractions. (5]

(i) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in 22 .
(5]

15. M/J 15/P31/Q3

Show that, for small values of x?, .

(1-2)7 = (1+62%)° » kx,

where the value of the constant £ is to be determined. [6]
16. O/N 14/P32/Q3 -

The polynomial ax’ + bx* + x + 3, where a and b are constants, is denoted by p(x). It ig.given that

(3x + 1) is a factor of p(x), and that when p(x) is divided by (x - 2) the remainder ig2f @ind the
values of @ and b. wWC Co;“ Y
Q)
17. OIN 14/P32/Q9, O/N 14/P31/Q9 @f) &
Let f(x) = —"2—"8"—+?_2. \@\ @gﬂjg
(1-x)(2-x) @ S
() Express f(x) in partial fractions. © [5)

@ .
including the term in ol

[5]

(ii) Hence obtain the expansion of f(x) in ascending powers of@&
18. M/J 14/P31/Q9

: 4+12x4x2 _
(i) Express G211 27 In partial fractions, @

5]

4+ 12x+ x% R gt d
(3 =x)(1 +2x)? Ing@scending powers of x, up to and inclu
the term in x°. 4

(ii) Hence obtain the expansion of
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19. M/J 14/P33/Q2

Expand (1 + 3x)h% in ascending powers of x, up to and including the term in 12, simplifying the

coefficients. [4]
20. O/N 13/P32/Q7
2% - Tx - 1
Lc[f(x)—(x_z)(xz+3). i
(i) Express f(x) in partial fractions. [5]
(if) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.
(5]
21. O/N 13/P33/Q8
o
(i) Express a +1)2 (-;E ) in partial fractions. | [5]
5 T +8 : 4 F ; o 32
(i) Hence expand 5 in ascending powers of x up to and including the term in X2,
(1+x)%(2-3x)
simplifying the coefficients. [5]
22. MIJ 13/P32/Q8(i)
1 A
(i) Express X."Z(_T-I-I) in the form ; + g + 2xc—l{‘- T 4]
23. M/J 13/P31/Q1
Find the quotient and remainder when 252 is divided by x + 2. [3]

24, M/J 13/P31/Q2

1 ; ; b i
Expand 3&% in ascending powers of x up to and including the term in x*, simplifying the
coefficients. [4]

25. O/N 12/P32/Q4, O/N 12/P31/Q4

When (1 + ax)~2, where a is a positive constant, is expanded in ascending powers of x, the coefficients
of x and x* are equal. :

(i) Find the exact value of a. [4]

(i) When a has this value, obtain the expansion up to and including the term in x2, sim ifying the

coefficients. : _ [3]
26. OIN 12/P33/Q9 @/@
: 9-7x+8x% . . . Q@Q @)
i 11 i
(i) Express G0+ in partia racrtlons \@\ 6%@% [5]

©

—7x + 8x* O
¥ in ascending poweéééfx, @ to and including the

(B-x)(1+x%)

(ii) Hence obtain the expansion of

term in x°.

@)
@ i
27. MIJ 12/P32/Q3

28. M/J 12/P31/Q2 @

the term in x*, simplifying the
[5]

coefficients.

. _ 1-x\ . . %
Expand —1—_'_; in ascending powers of x, up to :EE'AC
Z _

(i) Expand Wll—f#) in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. [3]
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a Tapl i Uil 1,41 Ftatting fraotloons b Stwsgrs |
ohmms oo 0 T (il Ao Wrﬂzr (il el f”"'ﬂm
, R
() Henoe find i oontfialent of &7 1 the expnmion ol w168 "
20, ML) 12/P33/Q1

i asoending powers of g, ap 1o and Snohuding the term n 47, winplifying e

|
Hxpnnd V1)
conlficients, 4

a0, O/N 11/P32/Q3

i polynomind ¥4 3x" 4 axi 3 i denoted by ple), ICk given that pCo) s divisible by 57 44

(1) Vind the value ol a1, (i
(1) When a ha (his vitlues, find the real 1oots of thes eequmtion plx) =0, "
31, O/N 11/P33/Q1
Fxpund .() i y i wscosnding powers of x, up 1o wn inoluding the tenn o 2, simphifying
24 x)" T
coelficlents, 4]
32, MIJ 1/P32/Q8
KX e
IKpres , A partal frnetions,
(1) Vixkpress TETTES | ) 65
H f/
(1) Hence obtain the expansion r:l"‘ .:J(;i J) i mcending poviers of x, up lo and including the
ferm in A", f4)
33, MIJ 11/P31/Q1
Porpand /(1 = Ox) In nce nding powers of 1 up to and ncluding the tenn in £, wimplifying the
coefhclentt, (4
34, O/N 10/P32/Q8, O/N 10/P31/Q8
_ X
[l I(x) = o
1 F00) = T (1 r %)
(1) l’xpn,mi l{xj i partial fractions, (5]

(i) Henee obtain the expansion of f(x) in nncending powers of x, up o and including the term inx,

a6, O/N 10/P33/Q1 [5)
Fapund (14 2x) i wscending powers of &, up to and including the term in 2, rstrr(ﬁl’i{ying the

coefficients, (»9 /f/ 3]
36, MIJ 10/P33/Q9 o @ ¢
A Big - x? P ,,ﬂ"‘i ]
(1) Vxpronti - b pintial frnctd o) ) (5)
) Vixprct (=)@ 1) i pitial frac mm? //}f) ,J
() Hence obtaln the expansion of Ak k= in uncending, ,mym ax, up to and including
_ (1 = 2x) (2 x)* } ] (§
(haes fesrm I A7, \l\( i ’ [5)
o 5*’
37, OIN 00/P32/Q0 fu 5”5
(1) Poxprosis ) ln pctial fractions, & ff;” 15
(I ’()" l /}](j I';'J)
(1) Henee obtaln the nx;uumhm ol ks e p‘s‘fuling sowern of x, up to and including the
(1= x)(% 1 x%) (5

(erm fn A%,
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38. O/N 09/P31/Q8
(i) Express

Sx+3 . ) .
(x+ 1)%(3x + 2) in partial fractions. (5]

(i) Hence obtain the expansion of 3%+ 3 in ascending powers of x, up to and including the
(x+1)2(3x+2)
term in x2, simplifying the coefficients. ]

39. M/J 09/P03/Q5

2 : i
When (1 + 2x)(1 + ax)3, where a is a constant, is expanded in ascending powers of x, the coefficient
of the term in x is zero,

(i) Find the value of a. x (3]
(if) When a has this value, find the term in x° in the expansion of (1 + 2x)(1 + ax)?, simplifying the
coefficient. (4]
40. O/N 08/P03/Q2
Expand (1 +x) v/(1 - 2x) in ascending powers of x, up to and including the term in x?, simplifying the
coefficients. [4]
41. O/N 07/P03/Q9 _
2-x+ sz [5]

(i) Express in partial fractions.

(1=x)(1+2x)(2 +x)
2-x+8x°
(1=x)(1 +2x)(2 +x)

the term in X2, (5]
42. M/J 07/P03/Q1
Expand (2 + 3x)~2 in ascending powers of x, up to and including the term in x*, simplifying the

in ascending powers of x, up to and including

(ii) Hence obtain the expansion of

coefficients. (4]
43. O/N 06/P03/Q5
(i) Simplify (v(1 +x) + /(1 —=x))(v/(1 +x) - /(1 - x)), showing your working, and deduce that
1 ﬁ\/(l +x) —+/(1 =x)
VI +x)+(1-x) 2x '
(ii) Using this result, or otherwise, obtain the expansion of
1

V(1+x)+v(1-x)

in ascending powers of x, up to and including the term in =

44. M/J 06/P03/Q9

10

i) E in partial fractions. [5]
(i) Express PRI p . »
2,
(ii) Hence, given that |x| < 1, obtain the expansion of 2o 331 asgending powers of x, up to
FEL: x o
and including the term in x°, simplifying the cucfficicm@(& [5]
45. O/N 05/P03/Q9 b

32 +x [5]

(i) Express in partial fractions. @?

332 +x ina
(x+2)(x%+1)
s term in x°. [5]

(x+2)(x2+1)

(ii) Hence obtain the expansion of

ending powers of x, up to and including the

£ T - T
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46. M/J 05/P03/Q1 E
1 q ‘ : L e .
Expand (1 + 4x) 2 in ascending powers of x, up to and including the term in x°, simplifying the

cocfficicnts. [4)
47. O/N 04/P03/Q1

Expand (24—1.1:)3 in ascending powers of x, up to and including the term in x2, simplifying the

coefficients. [4)

48. O/N 04/P03/Q3 |
The polynomial 2x + ax? — 4 is denoted by p(x). It is given that (x — 2) is a factor of p(x).

(i) Find the value of a .
When a has this value,

[2)

(i) factorise p(x) , 2]
(iii) solve the inequality p (x) > 0, justifying your answer. 2
49. M/J 04/P03/Q9
2 +7x—-6
Lt = (x=1)(x=2)(x+1)
(i) Express f(x) in partial fractions. [4]
(ii) Show that, when x is sufficiently small for x* and higher powers to be neglected,
3 11
f(x)=—3+2x—§x2+-4—x3. [5]
50. O/N 03/P03/Q2
Expand (2 + xz)'2 in ascending powers of x, up to and including the term in x4, simplifying the
coefficients. [4]
51. M/J 03/P03/Q6
Let f(x) = 9 +4

(2x+1)(x—-2)?"
(i) Express f(x) in partial fractions.
(i) Show that, when x is sufficiently small for x> and higher powers to be neglected,

f(x) =1=x+ 5. _ [4]
52. O/N 02/P03/Q6 - _
0; ‘7\\©

Let f{x)=-ﬂ-— §§'
A\

2-x)(14x%) "
(i)  Express f(x) in partial fractions.
(i)  Show that, when x is sufficiently small for x* and higher powers to @é@c@ :

' | f)=3+5x—1x2_353
53. M/J 02/P03/Q2 o ﬁﬁé&@
0

1
Expand (1 - 3x)73 in ascending powers of x, up to and i
coefficients.

.
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(i) Use a correct method to find a constant
Obtain one of the values A=—3, B=1,C=2
Obtain a second value
Obtain the third value

(1) Use a correct method to find the

. MIJ 18/P32/Q9

first two terms of the expansion

. 1 -1 i 1 -1 &

T [ 2 o s

of ( Ax) ,(l 3x) ,(2+x) 0r{1+2xJ
Obtain correct unsimplifi

each partial fraction-

Multiply out their expansion, up to the terms in x° , by
Bx + C, where BC#0

ed expansions up to the term in x> of

11 , 31 ,
I—S_x ———x", or equivalent

Obtain final answer -l-x-—
6 108

M/J 18/P31/Q9

(i) State or imply the form A+—£j—+ ¢

x—=1 3x+42
State or obtain 4 = 4

Use a correct method to obtain a constant
Obtain one of B=3, C=—1
Obtain the other value

(i) Use correct method to find the first two terms of the expansion of (x—-1)"' or
(3x+2)", or equivalent

* Obtain correct unsimplified expansions up to the term in x2of each partial fraction
Add the value of A to the sum of the expansions
1 8 33,
Obtain final answer ———x—"—x
ain final answe 5 A 3

M/J 18/P33/Q1

Obtain a correct unsimplified version of the x or x* term of the expansion of
1

State correct first term 2

Obtain the next two terms %x +=-21x2
OIN 17/P32/Q8

(i) State or imply the form 4 + = - 5
I-x 2x+3 (2x+3) @
Use a relevant method to determine a constant ,
Obtain one of the values 4 = 1, B=—2, C=5

Obtain a second value @

Obtain the third value

[Mark the form . Tk DI+E2 -
I-x (2x+3)
above.]

where 4 =1,D=-4, E=—1, BIM1A1A1A1 as

33 Unit 1.3: Answers Section
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; _oad
(i) Use a correct method to find the first two terms of the expansion of (1-X)"",

a+2x™, @x+3)7, ( +2x)or (2x L) e o
Obtain correct unsimplified expansions up to the term In X

. 2 .
Obtain final answer %+%x+-‘§x , or equivalent

5. M/J 17/P32/Q8
0 gy st
1) State or imply the form 3x+2  x*+5

of cach partial fraction

Use a relevant method to determine a constant

Obtain one of the values 4 =2, B=1,C=-3

Obtain a second value

Obtain the third value v 5 5
(i) Use correct method to find the first two terms of the expansion of Bx+2) ', (1 +§x) ,

(5 +Jt:2)_1 or (l+—,;.—x2)-l
g )
[Symbolic coefficients, e.g.( 5 ]are not sufficient]

. 2 i :
Obtain correct unsimplified expansions up to the term in* of each partial fraction.
The FT is on 4, B, C. from part (i)
Multiply out up to the term in x2 by Bx +C, where BC# 0

Obtain final answer %—%x + %xz , or equivalent 5
6. M/J 17/P31/Q2
EITHER:
State a correct unsimplified version of the x or x* or x’ term in the expansion of
1+6x)7
State correct first two terms 1—2x
Obtain term 8x*
Obtain term —'—;lxj [37?:’) in final answer
OR:
Differentiate expression and evaluate £(0) and £'(0) , where f'(x) = k(1+ 6x)_§
Obtain correct first two terms 1—2x
Obtain term 8x”
4

Obtain term —112 x°in final answer

7. M 17/P33/Q2

EITHER: %
State a correct unsimplified version of the x or x* term in the expansion of @

(I +%x)h3 or (3+ Zx)_3

| ) P &
[Symbolic binomial coefficients, e.g. ( ZJ , are not sufficient for@%&’ oa
RS
® &

State correct first term 2—‘_),

Obtain term —-%x

Obtain term -&xz

OR: @

Differentiate expression and evaluate f(0)and f '(0) % #1'(x)=k(3+2x)"

State correct first term L

Obtain term —Z x

Obtain term & x* !
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8. O/N 16/P32/Q2, O/N 16/P31/Q2
State correct unsimplificd first two terms of the expansion of (1+2x) 7}, e.g. 1+ (-—~)(2x)

State correct unsimplificd term inx?, e.g. (-3)(-2- 1)(2x)* /2!
' 2

Obtain sufficient terms of the product of (2 — —x) and the expansion up to the term in x

Obtain final answer 2 —7x+18x? Do not ISW

9. O/N 16/P33/Q8

@

(ii)

A Bx+ C
X+ 2 x* +4
Use a correct method to determine a constant
Obtainone of 4 =2,B=1,C=-1
Obtain a second value
Obtain a third value

State or imply the form

Use correct method to find the first two terms of the expansion of (x + )

A+10)7, 4+x*)" or A+1x%)

Obtain correct unsimplified expansions up to the term in x*of each partial

fraction
Multiply out fully by Bx + C, where BC # 0
Obtain final answer 2—1x+2x?, or equivalent

Unit 1.3: Answers Section

[Symbolic binomial coefficients, e.g. (_11} are not sufficient for the M1. The f.t.

ison 4, B, C]

[In the case of an attempt to expand (3x* + x +6)(x+2)" (x> +4)™, give
MI1A1AL for the expansions, M1 for multiplying out fully, and A1 for the final

answer. |

10. M/J 16/P32/Q2

State a correct un-simplified version of the x or x* or x* term
State correct first two terms 1 + x

Obtain the next twa terms 2 x* + 3 x°

-1
[Symbolic binomial coefficients, e. g.( ;J are not sufficient for the M mark.)

11. M/J 16/P31/Q8

(i)

(i)

State or imply the form 4 + 4 + e g
x+1 x-3 (x-3)

Use a correct method to determine a constant

Obtain one of the values A=1,B=3, C= 12

Obtain a second value

Obtain a third value

[Mark the form —‘-4—+ Dx+€,whereA=l,D=3,E=3,B@§ 1
x+l (x-3) g

of (x+1)!, (x-3)™ (1~4x)7, @

(x=3) ,or(l—1x) . @a

Obtain correct unsimplified expansions up to the terrfy’
in x? of each partial fraction
Obtain final answer §—3x+2x?, or equivalent

Use correct method to find the first two terms of the exp @
@" .

[4]

(5]

[5]

[4]

[5]

(5]

e N £l e e
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12. MIJ 16/P33/Q10

)

(i)

Rond & Write Publicalions

B C

Statc or imply the form + +
i x+3 x=1 (x=1)7°

Use a correct method to determine a constant
Obtain one of the values A =-3,8=1,C=2
Obtain a second value
Obtain the third value

[Mark the formia+flt)£ whered==3,D=1,E=1, BIMIALAILAL as above.]
X+ x—

. o -1
Use a correct method to find the first two terms of the expansion of (x +3)7, (1 +‘,1L- ),

x=D7, (-07, =D, or 1-x)7 _
Obtain correct unsimplified expressions up to the term inx? of cach partial fraction

Obtain final answer 2x +4Lx? or equivalent

13. O/N 15/P33/Q2
Either State correct unsimplified x* or x* term

Obtain a=-9
Obtain b =45 ;
Use chain rule to differentiate twice to obtain form k(1 + 9x) a
3
Obtain f"(x)=-18(1+9x) * and hence a=-9
§

Obtain f"(x) = 270(1+9x) 3 and hence b=45

14. M/J 15/P32/Q8

®

(i)

15. M/J 15/P31/Q3
Either  Obtain correct (unsmlp]lﬁed) version of x? or Q

State or imply the form 2 + e

: 3-2x x*+4
Use a relevant method to determine a constant
Obtain one of the values 4 =3, B=-1, C=-2
Obtain a second value
Obtain the third value

5
Use correct method to find the first two terms of the expansion of (3-2x)7", (1= : .r)'l A

@+x*)™" or (1+ 2 xz)'l
4

Obtain correct unsimplified expanslons up to the term in x* of uu.h partial {raction ‘§§S ?q
Multlp[y out up to the term in x? by Bx +C, where BC#0 l}

15 41 §
Obtain final answer — + — x+ — x°, or cquivalent @h{;
72

2 12
1
[Symbolic coefTicients, e.g. ( 5 ]arc not sufficient for the first M1 T@% 15()@1/! B, C]

[In the case of an attempt to expand (5x* +x+6)(3—2x) " (x4 ﬁgﬁc
M1A1Alfor the expansions, M1 for multiplying out Fully@d the final answer.]

Obtain ... +12x*
Obtain correct (unsimplified) version of x* or x* term in (I +6x?)*

Obtain 1+ 4x* —4x*
Combine expansions to obtain k =16 with no error seen

Obtain 1+4x? @ o)&)
S

Y

b

Bl

g

—
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Or
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2
Obtain correct (unsimplified) version of x* or x* termin (1+6x*)3
Obtain 1+ 4x?
Obtain ... —4x*
Obtain correct (unsimplified) version of x2 or x* term in (I —2:4:2)"2
Obtain 1+ 4x? +12x*
Combine expansions to obtain k =16 with no error seen

16. O/N 14/P32/Q3
Substitute x = —é-, equate result to zero or divide by 3x + 1 and equate the remainder to zero

and obtain a correct equation, e.g, ~La+lp_liz=y

27 9 3

Unlt 1.3: Answera Soction

Substitute x = 2 and equate result to 21 or divide by x — 2 and equate constant remainder to 21

Obtain a correct equation, ¢.g. 8a +4b + 5 =21
Solve for a or for b '

Obtain a= 12 and b =-20
17. O/N 14/P32/Q9, O/N 14/P31/Q9

(D)

(i)

18. M/J 14/P31/Q9

(i)

State or imply the form £ + - + e

l-x 2-x (2—.%‘)1
Use a correct method to determine a constant
Obtainone of A=2,B=-1,C=3
Obtain a second value
Obtain a third value

- A Dx+E y
[The alternative form —+ s ,where A =2, D=1, E=1 is marked

I-x (2-x)
BIM1AIlAI1ALI as above.]

Use correct method to find the first two terms of the expansion
of 1-x)",2-x)",2-x)",1-Lx)"or(1-1x)~
Obtain correct unsimplified expansions up to the term in x’

of each partial fraction

Obtain final answer % + g—x + % x2 , or equivalent

[For the A,D,E form of partial fractions, give M1 A1/ A1/ for the expansio

if D = 0, M1 for multiplying out fully and A1 for the final answer.]

[In the case of an attempt to expand (x" =8x+9)(1-x)"(2- x)”, give M 1@

the expansions, M1 for multiplying out fully, and Al for the final answ@

Either  State or imply partial fractions are of form % + =
-X

Use any relevant method to obtain a constant
Obtain 4 =1

o 2,
Obtain B=—
in 5 @

Obtain C = -%

? &%

(6]
[5]
[5]
[5]
IS
ns thes 5@
(#; Q

%@

[5]

i T ———



21. O/N 13/P33/Q8
() Either  State or imply form A o

38
Mathomatics A-Level IP-3 Topleal i s Piiidiaaticne
; ' A Dx+E
Or State or imply partial fractions are of form = i (I T 2]
Use any relevant method (o obtain a constant
Oblain 4 =1
Obtain D=3
Obtain £ =1

=
; o
(i) Obtain the first two terms of onc of the expansion of (3—2:) ,(1 3 J

(l + 2x)"' and (1+2.7L')'2 . _
Obtain correct unsimplified expansion up to the term in x* of each partial fraction,
following in each case the value of 4, B, C

1

Obtain answer i--Ex e P
3 9 27

(If4, D, E approach uscd in part (i), give MIA1¥"A1¥" for the expansions, M1 for
multiplying out fully and A1 for final answer]

19. M/J 14/P33/Q2

State a correct unsimplified version of the x or x* or x* term
State correct first two terms 1 —x
Obtain the next two terms 2x2 — 14,

A 3
[Symbolic binomial coefficients, c.g.[ 33} are not sufficient for the M mark.]

20. O/N 13/P32/Q7

A Bx+C

() State or imply partial fractions are of the form —a— + =
x=2 x°+43

Use a relevant method to determine a constant
Obtain one of the values A =~1, B=3, C =~
Obtain a second value
Obtain the third value

(i) Use correct method to obtain the first two terms of the expansions of (x—2)",

1 ~1 s 1 1 . -1
I==x] ,%*43] or(l4=
( 2 J b+3) ( 3
Substitute correct unsimplified expansions up to the term in ¥* into ca%ﬁ%@
®

partial fraction
Multiply out fully by Bx + C, where BC =0

. 1
Obtain final answer ra %x +%x2, or equivalent 5}

K ©

v g : -1
[Symbolic binomial cocfficients, e.g, [ | J are not suﬂicienWMl «Fhe fit. is
: @

ond, B, C]

for the expansions, M1 for multiplying out fully, and final answer.]
[If B or C omitted from the form of partial fr

MIAIYAIY in (li)]

[In the case of an attempt to expand 2x ~7x-1)x 2 , give. M1A1Al
@iro

B_, C
[+x  (14x) 2-3x

BOMIAOAOAOQ in (i);

X

Unit 1.3; Answerg s%ﬂ

(5

(5]

(5]

[5]
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Use any relevant method to find at least one constant

Obtain A =~1
Oblain B=3
Obtain C=4

State or imply form A 4o Bx c
l+x ( 1+ .x:)2 2 3x
Use any relevant method to find at least one constant

Obtain A4 =2
Obtain B=-3
Obtain C=4

Dx+E F
—+
(1+x}  2-3x
Use any relevant method to find at least one constant
Obtain D =—]
Obtain £ =2
Obtain F = 4 | 3]

Use correct method to find first two terms of expansion of (1 + I)—l or
-1
(1+x)2 or (2- 3x)" or (l —%x)

Obtain correct unsimplified cxpansion of first partial fraction up to x* term
Obtain correct unsimplified expansion of second partial fraction up to x* term
Obtain correct unsimplified expansion of third partial fraction up to x* term

State or imply form

Obtain final answer 4 —2x + _2:2§ &

Use correct method to find first two terms of expansion of (1+x)™
. -1

or (2 -3x)" or (l—%xj

Obtain correct unsimplified expansion of first partial fraction up to x* term
Obtain correct unsimplified expansion of second partial fraction up to x term
Expand and obtain sufficient terms to obtain three terms

Obtain final answer 4 —2x + %5- x?

(expanding original expression)
Use correct method to find first two terms of expansion of (1 +x)

5 .
or (2 —33:;)*l or [l—-;—x) 2

\

Obtain correct expansion 1—2x +3x* or unsimplified cqmvalcnt \
1 3 9 f

Obtain correct expansion E(l += 3 X+— 7 x ) or unsmlphﬁe@ &@é?

Expand and obtain sufficient terms to obtain three te $

Obtain final answer 4 —2x + 2—25 x*

(McLaurin expansion)

Obtain first derivative f'(x)=(1+x)? —@@@r
Obtain f'(0)=1-6+3 or equivalent S
Obtain f"(0)=-2+18+9 or equivalg%
Use correct form for McLaurin expansion

25
Obtain final answer 4 —2x + y x? (5]
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22. M/J 13/P32/Q8(l)
(i) Use any relevant method to determine a constant
Obtain onc of the values 4 =1, B=-2,C=4
Obtain a second value

Obtain the third valuc .
[If 4 and C are found by the cover up rule, give B1 + B1 then M1AL1 for finding B. If

only one is found by the rule, give BIMIAIAL]

23. M/J 13/P31/Q1
Carry out division or equivalent at least as fa
Obtain quotient 2x-4
Obtain remainder 8

24. M/J 13/P31/Q2
Obtain 1-x as first two terms of (1+2x)-% P
Obtain +2x* or unsimplified equivalent as third term of (1+2x) *

Multiply 1+3x by attempt at (1+ 2x)", obtaining sufficient terms
3 _

r as two terms of quotient

Obtain final answer 1+2x-2x

25, O/N 12/P32/Q4, O/N 12/P31/Q4

(i) Obtain correct unsimplified terms in x and e
Equate coefficients and solve for a

Obtain final answer a = é , or exact equivalent
(ii) Use correct method and value of a to find the first two terms of the expansion {1+ ax)™

Obtain 1 —v2x, or equivalent
Obtain term %xz
[Symbolic coefficients, €.g. (_12) a, are not sufficient for the first B marks]
[The fit. is solely on the value of a.]
26. O/N 12/P33/Q9

. +C
(i) State or imply form ...

3—x 1+x?

Use relevant method to determine a constant
Obtain 4 =6 . @K
Obtain B =-2 0
A 6@“" [5]

Obtain C=1 ép

(i) Either Use correct method to obtain first two terms of expansion ﬁﬁg
-1 )

of 3-x)" or (1—%1’) or (1+x2)_1 @

Obtain é(I +-l—Jr+—!-.wc2 +ix3
3 3 9 27

Obtain (Bx + C)(1 - x%)

two expansions

Obtain final answer 3 —;x —%xz +

b

[4]

(3]

4]

[4]

K

——— ._mﬂa"f-(
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Or Use correct method to obtain first two terms of expansion

-1
of 3-x)" or [l—%x] or (l+.1|:2)—t

Obtain l(l+ l x+-l—x +—I- x’
Iy 39 27

Obtain (1 —x%)

Obtain sufficient terms of the product of the three factors

Obtain final answer 3 - -ix -zx +—
3 27

27. M/J 12/P32/Q3

EITHER:

ORI:

OR2:

28. M/J 12/P31/Q2

<
(i) Either Obtain correct (unsimplified) version of x or x* term g%@%‘

Or

State a correct unsimplified term in x or x? of (1 —x)_; or (I+ x)-i’

State correct unsimplified expansion of (1 —-x)% up to the term in x’

State correct unsimplified expansion of (1 +x)_% up to the term in x?

Obtain sufficient terms of the product of the expansions of (l—x)% and (1 +x)‘;l

Obtain final answer 1— x + %xz

State that the given expression equals (1-x)(1 —xz)_% and state that the first term of
the expansion of (l—xz)‘J"is 1 Bl
State correct unsimplified term in x? of (1 x?)7

State correct unsimplified expansion of (1 — xz)_% up to the term in x?
Obtain sufficient terms of the product of (1 —x) and the expansion M1

Obtain final answer 1 - x + %xz

1
State correct unsimplified expansion of (1+ x)?up to the term in x>

Multiply expansion by (1 —x) and obtain 1 — 2x + 2x*
Carry out correct method to obtain one non-constant term of the expansion of

(I -2%+2x” )%

Obtain a correct unsimplified expansion with sufficient terms Al

Obtain final answer [ — x + % x? [5]
1

[Treat (1+x)~ (1-x*)? by the EITHER scheme.]

1
[Symbolic coefficients, e.g{;J , are not sufficient for the B marks.]

Obtain 1 + 2x
Obtain + 6x*
Differentiate and evaluate f(0) and £(0) where @

Obtain 1 + 2x @
Obtain + 6x* )

(i) Combine both x* terms from product of 1 +2x an%s e from part (i)

Obtain 5

(2]
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29. M/J 12/P33/Q1
EITHER: Obtain a correct unsimplified version of

(44307 or (1+30)7

the x or x* term of the expansion of

State correct first term %

Obtain the next two terms — -3— x4+ —zlx!
16~ 256 ,

OR: Differentiate and evaluate f(0) and £ '(0), where £'(x) = k(4+3x)7"

State correct first term —'.1?7
. 3 27 ,
Obtain the next two terms ——x +——X [4]
16 256

J are not sufficient for the M or B mark. ]

r3]=

[Symbolic coefficients, ¢.g. {_2

30. O/N 11/P32/Q3

(i) EITHER: Attempt division by ¥ — x + 1 reaching a partial quotient 0
Obtain quotient x” + 4x + 3

Equate remainder of form /x to zero an

Obtain answer a = 1
OR: Substitute a complex zero of x’ —x + 1 in p(x) and equate to zero

Obtain a correct equation in a in any unsimplified form
Expand terms, use i*=—1 and solve fora
[4]

Obtain answer a = 1
[SR: The first M1 is earned if inspection reaches an unknown factor x> + Bx + C and an

equation in B and/or C, or an unknown factor Ax* + Bx + 3 and an equation in 4 and/or B.
The second M1 is only earned if use of the equation a= 5 - C is seen or implied.]

£x2+ kx

d solve for a, or equivalent

(i) State answer, e.g.x=-3
State answer, e.g. x =—1 and no others (2]

31. O/N 11/P33/Q1

Either
Obtain correct unsimplified version of x or x* term in expansion of

@+x)%or(l+ % ke

Correct first term 4 from correct work
Obtain —4x
Obtain + 3x°
Or
Differentiate and evaluate f(0) and f* (0) where
State correct first term 4
Obtain —4x
Obtain + 3%’
32. M/J 11/P32/Q8
(i) State or imply partial fractions are of the fo

Use a relevant method to determine a constant
Obtain one of the values 4 =-2, B=1, C=4
Obtain a second value '

Obtain the third value [5]

[4]
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(if) Use correct method to obtain the first two terms of the expansion of (1+x),

-1
[1 + -;-xzj or (2 + xz)_' in ascending powers of x

Obtain correct unsimplified expansion up to the term in x° of each partial fraction
Multiply out fully by Bx -+ C, where BC#0

Obtain final answer %x -3x% 4 %x’ , or equivalent

o : e
[Symbolic binomial coefficients, e.g. [ , J, are not sufficient for the first M1. The fit. is

ond, B, C]

[If B or C omitted from the form of fractions, give BOM1AOAOAO in (i); MIAIVAI1Y in
(i), max 4/10.]

[In the case of an attempt to expand (5x — x*)(1 + x)™'(2 + x*)', give M1A1A1 for the
expansions, M1 for the multiplying out fully, and A1 for the final answer.]

[Allow use of Maclaurin, giving MI1A1VA1Y for differentiating and obtaining f{0) = 0

5
and £'(0) = 2 AN for £"(0) = -6, and Al for f "(0) = 2?1 and the final answer (the f.t,

ison A4, B, C if used).]
[For the identity 5x—x* =(2+ 2x + x* + x* fa + bx + c® +di’) give MIAL; then MIAL

for using a relevant method to obtain two of a=0, b = %, c=-3andd= % ; then Al for

the final answer in series form.]

33. M/J 11/P31/Q1
Either: Obtain I+%kx, where £ =16 orl

Or:

Obtain f'(x) =-2(1 — 6x) % and hence the correct first two terms 1 — 2x

Obtain "(x) =—8(1 — 6x) > and hence ~4x*

Obtain £/(x) =—80(1 — 6x) ~ and hence —4x* or equivalent NG,

"34. O/N 10/P32/Q8, O/N 10/P31/Q8 &
N
(i) State or imply the form 2 + i +Cz' \@\ &z?ﬁg
l+x 1+2x o ©
Use any relevant method to evaluate a constant @

Obtain 1-2x
Obtain —4x”
Obtain —42x” or equivalent

Differentiate expression to obtain form k(1- 6x)_} and evaluate f(0) and f'(0)

Obtain a second value
Obtain the third value

Obtain one of A =-1,B=2,C=1 é\é@g@
5

(if) Use correct method to obtain the first two terms of the o ot (1+x)" or
\ (>
@ $

Z,

(1+227)"
Obtain correct expansion of each partial fraction @m ags€cessary

Multiply out fully by Bx + C, where BC p 0
Obtain answer 3x — 3x* — 3x° :

(5]

(4]

(5]

(5]

e T
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[Symbolic binomial coefficients, e.g., (_IIJ are not sufficient for the first M1. The fit.

ison4, B, C.] ‘ N ;
[If B or C omitted from the form of fractions, give BOM1A0AOAQ in (1); MIAIVALY
in (ii), max 4/10.] . -
-[If(a 2:onstant D is added to the correct form, give M1A1ALAl and B1 ifand only 1
D=0 is stated.] . L

[If an extra term D/(1 + 2x) is added, give BIMIA1A1, and AL if C+ D=1is
resolved to 1/(1 +2x%).]

[In the case of an attempt to expand 3x(1 +x)™'(1 +2x)”", give Mlﬁ;l;\l tf};(:arftilzzl
expansions up to the term in x>, M1 for multiplying out fully and Al for

answer.] '

[For the identity 3x = (1 +x + 2 + 2)(a + bx + cx* + dx’) give MIA;,. m:iintll\]rgﬁ\ll
for using a relevant method to find two of a=0,56=3,¢= —3and d=-3; an

for the final answer in series form.]

35. O/N 10/P33/Q1
Obtain 1 — 6x -
State correct unsimplified x* term. Binomial cocfficicnts must be expanded.
Obtain ... +24x® (3]

36. M/J 10/P33/Q9

A B &
i i i ti f the form + +
(i) State or imply partial fractions o 12z 241 (2 +x)2
Use any relevant method to determine a constant
Obtain one of the valuesA=1,B=1, C=-2
Obtain a second value

Obtain the third value (5]

[The form " .42 + DI+E2 ,whereA=1,D =1, E=0, is acceptable
—<X (24x)

scoring BIM1A1A1Al as above.]

(if) Use correct method to obtain the first two terms of the expansion of (1-2x)™", (@+x)
@2+x)7, (+i07,or 1+1x)7
Obtain correct unsimplified expansions up to the term in x* of each partial fraction A1V + Aly,+ AlY
. 9 15 4 :
Obtain answer 1+—x +—‘—;— X", or equivalent ‘%@ [5]

[Symbolic binomial coefficients, e.g. ["11) are not sufficient for the M1. T

& B C ]
[For the 4, D, E form of partial fractions, give MIATYA1Y for the exp gﬁ , if D # 0, M1 for
multiplying out fully and A1 for the final answer]

[In the case of an attempt to expand (4 + 5x —x* )(1 - 2072+ x)" ,\'_. Je @'y? 1A1 for the expansions,

M1 for multiplying out fully, and A1 for the final answer. ] °
- ﬁ (i); MIA1VA1Y in (ii).]
AUAO in (i); M1A1VALY in (ii).]

[SR: If B or C omitted from the form of fractions, glvc BOM
[SR: If D or E omitted from the form of fractions, give

37. O/N 09/P32/Q8
(i) State or imply partial fractions are of the form 4 , )_,i‘-";' .

Use a relevant method to determine a constant

ObtamA= 2 B=2 andC—_ 5]
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(i) Use correct method to find first two terms of the expansion of (1 -x)™, (2 + X" or

(1+3xy"
Obtain complete unsimplified expansions up to x* of each partial fraction e.g. % (1+x+x%
1,2 1 I
and E(Ex— j)(l F Exl)
Carry out multiplication of (2 + )" by (%x - 5‘ ), or equivalent, provided BC # 0
Obtain answer 5 +x+3x” [5]

[Symbolic binomial coefficients are not sufficient for the first M1. The f.t.ison 4, B, C.]
[If B or C omitted from the form of fractions, give BOM1A0A0AQ in (i); MlAleAlJ in (i), max

4/10]
[In the case of an attempt to expand (1 +x)(1 —x)™ (2 +x°)", give M1A1Al for the expansions, M1

for multiplying out fully, and Al for the final answer.]
[Allow Maclaurin, giving M1A1VA1Y for differentiating and obtaining £{0) = %- and f'(0) =1, AIN

for £(0) = % ,and A1 for the final answer (the f't. is on 4, B, C if used).]

38. O/N 09/P31/Q8

@

(ii)

39. MIJ 09/P03/Q5 &
(i) State correct first two terms of the cxpansion@ / 3,ie 1+3ax

A B 9
+ +
x+1 (x+1)? 3x+2

State or imply partial fractions are of the form

Use any relevant method to obtain a constant
Obtain one of the values A =1,B=2, C=-3
Obtain a second value
[5]

Obtain the third value

Use correct method to obtain the first two terms of the expansion of (x + )7, (x+ 1% (Bx+ 2)_'
or (1+ %x)"l
Obtain correct unsimplified expansion up to the term in x* of each partial

fraction

Obtain answer ;— L

r

2

x+ %x , or equivalent [5]

=1
[Symbolic binomial coefficients, e.g. ( ) J , are not sufficient for the first M1. The fit. is on 4, B, C.]

[The form L +£2" - € ,where D=1, E=13, C=-3, is acceptable. In part (i) give
(x+1)° 3x+2

BIMIAIAIAL 7
In part (ii) give MIAIVAIV for the expansions, and, if DE # 0, M1 for multiplying o Al

for the final answer.]
[If B or C omitted from the form of fractions, give BOM1AOAOA0Q in (i); M1A1>

4/10] N

[If D or E omitted from the form of fractions, give BOM1AOAOAQO in (i); I@S% in (ii), max
4/10) %

[In the case of an attempt to expand (5x + 3)(x + 17?2 (3x+2)7, giy M @or the expansions, M1
for multiplying out fully, and A1 for the final answer. ] @

[Allow use of Maclaurin, giving M1A1 VA1V for differentiati D

¥ining £(0) = 2 and

f'(0) x—'; , Al for £"(0) = %, and A1 for the final answe

2
- Form an expression for the coefficient of x in the expansion of (1 + 2x)(1 + ax)E

and equate it to zero
Obtaina=-3 3
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(i) Obtain correct unsimplified terms in x* and x* in the expansion of (l - 3x)?

2
or (l o ax)i _ o
Carry out multiplication by 1 + 2x obtaining two terms in x
Obtain final answer — [:'—']Jc3 , Or equivalent 4

2

[Symbolic binomial coefficients, e.g. (i] , are not acceptable for the B marks in (i) or (ii)]

40. O/N 08/P03/Q2
EITHER: State correct unsimplified first two terms of the expansion of J(1-2x),eg.l1 +% (—2x)
Statc correct unsimplified term in x?, e.g. L.(1—1).(=2x)* /2!
Obtain sufficient terms of the product of (1 + x) and the expansion up to the term inx
of 4/(1-2x) '
Obtain final answer 1-3 x?

2

1
[The B marks are not earned by versions with symbolic binomial coefficients such as [ TJ ]

[SR: An attempt to rewrite (1 + x)‘f(l —-2x) as -J(l—3x2) earns M1 Al and the subsequent
expansion 1-2 x? gets M1 Al.]

OR: Differentiate expression and evaluate f{0) and £'(0), having used the product rule
Obtain f{0) = 1 and f'(0) = 0 correctly
Obtain f ”(0) = -3 correctly
Obtain final answer 1 -%xz , with no errors seen [4]

41. O/N 07/P03/Q9
» 1 A B C
(i) State or imply the form = TieT 2+x

Use any relevant method to determine a constant
Obtaind=1,B=2and C=—4 151

(ii) Use correct method to obtain the first two terms of the expansion of (1-x)~!, (1 +2x)70, 2 +x)7,
-1

or(l+-§-x

Obtain complete unsimplified expansions up to x2 of each partial fraction : 4:)
Combine expansions and obtain answer 1—2x + %xl

2 ﬂ@ [5]
&
[Apply this scheme to attempts to expand (2— x + 8x2)1-x) "1+ 2x) 2+ 0, i _ Jﬁ-mm
for the expansions, and Al for the final answer.] ©
[Allow Maclaurin, giving MIA1VA1Y for f{0) = 1 and £ '(0) =-2, A1V for f*&@ 178 A1 for the
2,

‘ final answer (f't. is on A, B,C)]
42. M/J 07/P03/Q1 éﬁgg 2,

EITHER:  Obtain correct unsimplified version of the x or x? te«@in @pansion of (2 + 3x)2

or (1+§x)‘2 P
State correct first term% @~ @

: i N
Obtain the next two terms $x+Ex @:

W i =] :
[Binomial coefficients such as[ 5 J are not sufficient for the M1. The ft. is on 4, B, C]

[The M mark is not earned by versions with s bolic binomial coefficient such as _2] |

[The M mark is camed if division of 1 by the expansion of (2 + 3x)2, with a correct unsimplified
xor x? term, reaches a partial quotient of a + bx.]
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[Accept exact decimal equivalents of fractions.]
[SR: Answer given as % (1-3x -+ % x?) can carn BIM1AL1 (if % seen but then omitted, give M1A1).]

[SR: Solutions involving (L + 2 x), where k=2, 4 or 1, can earn M1 and A} for correctly
Simplifying both the terms in x and x? .]

Differentiate expression and evaluate f(0) and £'(0), where f(x) = (2 + 3x)

State correct first term 3

Obtain the next two terms — 3 x + 22 x?

43. O/N 06/P03/Q5

(¥
(ii)

Simplify product and obtain (1 +x) — (1 —x)
Complete the proof of the given result with no errors seen

Use correct method to obtain the first two terms of the expansion of V1 + x or V1 — x
EITHER: Obtain any correct unsimplified expansion of the numerator of the RHS of the identity

up to the terms in x*
. : 1
Obtain final answer with constant term 5

Obtain term -11; x? and no term in x
OR: Obtain any correct unsimplified expansion of the denominator of the LHS of the identity

up to the terms in x?
. . 1
Obtain final answer with constant term S
3 1 i
Obtain term Exz and no term in x

[Symbolic binomial coefficients are not sufficient for the M1. Allow two correct
separate expansions to eamn the first A1 if the context is clear and appropriate.]

[Allow the use of Maclaurin, giving M1A1 for f0) = % and f'(0)=0, Al for £'(0) = %,

and A1 for obtaining the correct final answer.]

44. M/J 06/P03/Q9

@)

(&)

State or imply partial fractions are of the form A g Bx 1'2’1
2-x l+4x
Use any relevant method to obtain a constant
Obtain one of the values 4 =2,8=2,C=4
Obtain a second value
Obtain the third value _ |
Use correct method to obtain the first two terms of the expansion of (2 —x)™ or (1
or (1 +x%)7

Obtain any correct unsimplified expansion of the partial fractions up to the t
e.g. (2x +4)(1 + (-1)x?) (deduct A1 for each incorrect expansion) -
Carry out multiplication of expansion of (1 + x%)™ by (2x + 4)

o 3_ 15 15
Obtain answer 5+ x -~ —?x"’ @ 5
[Binomial coefficients involving 1, e.g.[ ~* |, are not suffici & M1 mark. The ft. is on A,B,C]
1
[In the case of an attempt to expand 10(2 —x)™! (1 +x%)" %&e FA 1ALl for the expansions, M1 for
multiplying out fully, and A1 for the final answer.] @f?

[Allow the use of Maclaurin, giving M1A 1+ for £0J45
" 4 5 S . .
fm(0)= _Ts , and Al for obtaining the correct final answer (fit. is on 4,B,C if used).]

a1

#E(0)=2, AIV for £7(0) =— 3, AN for
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45. O/N 05/P03/Q9

@

(ii)

State or imply partial fractions are of the form -i Bx+C
x+2 x4
Use any relevant method to obtain a constant
ObtainAd =2
Obtain B = 1
Obtain C=-1 5

; -1
Use correct method to obtain the first two terms of the expansion of (2+x)™ , or
(! +%x)_' , or (1 +,1|:2)"I
2 3
Obtain complete unsimplified expansions of the fractions, e.g. 2-% ( —'}Z‘I +gx -g%);

(x=1)(1-x?)
Carry out multiplication of expansion of (1+x2)7! by (x-1)
Obtain answer L 2 5 x* 9 x> ; [5]

-1 .
(Binomial coefficients involving —1, such as [ 1 ) , are not sufficient for the first M1.]

[ft.ison4, B, C]
[Apply this scheme to attempts to expand (3x2 +x)(x+2) " (1+x2)"!, giving M1A1A1 for the

expansions, M1 for multiplying out fully, and A1 for the final answer.]

46. M/J 05/P03/Q1
EITHER: Obtain correct unsimplified version of the x or x2 or x> term

OR:

Obtain next two terms 6x? —20x? 4
47. O/N 04/P03/Q1
EITHER:  Obtain correct unsimplified version of the x or 32 term in the 4 Z\S@)
=3 X
expansion of (2+x)™ or (1+1x] ) Q’«@
: GsE
State correct first term - \@\ '@g
8 ) @@
Obtain next two terms — > x+-3_ 2 Q ©
16~ 16 @
[The M mark is not earned by versions with une jpomial
coefficients such as [~ ]
1) - (2@

State correct first two terms 1 — 2x

Obtain next two terms 6x2 — 20x°
[The M mark is not earned by versions with unexpanded binomial

il
coefficients, e.g.[ ;J ]

Differentiate expression and evaluate f(0) and f(0),
where f/(x) =k(1+4x)
State correct first two terms 1 — 2x

[Accept exact decimal equivalents of fractio,

[SR: Answers given as [1——x+— éﬁ;g

[SR: Solutions involving /1(1+2xj , where k= 2, Bor—é- can earn

A M1B1A1.]

M1 and A1 for correctly simplifying both the terms in x and x2]
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OR: Differentiate expression and evaluate f(0) and '(0), where

f(x) = k(2 + x)*
State correct first term %

' 3 3
Obt xt two t i
ain ne o terms 165t 1" 4

[Accept exact decimal equivalents of fractions.]

48. O/N 04/P03/Q3

(i)

(ii)

(iii)

Substitute 2 for x and equate to zero, or divide by x — 2 and equate remainder
to zero

49. M/J 04/P03/Q9

(i)

(i)

Obtain answer a = -3 2
Attempt to find quadratic factor by division or inspection
State quadratic factor 2x* + x + 2 ' 2
[The M1 is earned if division reaches a partial quotient of 2x% + kx, or if inspection
has an unknown factor of 2x* + bx + ¢ and an equation in b and/or ¢, or if two
coefficients with the correct moduli are stated without working.]
State answer x > 2 (and nothing else)
Make a correct justification e.g. 2x* + x + 2 (has no zeros and) is always positive 2
[SR: The answer x > 2 gets B0, but in this case allow the second B mark if the
remaining work is correct.]
State or imply f(x) = 4 + A + e
x-1 x-2 x+1
EITHER: Use any relevant method to obtain a constant
Obtain one of the values: A=-1,B=4 and C=-2
Obtain the remaining two values
OR: Obtain one value by inspection
State a second value
State the third value 4
A  Bx+C . _ _ _
[Apply the same scheme to the form = + 3 whichhas A=4,B=-3and C=1)]
Use correct method to obtain the first two terms of the expansion of (x—1)"' or (x —2) !
or (x+ I)
Obtain any correct unsimplified expansion of the partial fractions up to the terms in x &ﬁ@
(deduct A1 for each incorrect expansion)
5

Obtain the given answer correctly @
ﬁ tisonA, B, Cl]

-1
[Binomial coefficients involving -1, e.g.( : J. are not sufficient for the M1

_[Apply a similar scheme to the alternative form of fractions in (1), awar é:)fg NA'I Y for the
g n

expansions, M1(dep*) for multiplying by Bx + C, and A1 for obtain answer correctly.]
[In the case of an attempt to expand (x? + 7x—6)(x— )7 x- 21)\\ gwe M1A1A1A1 for the
expansions and A1 for multiplying out and obtaining the |\(%@ans \BI correctly.]

[Allow attempts to multiply out (x —1)(x = 2)(x + 1)(=3 + 2x =&»* + M%) , giving B1 for reduction to a

produét of two expressions correct up to their lerrg’\cgj(‘L ' or attempting to multiply out at least as
far as 1erms inx?, A1 for a correct expansion up t , and A1 for correctly obtaining the
answer x2 +7x—6 and also showing there is no term'if x3 ]

[Allow the use of Maclaurin, giving M1A1Y for f(0) =3 and f /(0) = 2, A1V for  "(0) = -3, A1V for
f*(0)= 2, and A1 for obtaining the given answer correctly (f.. is on A, B,C if used).]
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50. O/N 03/P03/Q2
EITHER: Obtain correct unsimplified version of the x* or x" term of the expansion of

(1+1x")Por(2+x%)7
State correct first term J-
Obtain next two terms —1x + -J—x [_ 2]
1 ]

[The M mark is not earned by versions with unexpanded binomial coefficients such as

[SR: Answers given as (1 g +%x4)cam MI1BI1AL1.]

[SR: Solutions involving k(1 +1x%)

-2 where k=2, 4 org‘-can earn M1 and Al for a correct

simplified term inx? or x* ]
') = kx(2+x%)7

OR:

Differentiate cxpression and evaluate f{0) and £(0), where f

State correct first term +
Obtain next two terms —4x? +2xt
[4]

[Allow exact decimal equivalents as cocfficients.]

51. M/J 03/P03/Q6

A + B + _C

() EITHER State or imply f(x) = ,
2x+1 x-2 (x=2)

OR

State or obtain A = 1
State or obtain C =8
Use any relevant method to find B

Obtain value B =4

State orimply f(x) = _A _+ Dx+E
2x+1  (x-2)°
State or obtain A = 1
Use any relevant method to find D or £
Obtain value D = 4
Obtain value E =0 5]

(i) EITHER Use correct method to obtain the first two terrns of the
' - %x) " or (1 - Vax)?

expansion of (1 + 2x)" or (x = 2)" or (x - 2)?or (1

Obtain any correct sum of unsimplified expansions up to the

terms in x* (deduct A1 for each incorrect expansion)

Obtain the given answer correctly ﬁ\\
QP

[Unexpanded binomial coefficients involving -1 or -2, e.g. - /\5
sufficient for the M1.]

[ft.isonA, B, C, D, E.]

[Apply this scheme to attempts to expand (9x? +4) w\f@k) 2 giving
M1A2 for a correct product of expansions and mg out and
reaching the given answer correctly,]

[Allow attempts to multiply out (1 + 2x)(x - % 5x2), giving B1 for

reduction to a product of two expressions.Gotreetitip to their terms in X2,

M1 for attempting to multiply out as far, 2 eq §'in x?, A1 for a correct
expansion, and A1 for obtaining 9)«’@3 “cquyEctly.]

[SR: B or C omitted from the form of pagfial fractions. In part (i) give the first
B1, and M1 for the use of a relevant method to obtain A, B, or C, but no
further marks. In part (ii) only the M1 and A1+ for an unsimplified sum are

available.]
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[SR: E omitted from the form of partial fractions. In part (i) give the first B1,
and M1 for the use of a relevant method to obtain A or D, but no further
marks. In part (i) award M1A2/A1 as in the scheme.]

OR Differentiate and evaluate f(0) and £/(0)
Obtain f(0) = 1 and £(0) = -1
Differentiate and obtain £(0) = 10
Form the Maclaurin expansion and obtain the given answer correctly [4]
52. O/N 02/P03/Q6

(1) State or imply f(z) = 2 Z25C

(2-x) [x‘a-fj

State orobtain 4 =4
Use any relevant method to find Bor C

Obtainboth B=42and C=1 "’T

(i) EITHER: Use correct method to obtain the first two terms of the expansion of (1—3%)7™

OR:

or (1227, or (2—xy*

Obtzin unsimplified expansion of the fractions e.g--:} (1 +§x +oBFox)

(4x +1)(1 - )

Carry out multiplication of expansion of (1 + %)™ by (4x + 1)

Obtain given answer correctly

[Binomial coefficients involving —1, such zs[_ IJ , are not sufficient for the first M1.]
[ft.is on 4, B, C] 1

[Apply this scheme to attempts to expand (6 + 7x)(2 —x) (1 — 7)™, giving MIAIAL

for the expansions, M1 for multiplying out fully, and A1 for reaching the given answer]
Differentiate and evaluate f{0) and f’(0)

Obtain f{(0) =3 and £'(0) =5

Differentiate and obtain f"(0) =—1

Differentiate, evaluate £”(0) and form the Maclaurin expansion up to the term In x
Simplify coefficients and obtain given answer correctly [3]
[ft.ison 4, B, C]

[SR: B or C omitted from the form of partial fractions. In part (i) give the first B1, and M1 for the
use of a relevant method to obtain 4, B or C, but no further marks. In part (ii) only the first M1 and
A1y + AlY are available if an attempt is based on this form of partial fractions]

53. M/J 02/P03/Q2 .é? "
EITHER: Show correct (unsimplified) version of the x or the x* or the x-3 term @i\:‘ *;\*
Obtain correct first two terms 1 +x ,af‘:%t" el
Obtain correct quadratic term 2x* "“ ‘*‘{\\’*

OR:

Obtain correct cubic term -r" (allow —,4.67, 4.66 for the coefﬁmeqi@\ ‘
[The M mark may be 1mphed by correct simplified terms, if no \@km@ shown. It is not

earned by unexpanded binomial coefficients involving — = ‘%g%"? @-f' 3]_]

*‘\5/
[An attempt to divide 1 by the expansion of (1 — 3x)’ ear@&’ll if the expansion has a
correct (unsimplified) x, x%, or x° term and if the p tal quz)shent contains a term in x. The
remaining A marks are awarded as above.] @J

Differentiate and calculate f(0), f’(0), wher (x k(l 1r)‘
Obtain correct first two terms 1 +x
Obtain correct quadratic term 2x”

Obtain correct cubic term >-x° (allow =, 4.67, 4.66 for the coefficient) 4]




53
Read & Write Publications

UNIT 2

“
]

Logarithmic
and
Exponential
Functions

B ——
A-Level

Mathematics Paper 3

Topical Workbook

h—

READSWRITE
PUBLICATIONS

P #25-28 Lower Ground Floor,
Haadia Haleema Centre, Ghaznj Street,
Urdu Bazar, Lahore.
Tel: +92 42-35714038
Cell: +92 336-5314141
eb: www.readnwrite.org
E-mail: readandwriteofﬁce@gmail.com

e




Y

Mathematics A-Level P-3 Toplcal 54

Unit 2: Logarithmic & exponentiaj f,
Read & Write Publications Ncliong

Unit-2: Logarithmic And Exponential Functions

1. MJ 18/P32/Q1 ) 5 5 cons
Showing all necessary working, solve the equation 3|2* — 1| = 2%, giving your answers correct ¢,
3 significant figures.
2. MJ18/P31/Q1 o i v
Showing all necessary working, solve the equation In(x* — 4) =4 In x — In 4, giving your answer Corregy
to 2 decimal places. 4
3. MJ 18/P33/Q2 _
Showing all necessary working, solve the equation 5% = 5* + 5. Give your answer correct to 3 decimg]
places. [5]

4. O/N 17/P32/Q2

Showing all necessary working, solve the equation 2log, x = 3 +log,(x + 1), giving your answer
correct to 3 significant figures. (5]

5. O/N 17/P31/Q2, OIN 17/P33/Q2
Two variable quantities x and y are believed to satisfy an equation of the form y = C(a*), where C ang

@ are constants. An experiment produced four pairs of values of x and y. The table below gives the
corresponding values of x and Iny.

[4

x| 09 | 16 | 24 | 32
lmy| 17 | 19 | 23 | 26

By plotting Iny against x for these four pairs of values and drawing a suitable straight line, estimate

the values of C and a. Give your answers correct to 2 significant figures. [5]
Iny

A

3 b

0 = : -2 FrTd k%a} :‘ —_
6. M/ 17/P32/Q1 > L
Solve the equation In(x* + 1) = 1 + 2Inx, giving yc@: orrect to 3 significant figures. g
7. MIJ 17/P31/Q3(i)

Itis given that x = In(1 — y) — Iny, where 0 <y<l. §
-x

(2l

i) S ty = .
(i) Show that y T F
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10.

11:

12.

13.

14.

15.

16.

17.

18.

19.

20.
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M/J 17/P33/Q3

Using the substitution u = ¥, solve the equation 4e * = 3¢* + 4. Give your answer correct to 3 significant

figures. 4]
O/N 16/P32/Q1, O/N 16/P31/Q1

X
Solve the equation T 8, giving your answer correct to 3 decimal places. 3]
O/N 16/P33/Q1
Itis given that z = In(y + 2) — In(y + 1). Express y in terms of z. (3]

M/J 16/P32/Q1
Use logarithms to solve the equation 431 = 3(5%), giving your answer correct to 3 decimal places.

[4]

M/J 16/P33/Q2
The variables x and y satisfy the relation 3¥ = 427,

(i) By taking logarithms, show that the graph of y against x is a straight line. State the exact value

of the gradient of this line. 3]
(ii) Calculate the exact x-coordinate of the point of intersection of this line with the line with equation
y = 2x, simplifying your answer. 2]

O/N 15/P32/Q2, OIN 15/P31/Q2
Using the substitution u = 3%, solve the equation 3% + 3% — 33 giving your answer correct to
3 significant figures. [5]

O/N 15/P33/Q1
Sketch the graph of y = e”* — 1 where a is a positive constant. [2]

M/J 15/P32/Q2
Using the substitution u = 4%, solve the equation 4* + 4* = 4**?, giving your answer correct to
3 significant figures. 4]

M/J 15/P31/Q1

Use logarithms to solve the equation 2% = 3**1, giving the answer correct to 3 significan figures. [4]

M/J 15/P33/Q1
Solve the equation In(x + 4) = 2Inx + In4, giving your answer correct to 3 signi

O/N 14/P32/Q1, OIN 14/P31/Q1
Use logarithms to solve the equation e* = 3*2, giving your answer corzg

M/J 14/P32/Q2 @étg-,@
1
O

Solve the equation
2In(5-e¢ ) =1,

giving your answer correct to 3 significant figures.

(4]
M/J 14/P31/Q3 - @

The parametric equations of a curve are

x=In(2t+3), y= TERL

Find the gradient of the curve at the point where it crosses the y-axis. [6]

@@cxm&l places.  [3]
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21. M 14/P33/Q1
Solve the equation log(x +9) = 2 + log,, x, 1]
22. OIN 13/P32/Q2 ; , -
Solve the equation 2|3* - 1| = 3% giving your answers correct 1o 3 significant figures, I
23. O/N 13/P33/Q1 .
Given that 2 In(x+4)—Inx = In(x + @), express x in terms of a, I
24, M 13/P32/Q3 |
ki ny
The variables x and y satisfy the equation y = Ae™*", 'y
where A and k are constants, The graph of Iny _ o
against x? js a straight line passing through the poinis o (0.64, 070
(0.64, 0.76) and (1.69, 0.32), as shown in the (169, 019
diagram. Find the values of A and k correct to 2 1)
decimal places. 5] 7 E— il
25. M/ 13/P31/Q4
() Solve the equation |4x~1| = |x-3|, ]
(ii) Hence solve the equation |4”+1 - l| = 4" = 3| correct 10 3 significant fipures K]
26. M/ 13/P33/Q2
It is given that In(y + )=Iny=1+3Inx Express y in terms of X0 acform not volving logarithme,
[4]
27. OIN 12/P32/Q2, OIN 12/P31/Q2
Solve the equation
gx-1 _ 5% _ 5‘
giving your answer correct to 3 significant figures, (4]
28. O/N 12/P33/Q1
Solve the equation 7
Y74
In(x+5)=1+n Xy )f: AD
giving your answer in terms of e. IS KON (3]
57 <)
29. M/ 12/P32/Q1 o Y
Solve the equation T & q‘;'?)/
ln(3x+4)=21n(x—!- 1), Qﬁ @
giving your answer correct to 3 significant figures, ‘ggjf_ pad 4
= &b\¢ " "!_f-:.’y‘
0. MAJ 12/P33/Q2 ¢ ) R "
Solve the equation In(2x+3) =2Inx4+1n 3, giving your @5 r egirect to 3 significant figurow, [

(2)
1. OIN 11/P32/Q1, o/N 11/P31/Q1 (éﬁ?s
Using the substitution y = e, or otherwise, solve ﬁqu

& n
ef=1 + Ge"‘, l“
nt figures.

giving your answer correct to 3 significa
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32. MAJ 11/P32/Q2

35.

36.

37.

38.

39,

40,

41,

(i) Show that the equation
log,(x+5) =5-log,x
can be written as a quadratic equation in x. [3]
(ii) Hence solve the equation
log,(x +5) =5 —log, x. [2]

M/ 11/P31/Q5
The curve with equation

6e* + ke’ +e? =,
where k and c are constants, passes through the point P with coordinates (In 3, In2).

(i) Show that 58 + 2k =c. [2]
(ii) Given also that the gradient of the curve at P is —6, find the values of k and c. [S]
M/J 11/P33/Q1
Use logarithms to solve the equation 57! = 2(3%), giving your answer correct to 3 significant figures.
; [4]

O/N 10/P32/Q2, O/N 10/P31/Q2

Solve the equation
In(1+x?) =1+2lnx,

giving your answer correct to 3 significant figures. [4]
M/J 10/P32/Q1
Solve the equation
2r+1
-1
giving your answer correct to 3 significant figures. [4]

M/J 10/P31/Q3
The variables x and y satisfy the equation x"y = C, where n and C are constants. When x = 1.10,

y =5.20, and when x = 3.20, y = 1.05.

(i) Find the values of n and C. [5]
(i) Explain why the graph of Iny against Inx is a straight line. [1]

M/J 10/P33/Q2 :
The variables x and y satisfy the equation y? = Ae®, where A is a constant. The gr \)* against
x is a straight line.

(i) Find the gradient of this line. \:(_\Q 2]
(ii) Given that the line intersects the axis of Iny at the point where In y\@ the value of A

correct to 2 decimal places. @“’ 21

OIN 09/P32/Q1 @3&,@

Solve the equation

In(5-x) =In5-Inx,

giving your answers correct to 3 significant figures. [4]
O/N 09/P31/Q2 .
Solve the equation 3**? = 3* + 32, giving your ansv% p¥ect to 3 significant figures. [4]

M/J 09/P3/Q1
Solve the equation In(2 + &™) = 2, giving your answer correct to 2 decimal places. [4]
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42. OI/N 08/P3/Q1
Solve the equation
ln(x + 2] =2+Inx,

giving your answer correct to 3 decimal places.

(3]

43. M/ 08/P3/Q2

Solve, correct to 3 significant figure, the equation
& 4+ e¥ =¥, 5]

to 3 significant figures, the equation

44. M/J 07/P3/Q4

Using the substitution u = 3%, or otherwise, solve, correct

F=2+37 ' [6]

45. M/J 06/P3/Q1 :
Given that x = 4(3‘3’ ), express y in terms of x. 3]

46. O/N 05/P3/Q2

Iny
A
2 T EEEEENEREN
: HH
] T
EEEEENE NN NN RN
EEEFINEEENE RN
1 AREEEEEEEEEENN
0 [l == » Inx
0 1 2 3

y are related by the equation y = Ax", where A and n are constants.

Two variable quantities x and
The diagram shows the result of plotting In y against Inx for four pairs of values of x and y. Use the
]

diagram to estimate the values of A and n.

47. OIN 04/P3/Q2

Solve the equation

In(l1+x)=1+Inx,
[4]

giving your answer correct to 2 significant figures.

48. M/J 04/P3/Q4
(i) Show that if y = 2*, then the equation
=¥ =1

can be written as a quadratic equation in y.
(ii) Hence solve the equation

[2

F_9F=1. [4]

49. O/N 02/P3/Q3
(i) Show that the equation
may be written as a quadratic equation in x. (3l
(ii) Hence find the value of x satisfying the equation i
Logio(x + 5) = 2 — logiox. [
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1. MN 18/P32/Q1

EITHER: State or imply non-modular equation
32 (2’ —1)2 — (2’ ):, or pair of equations
3(2* -1)=22*
Obtain 2* = % and 2* = % or equivalent

OR: Obtain 2* = % by solving an equation

xS i o
Obtain 2° = yl by solving an equation

Use correct method for solving an equation of the form
2*=a,wherea>0
Obtain final answers x = 0.585 and x =— 0.415 only

2. M/J 18/P31/Q1
Use law for the logarithm of a product, quotient or power
Obtain a correct equation free of logarithms, e.g. 4(x* —4) = x*

Solve for x
Obtain answer x = 1.52 only

3. M/J 18/P33/Q2
State or imply u” =u+5, or equivalent in 5
Solve for u, or 5*

Obtain root -;-(1+ J21), or decimal in [2.79, 2.80]

Use correct method for finding x from a positive root
Obtain answer x = 0.638 and no other answer

4. O/N 17/P32/Q2
Use law for the logarithm of a power or a quotient on the given equation

Use log,8=3 or 2’ =8
Obtain x* —8x—8=0, or horizontal equivalent

Solve a 3-term quadratic equation
Obtain final answer x = 8.90 only

5. O/N17/P31/Q2, OI/N 17/P33/Q2
Plot the four points and draw straight line

State or imply that Iny=InC+xIna
Carry out a completely correct method for finding InCor Ina %
Obtain answer C = 3.7

Obtain answer a = 1.5 ©
6. MJ17/P32/Q1 ' @5
Use law of the logarithm of a power or a quotient S
Remove logarithms and obtain a correct equation.in x. e.g. 2 +l=ex?

Obtain answer 0.763 and no other
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7. MIJ17/P31/Q3(i)
® Remove logarithms correctly and obtaine* = =y
¥y

following full working 2

-x
c

Obtain the given answer y=

l+e

8. MM 17/P33/Q3
Rearrange as 3u® +4u—4 =0, or 3¢** +4e* —4=0, or equivalent
Solve a 3-term quadratic for e* or foru
Obtain e* =2 or u=2
Obtain answer x =—0.405 and no other

9. O/N 16/P32/Q1, OI/N 16/P31/Q1
Solve for 3* and obtain 3*= £
Use correct method for solving an equation of the form 3*=a, where 2> 0
Obtain answer x = 0.860 3 d.p. only B3]

10. O/N 16/P33/Q1
Use law of the logarithm of a quotient

o +2
Remove logarithms and obtain a correct equation, €.g. €” = Y

y+1

z

Obtain answer y= == cl , or equivalent 3]

z

11. M/AJ 16/P32/Q1
Use law of the logarithm of a product, power or quotient
Obtain a correct linear equation, e.g. (3x—1)In4=In3+xIn5

Solve a linear equation for x -
Obtain answer x = 0.975 [4]

12. M/J 16/P33/Q2
(i) State or imply yIn3=(2-x)ln4

State that this is of the form ay = bx + ¢ and thus a straight line, or equivalent
. .. In4 i :
State gradient is —-];5 , or exact equivalent (ﬁ@ 3]
X

(ii) Substitute y = 2x and solve for x, using a log law correctly at least once é’-’» @
Obtain answer x=In4/In6, or exact equivalent ﬁ [2]

13. O/N 15/P32/Q2, O/N 15/P31/Q2
State or imply 1+u =u?
Solve for u
Obtain root %(l +4/5), or decimal in [1.61, 1.62]

Use correct method for finding x from a positive root

Obtain x = 0.438 and no other answer 2
14. O/N 15/P33/Q1
Draw curve with increasing gradient existing for negativeld positive values of x 2

Draw correct curve passing through the origin
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45. MW 15/P32/Q2

16.

17.

18.

19.

20.

21,

Use laws of indices correctly and solve for u

Obtain u in any correct form, e.g. # = S
16~
Use correct method for solving an equation of the form 4* =, where a > 0
Obtain answer x = 0.0466 o
M/J 15/P31/Q1
Usc law for the logarithm of a power at lcast once
Obtain correct linear equation, e.g. 5xIn2 = (2x +1)In3
Solve a linear equation for x
Obtain x =0.866 %
M/J 15/P33/Q1
Use law for the logarithm of a product, quotient or power
Obtain a correct equation free of logarithms, e.g. 1_4;"_ =4
X

Solve a 3-term quadratic obtaining at least one root
Obtain final answer x = 1.13 only 4
O/N 14/P32/Q1, O/N 14/P31/Q1
Use law of the logarithm of a power
Obtain a correct linear equation in any form, e.g. x = (x—2)In3
Obtain answer x = 22.281 31
M/J 14/P32/Q2
Remove logarithms and obtain 5 — e —el , or equivalent
Obtain a correct value for ¢ 2*, e2*, e or e*, e.g. e =1/(5- e?)
Use correct method to solve an equation of the form e =g,e¥ =a,ef=aor e =a
where a > 0. [The M1 is dependent on the correct removal of logarithms.]
Obtain answer x = —0.605 only. 4
M/J 14/P31/Q3 . >

2 o 7
Obtain for derivative of x P

2+3 2@ A
Use quotient of product rule, or equivalent, for derivative of y A LF
o K
Obtain or unsimplified equivalent N\
(2 +3f &7
. (), *\‘:’;
Obtain ¢ =~-1 Qe
d )
Use ﬁ:—dlf% in algebraic or numerical form %@ @}&
Obtain gradient o (6l
’ @
M :
5 14/P33/Q1 ‘ . @.@ o
se law of the logarithm of a quotient or product or 251088

Remove logarithms and obtain x + 9 = 100x, or equivalen
Obtain answer x=1 3

01
Rend & Writa Pubhoations S 7 Py, Syt
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22. O/N 13/P32/Q2

23.

24,

25.

EITHER: State or imply non-modular equation 22(3’r - 1)2 = (3")z , or pair of equations
23 -1)=13"
Obtain 3*=2 and 3* =% (or3**'=2)

OR: Obtain 3* = 2 by solving an equation or by inspection
Obtain 3* =% (or 3**' = 2) by solving an equation or by inspection

Use correct method for solving an equation of the form 3* = a (or 3*"' = a), where a> 0
Obtain final answers 0.631 and -0.369 4

O/N 13/P33/Q1
Apply at least one logarithm property correctly
x +4)

Obtain =X +a or equivalent without logarithm involved
x

Rearrange to express x in terms of a

Obtain

6 or equivalent
a-g 3 [4]
M/J 13/P32/Q3
EITHER: State or imply In y = In 4 — kx®

Substitute values of In y and x7, and solve for k or In 4

Obtain k=0.42 or 4 =2.80

Solve for In 4 or k

Obtain 4 = 2.80 or k= 0.42
ORI:  Stateorimplylny=In4 -k

Using values of In y and x?, equate gradient of line to —k and solve for k

Obtain k= 0.42

Solve for In 4

Obtain 4 = 2.80
OR2:  Obtain two correct equations in k and 4 and substituting y— and x* — values in

y= Ae*’

Solve for k %

Obtain k= 0.42 '

Solve for 4 +@ &
Obtain A = 2.80 D 15
[SR: If unsound substitutions are made, c.g. using x = 0.;64 and y = 0.76,.gfx D

BIMOAOMIAO in the EITHER and ORI schemes, and BOM1AOM1 AQ i the/h

scheme.] @
M/J 13/P31/Q4 @
(D Either State or imply non-modular equation (4x-1)% = (x— @% i5, 51
linear equations 4x—1=+(x—3)
Solve a three-term quadratic equation or two lit %‘)
e 2 4 0 &
Obtain —— and — (
35 @

&

Or Obtain value — % from inspection or solving’linear equation

(]

Obtain value % similarly
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29,

; y_4 .
@) Statcor imply at least 4” = 3 following a positive answer from part (i)

Apply logarithms and use loga® =bloga property

Obtain —0.161 and no other answer [3]
2. MY 13/P33/Q2
Use law for the logarithm of a product, quotient or power
Uselne=1orexp(l)=3
Obtain correct equation free of logarithms in any form, e.g. i) =ex’
: y
Rearrange as y = (ex’— 1), or equivalent [4]
O/N 12/P32/Q2, O/N 12/P31/Q2
EITHER Use laws of indices correctly and solve for 5 or for 5* or for 5
Obtain 5% or for 5 or for 5 in any correct form, e.g. 5 = ;—?-1/—
-/s
Use correct method for solving 5" = a, or 5*=a, or 5" = a, wherea > 0
Obtain answer x = 1.14
x-1
OR Use an appropriate iterative formula, e.g. x,; = Ln(sln;s)’ correctly, at least once
Obtain answer 1.14
Show sufficient iterations to at least 3 d.p. to justify 1.14 to 2 d.p., or show
there is a sign change in the interval (1.135, 1.145)
Show there is no other root [4]
[For the solution x = 1.14 with no relevant working give B1, and a further B1 if
1.14 is shown to be the only solution.]
O/N 12/P33/Q1
State or imply Ine=1
Apply at least one logarithm law for product or quotient correctly
(or exponential equivalent)
Obtain x+5=ex or equivalent and hence —5—1 [3]
e_
MIJ 12/P32/Q1 gﬁ‘f;” &
EITHER: Use law of the logarithm of a power or quotient and remove logarithms @ A
Obtain a 3-term quadratic equation x* —x -3 =0, or equivalent > 1@@
Solve 3-term quadratic obtaining 1 or 2 roots N
Obtain answer 2.30 only 6‘;@
ORl:  Use an appropriate iterative formula, eg X, =exp ln 3x + 4% 1 @trectly at
least once @Q oéS@
Obtain answer 2.30 &
Show sufficient iterations to at least 3 d.p. to justify Z%to 24P or show there is a
sign change in the interval (2.295, 2.305) 2,
o Show there is no other root '
* Use calculated values to obtain at least one g5V ining the root
Obtain answer 2,30 N §
Show sufficient calculations to justify 2.30 to 3 £f., e.g. show it lies in (2.295, 2.305)
Show there is no other root [4]
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30. MAJ 12/P33/Q2 _ _
Use law of the logarithm of a power and a product or quotient ;md remove logarithms
2x+3

x!

Obtain a correct equation in any form, e.g. =3

Solve 3-term quadratic obtaining at least one root
Obtain final answer 1.39 only 0
31. O/N 11/P32/Q1, O/N 11/P31/Q1
Rearrange as ¢ —e*— 6 =0, or u’ —u — 6 = 0, or equivalent
Solve a 3-term quadratic for ¢* or for u
Obtain simplified solution ¢* =3 oru=3
Obtain final answer x = 1.10 and no other [4]
32. M/J 11/P32/Q2
() Use law for the logarithm of a product or quotient
Use logy32 =50r2° =32
Obtain x + 5x — 32 = 0, or horizontal equivalent [3)
(ii) Solve a 3-term quadratic equation

V153 -5
Obtain answer x = 3.68 only, or exact equivalent, e.g. L

2]
33. MW 11/P31/Q5

(i) Useatleast one of e*=9, e’ =2 and e¥ =4
Obtain given result 58 + 2k=c

@

: ) . . " .
(i) Differentiate left-hand side term by term, reaching ae™ + be” Y, .2Y
Obtain 12¢™ + ke"% R4 233J'd_y

Substitute (In 3, In 2) in an attempt involving implicit differentiation at least once, where
RHS =0

Obtain 108 — 12k — 48 = 0 or equivalent
Obtain k=5 and ¢ = 68 [5]
34. MU 11/P33/Q1

Use law for the logarithm of a product, power or quotient
Obtain a correct linear equation, e.g. (2x - )in5=In2+xIn3
Solve a linear equation for x

Obtain answer x = 1.09

(4]
[SR: Reduce equation to the form a* =5 MI*, obtain[25

—3-) =10 Al use corré t\‘(l
calculate value of x M1(dep*), obtain answer 1.09 Al] NG

35. O/N 10/P32/Q2, OIN 10/P31/Q2 @
Use law for the logarithm of a power, a quotient, or a product corr@g‘gj ¢

t 105
Uselne=1ore=exp(l) @5t once

‘\
Obtain a correct equation free of logarithms, e. g 1+ =ed @ &
Solve and obtain answer x = 0.763 only

2,
[For the solution x = 0.763 with no relevant working gj W
shown to be the only root.] Q~ 9&’ :
[Treat the use of logarithms to base 10 with answer 0.333 O
[SR: Allow iteration, giving B1 for an appropriate formula,
€.8. Xm1 = exp((In(1 + x,”) — 1)/2), M1 for using it correctly
showing the equation has no other root but 0.763.]

[4

once, Al for 0,763, and Al for
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36. MA 10/P32/Q1

37.

38.

39.

EITHER: Attempt to solve for2"
Obtain 2" = 6/4, or equivalent
Use correct method for solving an equation of the form 2* = a, where a > 0
Obtain answer x = (0,585

OR: State an appropriate iterative formula, e.g, x, ., = In((2* +6) /5)/In 2
Use the iterative formula correctly at least once
Obtain answer x = 0,585

Show that the equation has no other root but 0.585

Unit Z: Answers Section

[4]

[For the solution 0.585 with no relevant working, award Bl and a further B1 if 0.585 is shown to

be the only root )

M/J 10/P31/Q3
() EITHER: State orimply nlnx+In y=InC

Substitute x- and y-values and solve for »
Obtain n=1.50

Solve for C

Obtain C=6.00

OR: Obtain two correct equations by substituting x- and y-values in x"y =C

Solve for n

Obtain n=1.50

Solve for C

Obtain C = 6.00

(i) State that the graph of In y against In x has equation nln x + In y = In C which is
linear in In y and In x, or has equation of the form nY + Y = In C, where X = In x and
Y=1Iny, and is thus a straight line

M/J 10/P33/Q2

(i) State orimply 3In y =In 4+2x atany stage
State gradient is -;—, or equivalent

(i) Substitute x =0, In y = 0.5 and solve for 4

Obtain 4 = 4.48

)
O/N 09/P32/Q1 . N ,s,gg/ "
Use law of the logarithm of a product or quotient and remove logarithms - O 4‘3-
Obtain quadratic equation x*— 5x + 5 = 0, or equivalent ,;'3%' Q@
Solve 3-term quadratic obtaining 1 or 2 roots @»
Obtain answers 1,38 and 3.62 v éﬁ‘?@

©

O/N 09/P31/Q2 Qs

o
-

@
EITHER: Use laws of indices correctly and solve a linear equation fi @r
l

N

32
Obtain 3%, or 3™ in any correct form, e.g. 3* = & @\S

Use correct method for solving 3** = a for x, whegy > '@o
Obtain answerx =0.107

Q
N
. . 3 " +9)
OR: State an appropriate iterative formula, e. .%= -2
PPICP S s

Use the formula correctly at least once
Obtain answer x = 0.107
Show that the equation has no other root but 0,107

[5]

[1]

]

[

(4]
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60
Read & Write Publicatlons

41, M/J 09/P3/Q1
Statc or imply 2 + ¢ = ¢ _
Carry out method for finding # x from ¢™ = k, where k> 0, following sound In
or cxp work
Obtain x =~ In(¢? - 2) , or equivalent expression for x
Obtain answer x = 1,68 {
[The answer must be given to 2 decimal places]
[SR: the M1 is available for attempts starting with 2 + €™ = 107]

42, O/N 08/P3/Q1
Use laws of logarithms and remove logarithms correctly
Obtain x+2=e¢’x, or equivalent

Obtain answer x = 0.313 (3
[SR: If the logarithmic work is to base 10 then only the M mark is available. ]

43. M/ 08/P3/Q2
EITHER State or imply e* +1=¢>*,or 1+¢™ =e”, or equivalent
Solve this cquation as a quadratic in ¥ =e*, or in ¢*, obtaining one or two

roots
Obtain root %(l % JE), or decimal in [1.61, 1.62]

Use correct method for finding x from a positive root

Obtain x = 0.481 and no other answer

[For the solution 0.481 with no working, award B3 (for 0.48 give B2).
However a suitable statement can earn the first Bl in addition, giving a
maximum of 4/5 (or 3/5) in such cases.]

OR State an appropriate iterative formula, e.g. x,,, = %ln(l +e™ ) or
x"+] = ';_ln(e.!x + cz’h )
Use the iterative formula correctly at least once
Obtain final answer 0.481
Show sufficient iterations to justify its accuracy to 3 d.p., or show there is a

sign change in the value of a relevant function in the interval (0.4805, 0.4815)
Show that the equation has no other root '

44. M/J 07/P3/Q4

Sate or imply at any stage that 37" = 3—1_,- , or that 3= '117 where u = 3*

Convert given equation into the 3-term quadratic in u (or 3*): u? — 2u -1 = i-Q

Solve a 3-term quadratic, obtaining one or two roots @ @
2+ . ; .

Obtain root 7 »ora simpler equivalent, or decimal value in ; 2,&@}’

Use a correct method for finding the value of x from a positivg it _ &

Obtain x = 0.802 only _
2, <

45. M/J 06/P3/Q1 ' Q
Use law for the logarithm of a product or quotient, or the lggérithm of a power
Obtain In x = In4— Y In3, or equivalent :

. In4-Inx ;
Obtain answer y = ———, o equivalent
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47.

48.

49.
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O/N 05/P3/Q2

State or imply thatIny=InA+ninx

Equate estimate of In y -intercept to In 4
Obtain value A between 1.97 and 2.03
Calculate the gradicnt of the linc of data points
Obtain value n = 0.25, or equivalent

O/N 04/P3/Q2
Use law for subtraction or addition of logarithms, or the equivalent in exponentials
UseIne=1ore =exp(1)

Obtain a correct equation free of logarithms e.g. %—’f:e or1+x=ex

Obtain answer x = 0.58 (allow 0.582 or answer rounding fo it)

M/J 04/P3/Q4
() State orimply 27* 1
Y

Obtain 3-term quadratic e.g. y? -y —1=0

(ii) Solve a 3-term quadratic, obtaining 1 or 2 roots

Obtain answer y = (1+ NG )/2, or equivalent

Carry out correct method for solving an equation of the form 2* =a, where a > 0, reaching
a ratio of logarithms

Obtain answer x = 0.694 only
O/N 02/P3/Q3
@ Usc law for addition (or subtraction) of logarithms or indices

Use logio 100 =2 or 10? = 100
Obtain x2 + 5x = 100, or equivalent, correctly

@) Solve a three —term quadratic equation

State answer 7.81 (allow 7.80 or 7.8) or any exact form of the answer i.e. —-——2— or bette

Unit 2: Answers Section

[5]
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M/ 18/P32/Q2
9) = 2 180°,
Showing all necessary working, solve the equation cot 8 + cot(6 + 45°) = 2, for 0° < 6 < 180 [5]

M/J 18/P31/Q2
() Given that sin(x - 60°) = 3 cos(x — 45°), find the exact valuc :)f tanx.3600 4
(if) Hence solve the equation sin(x — 60°) = 3 cos(x — 45°), for 0° < x < ' g

M/J 18/P33/Q5 : ‘
(1) By first expanding (coszx - sinzx) , or otherwise, show that

cos®x +sin®x=1- 43 sin®2x . [4]
(i) Hence solve the equation

cos®x + sinx = %.
for 0° < x < 180°. (4]
k. O/N17/P32/Q1
y
A
_—-—F"//
e
1 1 _b.x
-1.2 o 1.2

The diagram shows a sketch of the curve y = :/E?’—x—a—) for values of x from —-1.2 to 1.2.

() Use the trapezium rule, with two intervals, to estimate the value of

1.2 3 ;@
o " | @ &P
-12 §@
giving your answer correct to 2 decimal places.

&

%@@ B3]

(i) Explain, with reference to the diagram, why the trapezium rule may gﬁﬁ% to give a good
©

approximation to the true value of the integral in this case. @ ar
O/N 17/P32/Q3 @

By expressing the equation tan(6 + 60°) + tan(6 - 60°) = cot Bin @ Q ‘@: 6 only, solve the equation
for 0° < 8 < 90°, \9{‘\\' (51

O/N 17/P31/Q4,0/N 17/P33/Q4
(i) Prove the identity tan(45° + x) + tan(45° e 2x. 4]
(i) Hence sketch the graph of y = tan(45° + x) + ‘Q ; Bl
MU 17/P32/Q3

() Express the equation cot 6 - 2 tan 0 = sin 26 in the form acos*0+bcos?0+c =0, where a, b

and ¢ are Constants to be determined. Bl
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(ii) Hence solve the equation cot  —2tan 6 = sin 20 for 90° < @ < 180°. 2]

g. MU 17/P32/Q7

dy
then 36 sec ftan 0. 2]

at i =
(i) Prove that if y v

1+siné 2
Y =2sec’0+2secHtan 6 — 1. 3]

(ii) Prove the identity

1

rid .
(iii) Hence find the exact value of '[ s = g dé. ]
5 1-sin@

9. M/J 17/P31/Q8
(i) By first expanding 2 sin(x — 30°), express 2 sin(x — 30°) — cos x in the form R sin(x — ), where
R > 0 and 0° < @ < 90°. Give the exact value of R and the value of @ correct to 2 decimal places.
[51

(ii) Hence solve the equation
2 sin(x — 30°) —cosx =1,

for 0° < x < 180°. [3]

10. MM 17/P33/Q1
—tan
Prove the identity ——o——~ = cos 2x. 3]
cotx +tanx
11. O/N 16/P32/Q3, O/N 16/P31/Q3
Express the equation sec 0 = 3 cos 0 + tan 0 as a quadratic equation in sin 6. Hence solve this equation
(5]

for —90° < 8 < 90°.
12. O/N 16/P33/Q2 '
s , for -1 < x < m. Show that the gradient of the curve is positive

The equation of a curve isy=
. . 1+cosx
for all x in the given interval. [4]

for

13. O/N 16/P33/Q3
(6]

Express the equation cot 260
0° < 8 < 180°.

14. M/J 16/P32/Q5
@) Prove the identity cos 46 —4cos26 =8 sin* 6 - 3. [4]

(ii) Hence solve the equation

— 1 + tan 0 as a quadratic equation in tan 6. Hence solve this equation

cos48 =4cos20+3,

for 0° < 6 < 360°.
15. M/J 16/P31/Q3
By expressing the equation cosec @ = 3sin 8 +cot @ in terms of cos 6 only e equation for
0° < 6 < 180°. 5]
16. M/J 16/P33/Q3 @D D)
(i) Express (vV5)cosx +2sinx in the form R cos(x — «), where and0° < o < 90°, giving the
value of & correct to 2 decimal places. R 3]
(ii) Hence solve the equation % O
(vV5) cos %x +2sin -%x = b @bc
for 0° < x < 360°. @@ & 13]
17. OIN 15/P32/Q3, O/N 15/P31/Q3 @b JJ‘Y
The angles 6 and ¢ lie between 0° and 180°, and are s &H that
tan(@—¢) =3 and tan@+tan¢g =1
(6]

Find the possible values of 6 and .
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18. O/N 15/P33/Q6

The angles A and B are such that ,
sin(A +45°) = (2y2)cosA and 4sec’B+5=12tanB.

Without using a calculator, find the exact value of tan(A — B). 8

19. MN 15/P32/Q4 .
(i) Express 3sin 0 + 2 cos 8 in the form R sin(6 + ), where R >0and 0° < & < 90°, stating the exacy

value of R and giving the value of & correct to 2 decimal places. o)

(ii) Hence solve the equation
3sinf+2cosf =1,

for 0° < 6 < 180°. [3]
20. M/J 15/P33/Q3
Solve the equation cot2x + cotx = 3 for 0° < x < 180°. [6]

21. O/N 14/P32/Q8,0/N 14/P31/Q8

(i) By first expanding sin(26 + 6), show that
sin36 = 3sin 6 — 4sin’ 6. [4]

2sin 6 : .
(i) Show that, after making the substitution x = —?—;, the equation Xk ﬁlw/ 3 = 0 can be written
[1]

in the form sin 36 = 3.
(iii) Hence solve the equation

X —x+3=0,
giving your answers correct to 3 significant figures. [4]
22. OIN 14/P33/Q4
(i) Show that cos(6 — 60°) + cos(8 + 60°) = cos 6. 3]

cos(2x — 60°) + cos(2x + 60°)

=3, find th eyl o R
cos(x — 60°) + cos(x + 60°) 3, find the exact value of cosx )

(ii) Given that

23. M/J 14/P32/Q3

Solve the equation
cos(x +30°) =2cosx,

giving all solutions in the interval —180° < x < 180°. [5]
24, M/J 14/P31/Q1

(i) Simplify sin 2esec c. [2]
(ii) Given that 3cos2f + 7 cos = 0, find the exact value of cos . [3]
- 25. M/J 14/P33/Q3
(i) Show that the equation
tan(x — 60°) + cotx = /3
can be written in the form
2tan’x + (V3)tanx—1 =0, < @@’ 3]
(ii) Hence solve the equation @°
tan(x — 60°) + cotx = \IS%
for 0° < x < 180°. [3]
26. OIN 13/P33/Q7 &2 &L
(i) Given that sec 8 + 2 cosec 8 = 3 cosec 26, shoat oo? 0+4cosf=3. B3]

(ii) Express 2sin 6 +4 cos 8 in the form R sin(8 + ) wlitre R > 0 and 0° < a < 90°, giving the value
of o correct to 2 decimal places. 3]
(iii) Hence solve the equation sec 8 + 2 cosec 6 = 3 cosec 26 for 0° < § < 360°. [l
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27. MIJ 13/P32/Q7

() By first expanding cos(x + 45°), express cos(x + 45°) ~ (vV2)sinx in the form R cos(x + a),
where R > 0 and 0° < @ < 90°. Give the value of R correct to 4 significant figures and the value
of a correct to 2 decimal places. (5]

(i) Hence solve the equation
cos(x +45°) = (v2) sinx = 2,

for 0° < x < 360°. 4]
28. M/J 13/P33/Q3
Solve the equation tan 2x = 5 cot x, for 0° < x < 180°. [5]

29. O/N 12/P32/Q3, O/N 12/P31/Q3

Solve the equation
sin(6 +45°) = 2 cos(6 - 30°),

giving all solutions in the interval 0° < 6 < 180°. [5]

30. O/N 12/P33/Q2
(i) Express 24 sin 6 — 7 cos 6 in the form R sin(0 — o), where R > 0 and 0° < & < 90°. Give the value

of a correct to 2 decimal places. [3]
(i) Hence find the smallest positive value of 6 satisfying the equation
245in6—-7cos B =17, [2]

31. MIJ 12/P32/Q4

Solve the equation
cosec 26 =secB +cot B,

giving all solutions in the interval 0° < 8 < 360°. [6]

32. M/J 12/P32/Q6
The equation of a curve is y = 3 sinx + 4 cos’ x.
(i) Find the x-coordinates of the stationary points of the curve in the interval 0 < x < . [6]
(ii) Determine the nature of the stationary point in this interval for which x is least. 2]
33. M/J 12/P33/Q6

It is given that tan 3x = ktan x, where & is a constant and tanx # 0.
(i) By first expanding tan(2x + x), show that

(3k—1)tan’x = k - 3. [4]
(i) Hence solve the equation tan3x = ktanx when k = 4, giving all solutions in the interval
0° < x < 180°. 3]

(iii) Show that the equation tan 3x = k tan x has no root in the interval 0° < x < 180° w; .@ [1]
®

34. O/N 11/P32/Q6
(i) Express cosx + 3 sinx in the form R cos(x — &), where R > 0 and 0° < « giving the exact

value of R and the value of a correct to 2 decimal places. [3]
(ii) Hence solve the equation cos 20 + 3 sin 26 = 2, for 0° < @ <90°. [51
35. O/N 11/P31/Q2
The parametric equations of a curve are @9
x=3(1+sin’t), y=2cos’£ '
[5]

. dy | e
Find Exz In terms of ¢, simplifying your answer as far as p

36.
?!N 11/P31/Q6 . . @O > . o
() Express cosx + 3 sinx in the form R cos(x — ae (R >0 and 0° < & < 90°, giving the exact
. value of R and the value of o correct to 2 decimal giices. B3]
(ii) Hence solve the equation cos 260 + 3 sin26 = 2, for 0° < 6 < 90°. [5]
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37. O/N 11/P33/Q3 . -
(i) Express 8cos 0+ 15sin 0 in the form Rcos(6 - «), where R > 0 and 0° < @ < 90°. Give the Value
of a correct to 2 decimal places. o _ ) 3]
(ii) Hence solve the equation 8 cos 6+ 15sin 8 = 12, giving all solutions in the interval (° < g 360°

[
38. M/J 11/P32/Q3 9

Solve the equation
* cos 0 +4cos20 =3,

giving all solutions in the interval 0° < 6 < 180°. (5]

39. M/J 11/P33/Q4
() Show that the equation
tan(60° + 6) + tan(60° - 0) = k
can be written in the form
(2v3)(1 + tan® @) = k(1 - 3 tan26). [4]
(i) Hence solve the equation ,
tan(60° + 6) + tan(60° - 0) = 3v/3,
giving all solutions in the interval 0° < § < 180°. [3]

40. O/N 10/P32/Q3, O/N 10/P31/Q3

1 .
Solve the equation cos(8 + 60°) = 2sin 8,

giving all solutions in the interval 0° < 6 < 360°. [5]
41. O/N 10/P33/Q8
(i) Express (v6)cos 0 + (v10) sin 6 in the form Rcos(6 - a), where R > 0 and 0° < & < 90°. Give

the value of & correct to 2 decimal places. 3]
(i) Hence, in each of the following cases, find the smallest positive angle 6 which satisfies the

€quaton

(@ (vV6)cos6 +(V10)sin 6 = —4, [2]

() (V6)cos 36 + (v10)sin16 = 3. 4]

42. M/J 10/P32/Q3
It is given that cosa = 3, where 0° < g < 90°, Showing your working and without using a calculator

to evaluate a,
(1) find the exact value of sin(a - 30°), , [3]
(ii) find the exact value of tan 24, and hence find the exact value of tan 34, ~F 5 [l
43. MIJ 10/P31/Q2 ﬁs@ﬁ A
Solve the equation . % E@b@
_ Sin6 =2co0s20 + 1, o@r N
giving all solutions in the interval 0° < 9 < 360° % (g"ﬁ [6]
44. MIJ 10/P33/Q3 Q O ©
Solve the equation ©
tan(45° —x) = 2 tanx, @5@
giving all solutions in the interval 0° < x < 180°. @ ° (51
45. O/N 09/P32/Q4 G
The angles o and f lie in the interval 0° < x < 180°, and %
tana = 2 tan ﬂ and i
Find the possible values of ¢ and . @ g S [6]
46. M/J 09/P3/Q3 2 13
(i) Prove the identity cosec 26 + cot 20 = cot 0. ]
(ii) Hence solve the equation cosec 26 + cot 260 = 2, for 0° < 6 < 360°. [2




P—— e

Mathemetics A-Level P-3 Topical 75 '
Read & Write Publications Unit 3; Trignometry

47. M/J 09/P3/Q6
The parametric equations of a curve arc
x=acos’t, y=asin’t,

where a is a positive constant and O<r< %n.

dy .
(i) Express 3= in terms of . 3]
(ii) Show that the equation of the tangent to the curve at the point with parameter ¢ is
xsinf +ycost =asintcost. [3]

axis at ¥, then the length of XY

(iii) Hence show that, if this tangent meets the x-axis at X and the y-
2]

is always equal to a.
48. OIN 08/P3/Q6
(i) Express 5sinx + 12cosx in the fo
value of o correct to 2 decimal places.
(ii) Hence solve the equation :

rm Rsin(x + &), where R > 0 and 0° < @ < 90°, giving the
(3]

5sin26 + 12cos 20 = 11,
giving all solutions in the interval 0° < 6 < 180°.
49. M/J 08/P3/Q4 .
(i) Show that the equation tan(30° + 6) = 2 tan(60° — 6) can be written 1n the form
tan’@ + (6y/3)tan 6 — 5 = 0. [4]
(ii) Hence, or otherwise, solve the equation
tan(30° + 6) = 2 tan(60° - 6),

[5]

for 0° < 6 < 180°. 31
50. O/N 07/P3/Q5
i) Show that th ti
(i) Show that the equation (AS" 4]t =3
can be written in the form
tan’x +2tanx— 1 =0. [3]
(ii) Hence solve the equation
tan(45° + x) —tanx = 2,
giving all solutions in the interval 0° < x < 180°. [4]
51. O/N 06/P3/Q2
- .
Solve the equation anxtan 2 = 1,
giving all solutions in the interval 0° < x < 180°. & [4]
52. M/J 06/P3/Q4 s:{@ 4)©
@) Express 7 cos 8 + 24 sin 8 in the form R cos(6 - o), where R > 0 and 0° < 5% 989 giving the
exact value of R and the value of a correct to 2 decimal places. ‘ 3]
(ii) Hence solve the equation _
7cos 8 +24sin 0 = 15,
giving all solutions in the interval 0° < 6 < 360°. [4]
53. OIN 05/P3/Q5
By expressing 8 sin 6 — 6 cos 6 in the form Rsin(6 — @), solve A0
. 8sinf-6¢cos @ =7, @
for 0° < 6 < 360°. > 7
54. MIJ 05/P3/Q6 %
(& Prove the identity <§L
cos 48 + 4cos 26 = 8cagrb [4]

(i) Hence solve the equation
cos40 +4cos26 =2,

for 0° € ] < 3600- [4]
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55. O/N 04/P3/Q4

(i) Show that the equation tan(45° + x) = 2 tan( 45° — x)

can be written in the form
tan’x —6tanx + 1 = 0.

(ii) Hence solve the equation tan(45° + x) = 2 tan(45° — x), for 0° < x < 90°.

§6. M/J 04/P3/Q1
Sketch the graph of y = secx, for 0 < x < 2.

57. O/N 03/P3/Q3

Solve the equation

4 cos 0 +3cos20 =2,

giving all solutions in the interval 0° < 8 < 180°
58. M/J 03/P3/Q1

(i) Show that the equation

sin(x — 60°) — cos(30° —x) = 1
can be written in the form cos x = k, where k is a constant.
(ii) Hence solve the equation, for 0° < x < 180°.

59. O/N 02/P3/Q5

() Express 4 sin -3 cos @in the form R sin (60— a), where R > 0 and 0° < . < 90°

value of o correct to 2 decimal places.
Hence
(ii) solve the equation
4sin -3 cos § =2,
giving all values of @such that 0° < 6 < 360°,
(iii) write down the greatest valueof 1
4sin 0-3cos0+6
60. M/J 02/P3/Q1
Prove the identity

cot & —tan @ =2 cot 28

, Stating the

[4]
3

B3]

[5]

(2]
[2]

Bl

[4]
[1]

Bl
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1. M/J 18/P32/Q2

Use correct tan (4 + B) formula and obtain an equation in tan &
Obtain a correct equation in any form

Reduce to 3tan’8 = 1, or equivalent

Obtain answer x = 30°

Obtain answer x = 150°

OR: use correct sin(A+ B) and cos(A = B) to form

equation in sin & and cosé

Reduce to tan’ 9=~:§—,sin26=%,cosz6' =%o‘rcot2 0=3
etc.

2. M/J18/P31/Q2
(i) Use trig formulae and obtain an equation in sin x and cos x

Obtain a correct equation in any form
Substitute exact trig ratios and obtain an expression for tan x

—(6 +JE)

Obtain answer tan x = ————"- or equivalent
(s-+2)

(ii) State answer, ¢.g. 118.5°
State second answer, e.g. 298.5°

3. M/J 18/P33/Q5
@ Attempt cubic expansion and equate to 1
Obtain a correct equation
Usc Pythagoras and double angle formula in the expansion
Obtain the given result correctly
@) Use the identity and carry out a method for finding a root

Obtain answer 20.9°

Obtain a sccond answer, €.g. 69.1°
Obtain the remaining answers, ¢.g. 110.9° and 159.1%, and no others in the given

interval

4, O/N 17/P32/Q1
(i) State or imply ordinates 0.915929..., 1, 1.112485...
Use correct formula, or equivalent, with & = 1.2 and three ordinates
Obtain answer 2.42 only
(ii) Justify the given statement

5. O/N17/P32/Q3
Use correct tan(A + B) formula and express LHS in terms of tan &
Using tan 60° = \/5 and cotd=1/tand, obtain a correct equatj
form @
Reduce the ec;uation to one in tan?@ only
Obtain 11tan“ =1, '
Obtain answer 16.8° e @j
6. QIN 17/P31/Q4,0/N 17/P33/Q4
(1) Use correct tan(A + B) formula and express the LHS in terms of tan x
Using tan45° =1 express LHS as a single fraction

Unit 3: Answers Saction
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Use Pythagoras or correct double angle formula
Obtain given answer

(i1) Show correct sketch for one branch 4

Both branches correct and nothing else seen in the interval
Show asymptote at x = 45°

7. M 17/P32/Q3 3

(1) Use correct formulae to express the equation in terms of cos #and sin 6
Use Pythagoras and express the equation in terms of cos & only

Obtain correct 3-term equation, e.g. 2c05% 6+ cos2 §-2=0

(i) Solve a 3-term quadratic in cos” 6 for cos 6
Obtain answer 8= 152.1°only

8. MU 17/P32/Q7
(1) Use quotient or chain rule
Obtain given answer correctly

(i) EITHER:
Multiply numerator and denominator of LHS by 1+sin &
Use Pythagoras and express LHS in terms of sec #and tan8
Complete the proof
ORI:
Express RHS in terms of cos & and sin 6

Use Pythagoras and express RHS in terms of sin 8
Complete the proof

OR2:
Express LHS in terms of sec@ and tan@

Multiply numerator and denominator by sec + tan @ and use Pythagoras
Complete the proof

(iii) Use the identity and obtain integral 2tan 8 + 2secd — 8
Use correct limits correctly in an integral containing terms @ tanf and b secd
Obtain answer 2+/2 —i:r 4

9. MIJ17/P31/Q8

(i) Usesin(4 - B) formula and obtain an expression in terms of sin x and cos x
Collect terms and reach~/3 sin x — 2 cos x , or equivalent
Obtain R =~7
Use trig formula to find a
Obtain a = 49.11° with no errors seen

(ii) Evaluatesin™(1/ J7 )to at least 1 d.p. (22.21° to 2 d.p.)
Use a correct method to find a value of x in the interval 0° < x < 180°
Obtain answer 71.3°
[ignore answers outside given range.]

10. M/J 17/P33/Q1
Express the LHS in terms of either cos x and sin x or in terms o

Use Pythagoras
Obtain the given answer

11. O/N 16/P32/Q3, O/N 16/P31/Q3
EITHER: Correctly restate the equation in terms of sin & a8
Correct method to obtain a horizontal equation insin &
Reduce the equation to a correct quadratic in any form, e.g. 3sin’ @ —sind-2=0
Solve a three-term quadratic forsin
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Obtain final nnswer @= 41,8 only
[Ignore answers outside the given Interval,|

OR 1: Square both sides of the equation and use 1 1 tn' 0 - ne’ )
Correct method to obtain n horlzontal equution Insin#
Reduce the equation to n correct quadratic In any form, 6.0, 98" 0 6einft % =0
Solve a three-term quadratic for sin 0
Obtain final answer 0= ~41,8” only
OR 2: Mulliply throu;ih by (secf) - tnndl)
Usc sec“0 — tan™0 = |
Obtain | =3 + 3sind)

Solve for sind
Obtain final answer &= -41.8nly 15

12. O/N 16/P33/Q2

Use correct quotient or product rule
Obtain correct derivative in any form
Use Pythagoras to simplify the derivative to - - , or equivalent
I COH X
Justify the given statement, — 1 < cosx < | statement, or squivalent (4)

13. O/N 16/P33/Q3
Use the tan 24 formula to obtain an equation in tan ¢ only

Obtain a correct horizontal equation
Rearrange cquation as a quadratic in tan @, ¢.g. Ytan? O - 2tan ) 1 =0
Solve for 6 (usual requirements for solution of quadratic)

Obtain answer, ¢.g. 18.4°
Obtain sccond answer, ¢.g. 135, and no others in the given interval 16

14. M/J 16/P32/Q5
() EITHER: Express cos 40in terms ol gos 20 and/or sin 2.0

Use correct double angle formulae to express LIS in terms of win () und/or cos ()
Obtain a correct expression in terms of sin Julone
Reduce correctly to the given form
OR: Use correct double angle formula to express Rl
Express cos® 26 in terms of cos 40
Obtain a correct expression in terms of cos 40and cos 2.0
Reduce correctly to the given form ) 55 p
(il) Use the identity and carry out a method for linding n oot n’ @)
Obtain answer 68.5° ,—>§"-’ &) ’
Obtain a second answer, e.g. 291.5° r /'»-’TS K87
Obtain the remaining answers, ¢.g. 111,57 and 248.5, and no others u&q}uy’i%nj }'} 4

interval Ny ®

[Ignore answers outside the given interval. Treat answers in rodiogy dn ngjﬂ;pml.l
b N )’

15. MIJ 16/P31/Q3 AN L
Correctly restate the equation in terms of sin ¢ and cos ¢ o0 J \@‘“
Using Pythagoras obtain a horizontal equation in cos & N \73) 3:,55’
Reduce the equation to a correct quadratic in cos 6, o.g. 3 )
Solve a 3-term quadratic for cos @ 0\(.? T
Obtain answer 8= 131.8° only <\ o '
[Ignore answers outside the given interval.] ¥ I51

16. M/J 16/P33/Q3
() State answer R =3

1S in termg ol con 20

y 4]

S O

N0 -2 =0
d

¥_ -




Mathematics A-Level P-3 Topical B0 Unit 3: Answerg

Read & Write Publications

Use trig formula to find
Obtain a=41.81° with no crrors seen

(i) Evaluate cos™(0.4)to at least 1 d.p. (66.42°t0 2 d.p.)
Carry out an appropriate method to find a value of x in the given range

Obtain answer 216.5° only
[Ignore answers outside the given interval.]

17. O/N 15/P32/Q3,0/N 15/P31/Q3
Use tan(4 + B) and obtain an cquation in tan ¢and tan ¢

Substitute throughout for tan & or for tan ¢
Obtain 3tan® 6 —tanf—4 =0or3tan? $—5tang—2 =0, or 3-term equivalent
Solve a 3-term quadratic and find an angle

Obtain answer 6= 135°, ¢ =63.4°

Obtain answer 8= 153.1°, ¢ =161.6°
[Treat answers in radians as a misread. Ignore answers outside the given interval.]
[SR: Two correct values of 6 (or ) score Al; then Al for both correct 6, ¢ pairs.]

18. O/N 15/P33/Q6
State or imply sin Ax cos45+ cos A xsin45= 242 cos 4
Divide by cos 4 to find value of tan A
Obtain tan 4=3
Use identity sec?B =1+ tan’B
Solve three-term quadratic equation and find tan B

Obtain tanB=% only

Substitute numerical values in fand—tan B
l1+tan Atan B
Obtain -3—
11
19. M/J 15/P32/Q4

() State R=+13
Use trig formula to find &
Obtain = 33.69° with no errors seen

)

3]

[6]

(8]

(i) Evaluatesin™(1/+/13)to atleast 1 d.p. (16.10°to 2d.p)
Carry out an appropriate method to find a value of @in the interval 0° <6 <180° @5%
Bl

Obtain answer &= 130.2° and no other in the given interval
[Ignore answers outside the given interval.]
[Treat answers in radians as a misread and deduct Al from the marks for the Afig

20. M/J 15/P33/Q3
Use correct tan 24 and cot 4 formulae to form an equation in tan x

Obtain a correct equation in any form é@@7 @(@

Reduce equation to the form tan’ x + 6tanx —3 =0, or equivalent
Solve a three term quadratic in tan x for x, as in Q1.
Obtain answer, e.g. 24.9° (24.896)

Obtain second answer, ¢.g. 98.8 (98.794) and no others in
[Ignore outside the given interval. Treat answers in radian$y
Radian answers 0.43452, 1.7243

21. O/N 14/P32/Q8,0/N 14/P31/Q8
() Use sin(4 + B) formula to express sin38 in terms of trig. functions of 26and &
Use correct double angle formulae and Pythagoras to express sin3 #in terms of sin@
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Obtain a correct expression in terms of sin@ in any form

Obtain the given identity [4]
[SR: Give M1 for using correct formulae to express RHS in terms of sinf and cos26,

then M1A1 for expressing in terms of sin@and sin3 @only, or in terms

of cos@, sin6, cos26 and sin26, then A1 for obtaining the given identity.]

(ii) Substitute for x and obtain the given answer [1]
(iii) Carry out a correct method to find a value of x
Obtain answers 0,322, 0.799, —1.12 4]

[Solutions with more than 3 answers can only earn a maximum of A1 + Al]

22. O/N 14/P33/Q4
() Either Use cos(4 + B) correctly at least once
State correct complete expansion

: 1
Confirm given answer cos@ with explicit use of cos60° =E

SR: “correct” answer from sign errors in both expansions is B1 only

Or Use correct cos A+ cos B formula
State correct result e.g. 2 cos(%) cos[ — 1220)
Confirm given answer cos @ with explicit use of cos(i 6[}"): 5
: 2
(ii) State or imply SBes
Cosx

Obtain equation 2cos® x—3cosx—1=0
Solve a three-term quadratic equation for cos x

Obtain _1-(3 -7 ) or exact equivalent and, finally, no other (4]
4

23. M/J 14/P32/Q3
Use cos(4 + B) formula to obtain an equation in cos x and sin x
Use trig formula to obtain an equation in tan x (or cos x or sin x)

Obtain tanx = ﬁ —4, or equivalent (or find cos x or sin x)

Obtain answer x = —66.2° _ o
Obtain answer x = 113.8° and no others in the given interval 5
[Ignore answers outside the given interval. Treat answers in radians as a misread (-1.16, 1.99).]

[The other solution methods are via cosx =+1/ J (1+ (-ﬁ ~4)*) and | 9,
sinx = +(+/3 —4)yJ(1+ (V3 - 4% ] ¢

©
24. MIJ 14/P31/Q1 S
(i) State sin2a = 2sina cosa and seca= 1/cosa 7 ¢
Obtain 2sina @:gl? 2]

(i) Use cos28=2cos’f—1 or equivalent to produce correct equation in co
Solve three-term quadratic equation for cosf

©®
oo 1 @%@
tain cos f = 3 only s 3]
S

25.MJ14/P33Q3
(i) Use tan(4 + B) formula and obtain an equation in tan

Using tan 60° = 3 , obtain a horizontal equation in tg {3’In af@y correct form
. Reduce the equation to the given form @ % >
(if) Solve the given quadratic for tan x (S
Obtain a correct answer, e.g. x = 21.6° &
Obtain a second answer, e.g. x = 128.4°, and no others 3
[Ignore answers outside the given interval. Treat answers in radians as a misread
(0.377,2.24).]
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26. O/N 13/P33/Q7
(i) Use ma:-l—mdmﬂ=_l_
cos@ smb _ ) _
Use sin 28 = 2sin foos F uﬂmﬁxmzhminm!aqnﬁMin s & ik wsf ar

Obtain given equation 2sin & - £cos§ =3
(i) State or imply R =+20 or 4.47 or equivalest

Use correct trigonometry to find @

Obtain 63.43 or 63.44 with no erTors S50 oy
(iid) Cmymnacmwtmdhodmﬁndmmﬁ!gﬁmm

Obtain 74.4° (or 338.7°) ‘

amedmdhodmﬁndsacmd\z}!x': gven rEmET
and 60 "

Carry out -
Obtain 338.7° (or 74.4%) and no others betwesn (F

27. M/J 13/P32/Q7 — - )
@ USBOOS(A+B)furmuhmm:h=g\mmwczmo:

cosx 3 _. =
— —— sin x. or cquvekat

It I

Collect terms and reach =

N~ Y~
Obtain R =2.236
Use trig formula to find @
Obtzin = 71.57° with no errors se=0 B 5
(i) Evaluate cos™ (22.236) o atleast ] dp. (3656 w2dp. e ol =5 27
26.57°) : £ z
Cmyotﬁanamopﬁafemechodsaﬁr}daﬁ}x of x in the mizrvel <z <340F
Obtain answer, e.g. x = 3157 (315.0°)
Obtain second answet, €.2. 261.9° 2nd no others in the Zven r=vel 7
ﬂmmm&m@mm@j
the zmrwes Sor T

[Treat answers in radians 2s 2 misread and deduct Al Tom

angles.] . S _gm s
[SR:Cmva‘monofﬁ:caquanon:oam*x;;a:—;:::r;z o035 X, 1T 320 I zarms
i obszining 2 vains of r = T Zen

B1, thea M1 for solving a 3-term guadratic 2nd 0D=mMME ne O
interval, and A1 + Al for the tWo COTTeXl ZnSWES (G2 hdates mos: ros oS

|’]
I.

roots to earn the final Al).]

28. M/J 13/P33/Q3
Use correct tan 24 formula and cotx = Lznx 0 form an equation MG X
Obitain a correct horizontal equation in any form _
Solve an equation in tan’x for x x@a
Obtain answer, e.g. 40.2° . _9\_5‘}“ ﬁ'\i”
Obtain second answer, e.g. 139.8°, and no other in the given interval /35‘3' 5{‘_,
[Ignore answers outside the given mterval ] ,G‘Z‘iﬁ 453:-"
[Treat answers in radians as a misread and deduct Al from the marks for the 2ngiek Ay
[SR: For the answer x = 90° give Bl and Al for one of the other angles ] Q\y &7

29. O/N 12/P32/Q3, O/N 12/P31/Q3 Gy by
Attempt use of sin (4 + B) and cos (4 — B) formulate to obtzin 2n st amdsinb
Obtain a correct equation in any form ..;;'*(9%;;_?
Uschig,formulatoobtainancqmﬁoni:ntane(crmsﬁ,9%&%)‘;5”

0bﬂintan9=;—f‘%,arequﬁvalm1(mﬁndma,sinamg@) Z
Obtain answer 8 = 105.9°, and no others in the given jntel $
[Ignore answers outside the given material] mw&
30. O/N 12/P33/Q2 y
() State or imply R=25
Use correct trigonometric formula to find a
Obtain 16.26 ° with no errors seen

S
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(i) Evaluate of sin™' % (=42.84...)

Obtain answer 59.1° [2]

31. M/J 12/P32/Q4
Use trig formulae to express equation in terms of cos # and sin &

Use Pythagoras to obtain an equation in sin @
Obtain 3-term quadratic 2sin®  —2sin @ —1=0, or equivalent

Solve a 3-term quadratic and obtain a value of &

[6]

Obtain answer, e.g. 201.5°

Obtain second answer, e.g. 338.5°, and no others in the given interval

[Ignore answers outside the given interval. Treat answers in radians (3.52, 5.91) as a misread
and deduct Al from the marks for the angles.]

32. M/J 12/P32/Q6

(i) State derivative in any correct form, e.g. 3cosx —12 cos” xsin x

(ii)

Equate derivative to zero and solve for sin 2x, or sin x or cos x

Obtain answer x = i T
12
) 5
Obtain answer x = 1—2- 1

. 1 : e
Obtain answer x = i and no others in the given interval (6]
Carry out a method for determining the nature of the relevant stationary point
Obtain a maximum at-l-li- 7 correctly 2]

[Treat answers in degrees as a misread and deduct A1 from the marks for the angles.]

33. MiJ 12/P33/Q6

@

Use tan (4 + B) and tan 24 formulae to obtain an equation in tan x

Obtain a correct equation in tan x in any form

Obtain an expression of the form atan® x =5

Obtain the given answer 4]

(i) Substitute k =4 in the given expression and solve for x

Obtain answer, e.g. x = 16.8°
Obtain second answer, e.g. x = 163.2°, and no others in the given interval [3]

[Ignore answers outside the given interval. Treat answers in radians as a misread and
deduct Al from the marks for the angles.]

(iiii) Substitute k= 2, show tan ? x < 0 and justify given statement correctly (S @ (1]
@

34. O/N 11/P32/Q6
(i) State or imply R= \/Ia

(i)

Use trig formulae to find a
Obtain a = 71.57° with no errors seen
[Do not allow radians in this part. If the only trig error is a sign errorai

M1A0]
Evaluate cos™ (2/@) correctly to at least 1 d.p. (50.7684.. .°w W .Jj-‘ here)
80?”

Carry out an appropriate method to find a value of 26 in 0° < 2
Obtain an answer for 4 in the given range, e.g. 0= 61.2° %

Use art appropriate method to find another value of Zgy ab (;E)(‘ range

) give

Obtain second angle, e.g. 8 = 10.4°, and no others in (4]
[Ignore answers outside the given range.]
[Treat answers in radians as a misread and deduct &1 frgi the answers for the angles.]
[SR: The use of correct trig formulae to obtain a3-term quadratic in tan 6, sin 26,
cos 28,9r tan 26 eams M1, then A1 for a correct quadratic, M1 for obtaining a value of 8
in the given range, and A1 + Al for the two correct answers (candidates who square must
reject the spurious roots to get the final A1).]
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35. O/N 11/P31/Q2
EITHER: Use chain rule
obtain ;I—‘J: =6sintcost, or equivalent

. d ; ;
obtain —a“;- =—6cos’ fsint, or equivalent

Use d_y=d_y+_d£
dx« dr dr

Obtain final answer % =—cosf

OR: Express y in terms of x and use chain rule
ke

Obtain D _ k(2 - ﬁ)i , or equivalent
dx 3
i
Obtain o, (2~ g) 2 or equivalent

Express derivative in terms of ¢
Obtain final answer Y cost 15
dx

36. O/N 11/P31/Q6
() State or imply R = V10
Use trig formulae to find &
' )

Obtain a = 71.57° with no errors seen
[Do not allow radians in this part. If the only trig error is a sign error in cos(x — a) give

M1A0]
(ii) Evaluate cos™ (2/+/10) correctly to at least 1 d.p. (50.7684...°) (Allow 50.7 here)
Carry out an appropriate method to find a value of 26 in 0° <26 < 180°

Obtain an answer for 8 in the given range, e.g. 6= 61.2°
Use an appropriate method to find another value of 26 in the above range
(5]

Obtain second angle, ¢.g. & = 10.4°, and no others in the given range

[Ignore answers outside the given range. ]
deduct Al from the answers for the angles.]

[Treat answers in radians as a misread and
[SR: The use of correct trig formulae to obtain a 3-term quadratic in tan @, sin 26,

cos 26,or tan 26 earns M1; then Al for a correct quadratic, M1 for obtaining a value of 6
in the given range, and A1 + Al for the two correct answers (candidates who square must
2

reject the spurious roots to get the final Al).]

37. O/N 11/P33/Q3

(i) State or imply R =17
Use correct trigonometric formula to find a

Obtain 61.93° with no errors seen

3]

(ii) Evaluate cos™ % (=45.099)
<

Obtain answer 107.0°
Carry out correct method for second answer
Obtain answer 16.8° and no others between 0° and 360° _

38. M/J 11/P32/Q3 Q@
Use correct trig formula (or formulae) and obtain an equa s@
) <
<

@ n

Obtain 8cosd + cosd — 7 = 0, or equivalent
Solve a 3-term quadratic in cos6 and reach 0 = cos_l(‘@

Obtain answer 29.0°
Obtain answer 180° and no others
[Ignore answers outside the given interval. Treat answers in radians (0.505 and 3.14 or m) as a

misread.]
[SR: The answer 180° found by inspection can earn B1.]

5l

L
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39. MJ 11/P33/Q4
(i) Use tan(4 + B) formula correctly at least once and obtain an equation in tand

Obtain a correct horizontal equation in any form

Use tan60° = /3 throughout

Obtain the given equation correctly [4]
(i) Set k=3v3 and obtain tan’f =

Obtain answer 16.8° 1

Obtain answer 163.2° i3]
[Ignore answers outside the given interval. Treat answers in radians (0.293 and 2.85) as a

misread. ]

'40. O/N 10/P32/Q3, O/N 10/P31/Q3
Attempt use of cos(4 + B) formula to obtain an equation in cos §and sin &
Use trig formula to obtain an equation in tan @ (or cos 6, sin @ or cot 6)
Obtain tan & = 1/(4 + NEY ) or equivalent (or find cos &, sin §or cot &)
Obtain answer 6= 9.9°
[5]

Obtain 6= 189.9°, and no others in the given interval
ore answers outside the given interval. Treat answers in radians as a misread

(0.173,3.31).]

[The other solution methods are via cos §==+(4 + 3y J(l + (4+ NE) )ZJ or
sin §==+1/ (1+(4+J§)1J ]

41. O/N 10/P33/Q8
(i) Obtain or imply R = 4

Use appropriate trigonometry to find &
Obtain = 52.24 or better from correct work (3]
(i) (a) Stateorimply -a= cos“(~— 4 +R)
(2]

Obtain 232.2 or better
(b) Attempt at least one value using cos™ (3 + R)
Obtain one correct value e.g. £ 41.41°

1 4(3)
Use —@—-a=cos | — | to find €
2 R (@

7
Obtain 21.7 5 @5\\@ [4]
42, MIJ 10/P32/Q3 © @@
(i) State or imply sin a =4/5 N

| Use sin(4 — B) formula and substitute for cos @ and sina éz};}lﬁ
1 ©
Obtain answer —13(4\@- —3), or exact eqivalent @ @@ 3]
o,
(i) Use tan 24 formula and substitute for tan a, or use sin 24 and ¢ ong&ac,

ﬂ substitute sin @ and cos 4, and divide

Obtain tan 2a = —27—4, or equivalent b

Use tan(4 + B) formula with 4 =2a , B=a and sub 2aand tan a

Obtain tan3a =- 1—41% {75\3 [4]
ﬂ 43. M/J 10/P31/Q2

Use correct cos 24 formula and obtain an equation in sin 8
Obtain 4sin” @ +sin @ —3 =0, or equivalent
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Make reasonable attempt to solve a 3-term quadratic in sin @
Obtain answer 48.6°

Obtain answer 131.4° and no others in the given range

Obtain answer 270° and no others in the given range . .

[Treat the giving of answers in radians as a misread. Ignore answers outside the given range | 0
44. M/J 10/P33/Q3

Attempt to use tan(4 + B) formula and obtain an equation in tanx

Obtain 3-term quadratic 2 tan’x + 3 tanx — 1 = 0, or equivalent

Solve a 3-term quadratic and find a numerical value of x

Obtain answer 15.7°

Obtain answer 119.3° and no others in the given interval [5)
[Ignore answers outside the given interval, Treat answers in radians, 0.274 and 2.08, as a misread. ]

45. O/N 09/P32/Q4
Use tan(4 + B) formula and obtain an equation in tan « and tan j
Substitute throughout for tan « or for tan f
ObtainZtanzﬂ-Manﬁ— 1 =00rlan2a+tana—2=0, or equivalent
Solve a 3-term quadratic and find an an gle
Obtain answer a = 45°, § = 26.6°
Obtain answer a = 116.6°, g =135°
[Treat answers given in radians as a misread. Ignore answers outside the given range.]
[SR: Two correct values of & (or ) score Al; then Al for both correct a, B pairs]
46. M/J 09/P3/Q3

(i) Use cotd = 1/tan4 or cos A/sin4 and/or cosec A = 1/sin4 on at least two terms

Use a correct double angle formula or the sin(4 — B) formula at least once
Obtain given result 1

(ii) Solve cot & =2 for & and obtain answer 26.6°
Obtain answer 206.6° and no others in the given range 2
[Ignore answers outside the given range. Treat answers given in radians as a misread]
47. M/J 09/P3/Q6

(i) EITHER State -3% =-3acos’ tsint or %Jri =3asin

[6]

®tcost , Or equivalent

2

o o _ , 2 z _
OR State ;x ‘dx or ~:- Y ’dy as differentials of x* or »’ respectively, o0 4@)
or  equivalent

. dy . ; a '4\\@
Obtain 5, 10 terms of 7, having taken the differential of a co toch zero M1
©
o
Obtain %— in any correct form Q ®

< 3
(ii) Form the equation of the tangent \5‘@ @,
Obtain the equation in any correct form '
Obtain the given answer
(i) State the x-coordinate of X or the y-coordinate of

Obtain the given answer with no errors seen @
48. O/N 08/P3/Q6 @
(i) State or imply at any stage answer R= 13 &
Use trig formula to find @ 3]
Obtain a=67.38° with no errors seen

[Do not allow radians in this part. If the only trig error is a sign error in sin(x + @) give M1A0.]

f
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(11
Evaluate m"(HJmmuyuam 1 dp (57.79577...%)

c’qumwmmﬁodbﬁndauhconehﬂ'ﬁzeﬂw

Obtain an answer for in the given range, c.g. =214
m;w@mﬂﬂmﬁﬂ:ﬂhwﬁ:aﬁﬁhﬂnﬁonw

Obtain second angle, c.g 0= 175.2° and no others in the given range

[Ignore answers outside the given range ]

[Trdamwminmdiamuamiumdanddeduam from the answers for the angles.]
[SR;Tb:mcafcorraauigfmlactoo&ninaSqudﬁﬁcinm613in29,oos20,oﬂan2a9
eams M1; then Al for a correct quadratic, M1 fa'o&aﬁ:hagamlucofﬂinﬁwgivmmge,and.kl + Al
{arfhctwoomcamwm(mndidaxcswbosqmmcmustrejwtﬂ:espmiousmotstogctthcﬁnaml).]

49, W/J 08/P3/Q4

()

()

50. O/N

Use tan(A £ B) formula correctly at least once to obtain an equation in tan ¢
Obtain a correct horizontal equation in any form

Use correct exact values of tan 30° and tan 60° throughout

Obtain the given equation correctly

Make reasonable attempt to solve the given quadratic in tan &

Obtain answer 0= 24.7°

Obtain answer 8= 95.3% and no others in the given range

(Ignore answers outside the given range.)
(Treat answers in radians as MR and deduct one mark from the marks for the

angles.]
07/P3/Q5

() Use correct tan(A + B) formula to obtain an equation in tan x

(i)

Use tan 45% = 1

Obtain the given answ/cr
Make reasonable attempt to solve the given quadratic for one value of tan x

Obtain tan x =~ +4J2 , or equivalent in the form (a ;tJi;) /¢ (accept 0.4, -2.4)
Obtain answer x = 22.5”
Obtain second angwer x = 112.5 and no others in the range

[Ignore answers outside the range. |
(Treat answers in radians as a MR and deduct one mark from the marks for the angles.]

51, O/N 06/P3/Q2

EITHER: Use tan 24 formula and obtain a horizontal cquation in tan x

OR:

52, M/J
)

U

Simplify the cquation 10 the form 3 tan? x = 1, or cquivalent

Obtain answer 30°
Obtain second answer 150” and no other in the range

Use sin 24 and cos 24 formulac and obtain a horizontal equation in sin x Or COS X
Simplify the equation to 4 gin® x = 1, 4 cos? x =3, or equivalent. ;
Obtain answer 30° <§9 @‘&@3
Obtain second answer 150 and no others in the range )§- SJP
[Ignore answers outside the given range. ] 2 Z Q{?
[Treat unswers in radians as a MR and deduct one mark from the mar ﬁ'ﬂnglcs.]
[Methods leading to an equation in cos 3x or CO8 2x, or to the equali tt{gjl? ngents
can also carn M1A1, and then A1 + Al for 30° and 150° only.] <& *
[SR: If the answer 300 is found by inspection or from a grap (@l 8 @ctly verified,
award B2, N
If o second answer 150° is found and verified, and aOtheg ¥ated, award B2]
06/P3/Q4
State answer R = 25
Use trig formula to find a .
Obtain a = 73.74° N2 .
Carry out evaluation of cos™ (15/25) (= 53. 1301 @T’a)

Obtain answer 126,9°

Carry out correct method for sccond answer
Obtain answer 20.6° and no others in the range
[Ignore answers outside the given range.]

5]

[4]

3]

131

[4l




Mathematics A-Level P-3 Topical 88 Unit 3: ‘
Read & Write Publications ANSwary M

53. O/N 05/P3/Q5
State or imply that R= 10 or R =-10
Use trig formula to find &
Obtain a=36.9°if R=10 or @=216.9° if R = -10, with no errors seen
Carry out evaluation of sin ™! (5) (~44.427..°)

Obtain answer 81.3°

Carry out correct method for second answer

Obtain answer 172.4° and no others in the range

[Ignore answers outside the given range.] U

54. M/J 05/P3/Q6

() EITHER: Express cos 46in terms of cos 28 and/or sin 26
Use double angle formulae to express LHS in terms of cos 4
(and maybe sin 6)
Obtain any correct expression in terms of cos #alone
Reduce correctly to the given form
OR: Use double angle formula to express RHS in terms of cos 24
Express cos?28in terms of cos 46 .
Obtain any correct expression in terms of cos 44 and cos24
Reduce correctly to the given form 4
(ii) Using the identity, carry out method for calculating one root
Obtain answer 27.2° (or 0.475 radians) or 27.3° (or 0.476 radians)
Obtain a second answer, e.g. 332.8° (or 5.81 radians)
Obtain remaining answers, e.g. 152.8° and 207.2°
(or 2.67 and 3.62 radians) and no others in range 4

55. O/N 04/P3/Q4
(i) EITHER: Use tan(A + B)formula correctly to obtain an equation in tan x
State or imply the equation I+tanx _ 2(1-tanx) or equivalent
1-tanx 1+tanx
Transform to an expanded horizontal quadratic equation in tan x
Obtain given answer correctly
OR: Use sin(A + B) and cos(A + B) formulae correctly to obtain an
equation in sin x and cos x
Using values of sin 45°and cos 45°, or their equality, obtain an
expanded horizontal equation in sin x and cos x
Transform to a quadratic equation in tan x
Obtain given answer correctly

(i) Solve the given quadratic and calculate an angle in degrees or radia
o

Obtain one answer e.g. 80.3°
Obtain second answer 9.7° and no others in the range @(&
[lgnore answers outside the given range.]

56. M/J 04/P3/Q1
Show correct sketch for 0 < x <iz
Show correct sketch for ir<x< 27 or %:r <x<27
Show completely correct sketch
[SR: for a graph with y = 0 when x = 0, 7, 27 but otherwi

57. O/N 03/P3/Q3

S

Use correct cos 24 formula, or equivalent pair of correct fofmulas, to obtain an
equation in cos §
Obtain 3-term quadratic 6 cos®6+cos§—-5=0, or equivalent
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Attempt to solve quadratic and reach 8 =cos~!(a)

Obtal:n answer 33.6° (or 33.5°) or 0.586 (or 0.585) radians

Obtain answer 180° or 7 (or 3.14) radians and no others in range

[The answer 6= 180° found by inspection can earn B1.]

[Ignore answers outside the given range.] I5]

58. M/J 03/P3/Q1
(i) Use trig formulae to express LHS in terms of sin x and cos x

Use cos 60° = sin 30° to reduce equation to given form cos x = k [2]

(i) State orimply that k= - %(accept -0.577 or -0.58)

Obtain answer x = 125.3° only
[Answer must be in degrees; ignore answers outside the given range.]

; L .
[SR: if k= — is followed by x = 54.7°, give AOA1Y.] [2]

V3

" 59, O/N 02/P3/Q5
(i) State or imply at any stage that R =5

Use trig formula to find a
Obtain answer a = 36.87°

2
(i) EITHER:  Carry out, or indicate need for, calculation of sin™ [g)

OR

(iii) State greatest value is 1

Obtain answer 60.4° (or 60.5°)
Carry out correct method for second root i.e. 180° — 23.578° + 36.870°

Obtain answer 193.3° and no others in range

Obtain a three-term quadratic equation in sin or cos &
Solve a two- or three- term quadratic and calculate an angle.
Obtain answer 60.4° (or 60.5°)

Obtain answer 193.3° and no others in range.

.

[Treat work in radians as a misread, scoring a maximum of 7. The angles are
0.644, 1.06 and 3.37.]

60. M/J 02/P3/Q1

EITHER:

OR:

Express LHS in terms of cos #and sin & or terms of tan &

Make sufficient relevant use of double-angle formula(e) ’@
Complete proof of the result
Express RHS in terms of cos ¢ and sin & or in terms of tan & Df

Express RHS as the difference (or sum) of two fractions
Complete proof of the result \¢7\ @‘}g 3

%
= cot §—tan € cams@ @%y.]

? &2

1 + tan’@

[SR: an attempt ending with
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Unit-4: Differentiation

1. MAJ 18/P32/Q5
The equation of a curve is x*(x + 3y) -y =3.

dy x2+2xy
(i) Show that — = :
- F Y [4)
(ii) Hence find the exact coordinates of th
normal is 1.
2. M/ 18/P31/Q3 5
e

A curve has equation y =

e two points on the curve at which the gradient of the

[4)

. Find the x-coordinates of the stationary points of the curve in the

tanix

interval 0 < x < z. Give your answe:

3. M/J 18/P33/Q8
The equation of a curve is 23 -y - 357

rs correct to 3 decimal places. 6]

— 243, where a is a non-zero constant.

. dy _ 2% -y
(i) Show that P yl_—“+2xy' [4]

(ii) Find the coordinates of the two points on the curve at which the tangent is parallcl to the y-axis.
B3]

4. OIN 17/P32/Q4

4 . 2-sinx . by ; 1 1

The curve with equation y = 7 has one stationary point in the interval =37 <X < 37.
(i) Find the exact coordinates of this point. [5]
(2]

(i) Determine whether this point is a maximum or a minimum point.

5. O/N 17/P32/Q6
The equation of a curve is By —3x°
dy 32%y-3y
i —_ = 4
() Showthatdx 9xyz—x3 [4]

= 24*, where a is a non-zero constant.

(ii) Hence show that there are only two points on the curve at which the tangent is parallel to the
x-axis and find the coordinates of these points. [4]
6. O/N17/P31/Q5, O/N 17/P33/Q5 D
The equation of a curve is 2x* +xy° +y* = 10. ORLF‘Q -&@‘
8x> +y° {'g\—' L 0
& & [4

5 dy
i) Show that — =—5—"7.
» dx  3xyt+4y°

(ii) Hence show that there are two points on the curve at which the tangent’ s..ﬁﬂéllel to the x-axis
and find the coordinates of these points. N [4]

7. MIJ17/P32/Q4 9 &
The parametric equations of a curve are ‘@@
x=1£+1, y=4t+1n(2t-@ '

(3]
n the
]

(i) Express % in terms of £.
(ii) Find the equation of the normal to the curve at r@/" oi
form ax + by +c = 0. & o’j

8. MMJ17/P31/Q4
The parametric equations of a curve are

x=Incosf, y=36-tanb,

here ¢ = 1. Give your answer!

U




r

Mathematics A-Level P-3 Toplcal 93 :
Read & Write Publications U 4- NmaTON

where 0 <0< %—x.

. dy .
i) E-xpress S in terms of tan 6. (5]
(i) led the exact y-coordinate of the point on the curve at which the gradient of the normal is equal
to 1.
[3]

9. M/ 17/P33/Q5
A curve has equation y = %ln(l +3cos’x) for 0 < x € %n.

dy .
(i) Express ay in terms of tan x. 4]
(i) Hence find the x-coordinate of the point on the curve where the gradient is —1. Give your answer
correct to 3 significant figures. (2]

10. O/N 16/P32/Q4, O/N 16/P31/Q3
The equation of a curve is xy(x — 6y) = 9a°, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. 7]
11. MIJ 16/P32/Q4 )

The curve with equation y = (lnxx) has two stationary points. Find the exact values of the coordinates

of these points. [6]

12. MIJ 16/P31/Q4
The variables x and y satisfy the differential equation

xg—z =y(1-2x%),

— 1. Solve the differential equation and obtain an expression for y in

[6]

and it is given that y = 2 when x
terms of x in a form not involving logarithms.

13. MIJ 16/P31/Q7
The equation of a curve is © =32y +y=3.
(i) Show that :—; = iz__zy? [4]
(i) Find the coordinates of the points on the curve where the tangent

14. M/J 16/P33/Q4

The parametric equations of a curve are
x =1+ cost, y = In(1 + sin¢),

is parallel to the x-axis. [5]

il 1
where 2% < t <%

(i) Show that -j% =secl.

(i) Hence find the x-coordinates of the points on the curve a
your answers correct to 3 significant figures.

15. O/N 15/P32/Q5, OJ/N 15/P31/Q5
The equation of a curve is y = e Ztanx, for0< x <

() Obtain an expression for :—i and show that it gai{® n in the form e 2*(a + btan x)%, where

a and b are constants. (5]
(i) Explain why the gradient of the curve is never negative. [1]
(iif) Find the value of x for which the gradient is least. ' (1]

;
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16. O/N 15/P33/Q3
A curve has equation _
_ 2-tanx
: Y= I+ tanx
Find the equation of the tangent to the curve at the point for which x = %x, giving the answer i, the
form y = mx + ¢ where c is correct to 3 significant figures. [6)
17. MIJ 15/P32/Q3
A curve has equation y = cos xcos 2x. Find the x-coordinate of the stationary point on the curve j;
the interval 0 < x < %n, giving your answer correct to 3 significant figures. 0
18. MiJ 15/P31/Q4

The equation of a curve is ;
y = 3cos2x + 7sinx+2.

Find the x-coordinates of the stationary points in the interval 0 € X < 7. Give each answer correct t,

3 significant figures. : m
19. M/J 15/P31/Q10
The diagram shows part of the curve with parametric equations y
A

x=2In(t+2), y=r£+2t+3.

—>
(i) Find the gradient of the curve at the origin. (5] '

(ii) At the point P on the curve, the value of the parameter is p.
It is given that the gradient of the curve at P is L.

-2.

thatp =
(a) Show thatp 372 1 B

(b) By firstusing an iterative formula based on the equation in part (a), determine the coordinates
of the point P. Give the result of each iteration to 5 decimal places and each coordinate of

P correct to 2 decimal places. [4]

20. M/J 15/P33/Q4 o
The curve with equationy = 1Tic" has one stationary point. Find the exact values of the coordinates

+e
of this point. 6]

21. M/J 15/P33/Q5
The parametric equations of a curve are

x=acos't, y=asin't,

where a is a positive constant.

(i) Express j—i in terms of 7. )
(i) Show that the equation of the tangent to the curve at the point wi '
xsin’t +ycos’t = asin’tcos’t. ¢ (@ g
(iii) Hence show that if the tangent meets the x-axis at P and t@d 40, then
OP +0Q =a, N ]
where O is the origin. <_9) [2
22. O/N 14/P32/Q4, OIN 14/P31/Q4 ©
The parametric equations of a curve are
*= col 34
where 0 < 7 < 3. S
@4

LI
Lo

(i) Show
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24.

25.

26.

27.

28,

29,
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(ii) Hence.show that the equation of the tangent to the curve at the point with parameter ¢ is
y =xsinf —tant. 3]

OIN 14/P33/Q2
A curve is defined for 0 < 6 < 1z by the parametric equations
x=tanf, y= 2cos?@sin 6.

dy _ 5 3
Show that -~ = 6cos’ 0 — 4cos® 6. [5]
M/J 14/P32/Q8
The diagram shows the curve y = xcoslxfor0<x< 7.
b
e g Ay d*
() Find 2 and show that 45 +y+4sinfx =0. A
5]
(i) Find the exact value of the area of the
region enclosed by this part of the curve
and the x-axis. 5 5 T
O/N 13/P32/Q1
The equation of a curve is y = n :x for x > --,ﬁ‘;. Show that the gradient of the curve is always
negative. (3]
O/N 13/P32/Q4

The parametric equations of a curve are
x=e¢"cost, y=e"sint.

Show that g—i = tan (f - 470). (6]

M/J 13/P32/Q5
The diagram shows the curve with equation

2 +x* +ay? =3ax* =0,

where a is a positive constant. The maximum point on the curve is
M. Find the x-coordinate of M in terms of a. [6]

M/J 13/P31/Q5
For cach of the following curves, find the gradient at the point where the

. 1+2%
(l = —

’ 3 1+e* B3]
() 2°+5xy+y =8. [4]
O/N 12/P32/Q7 , OIN 12/P31/Q7
The equation of a curve is In(xy) -y = 1.

(i) Show that ay.. 4 ¥
dx 1(3)’3 _ 1) [4]

(ii) Find the coordinates of the point where the tangent to the curve is parallel to the y B, g
each coordinate correct to 3 significant figures. 4
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30. O/N 12/P33/Q3
The parametric equations of a curve are
4t

=21 2l+3.
T I )

X =

" d
(i) Express ay in terms of ¢, simplifying your answer.

(i) Find the gradient of the curve at the point for which x = 1.

31. MlJ 12/P31/Q6
The equation of a curve is 3x* — 4xy +y* =45.

(i) Find the gradient of the curve at the point (2, -3).

(ii) Show that there are no points on the curve at which the gradient is 1.

32. M/J 12/P33/Q3

The parametric equations of a curve are

x=s5in26-6, y=00526‘+25'm8.

Show that d__y L

dx  1+2sinf’
33. M/J 12/P33/Q4 o
The curve with equation y = ExT has one stationary point.

(i) Find the x-coordinate of this point. .
(ii) Determine whether this point is a maximum oOr a minimum point.

34. O/N 11/P32/Q2
The parametric equations of a curve are

x=3(1+sin?t), y=2cos’tL.

d . E .
Find a‘y in terms of r, simplifying your answer as far as possible.

35. O/N 11/P33/Q2 5

. : €
The equation of a curve 1s y =
§ l1+e

x=In31s 36"
36. O/N 11/P33/Q8

The diagram shows the curve with parametric equations

2x

Pt

x=sint+cosf, y=sin’t+cos’t,

1 5
for4zr<t<4ﬂ:.

) d
(i) Show that Ey = -3sinfcost.

[4]
2]

[4]
3]

5]

[4]
[2]

[5]

. Show that the gradient of the curve at the point for which

(4]

(3]
(ii) Find the gradient of the curve at the origin.

(2]

(iif) Find the values of r for which the gradient of the curve is 1, giving your answers COrree 4]

2 significant figures.

tto

el
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N n(tang),  yow sin’y,
where 0 <7< i”‘

dy !
@ Express << interms ol' 1. [41 |
(i) Find the equation of the tangent 1o the curve at the point where x = (), (3]
P32/Q10
M 11/ g
A

N

0 R
b T

The diagram shows the curve y = x"¢™,

(i) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = 3 is

equal to 2 — —-. [5]
o
(i) Find the x-coordinate of the maximum point M on the curve. [4]
(iii) Find the x-coordinate of the point 2 at which the tangent to the curve passes through the origi;.
M 11/P31/Q2 2]
Find % in each of the following cases:
(i) y=In(1+sin2x), [2]
tan x
s o . 2
iy Y= [2]
. M/IJ 11/P33/Q2
The curve y = l_n:Tx has one stationary point. Find the x-coordinate of this point. [4]
X
. O/N 10/P32/Q9, OI/N 10/P31/Q9
The diagram shows the curve y = Olnx
and its minimum point M.
(1) Find the exact coordinates of M.
(5]
0 > X

(i) ping the exact area of the shaded region bounded by the curve, the x-axis and the line x = 2. [5]

‘
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42. O/N 10/P33/Q2
The parametric equations of a curve are
! -2t
] e —2F ‘
Al T L
Find the gradient of the curve at the point for which ¢ = 0. [5
43. M/J 10/P32/Q6
The equation of a curve is xlny =25+ 1.
(i) Show that g-;-’ - B l4
(ii) Find the equation Jéf the tangent to the curve at the point where y = 1, gIving your answer i, the
form ax + by + c = 0. [4)
44, MIJ 10/P31/Q9 2

A

l1-x
The diagram shows the curve y = \/ ( {4+ x)'

|
|
|
I
|
|
|
|
I
|
|
|
|
|
|
|
|

\P -

| 0 e

; dy .
1 x, obtain an expression for d_i in terms of x. Hence show that the
+Xx

gradient of the normal to the curve at the point (x, y) is (1 + x) V(1 =x32). [5]
(i) The gradient of the normal to the curve has its maximum value at the point P shown in the
diagram. Find, by differentiation, the x-coordinate of P. [4]
45. O/N 09/P32/Q3
The equation of a curve is 1 -xty - y3 =3

(i) By first differentiating

d
(i) Find Ey in terms of x and y. S [
(ii) Find the equation of the tangent to the curve at the point (2, 1), giving your '_(J,;‘ he form
ax+by+c=0. @ 2
46. O/N 09/P31/Q4 \% .
A curve has equation y = e >* tan x. Find the x-coordinates of the stationar\gd 1 the curve in thé
interval —%R’ <x< %n‘. Give your answers correct to 3 decimal places. Q (@) U

47. OIN 09/P31/Q9
The diagram shows the curve

Inx . .
y= s and its maximum point M

- The curve cuts the x-axis at the point A-

(i) State the coordinates of A.
[1]

(i) Find the exact value of the
x-coordinate of M. [4]
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(iii) Usin_g integration by parts, show that the area of the shaded region bounded by the curve, the
x-axis and the line x = 4 is equal to 8 In2 - 4. (3]

48. OIN 08/P03/Q3

c.t
The curve y =
cosx

I . . . 4 i -
, for —3T<Xx< %:r, has one stationary point. Find the x-coordinate of this point.

49. O/N 08/P03/Q4 =
The parametric equations of a curve are
‘ ; Xx = a(26 —sin 26), y = a(l — cos 26).
Show that Ey = cot 6. (5]

' 50. M/J 08/P03/Q6

The equation of a curve is xy(x + y) = 2a°, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. 8]
51. O/N 07/P03/Q4
The curve with equation y = ¢ sinx has one stationary point for which 0 < x < 7.
(i) Find the x-coordinate of this point. (4]
(2]

(ii) Determine whether this point is a maximum or a minimum point.

52. M/J 07/P03/Q3
The equation of a curve is y = x sin 2x, where x is in radians. Find the equation of the tangent to the

curve at the point where x = ;7. [4]
53. O/N 06/P03/Q3
! The curve with equation y = 6e* — e** has one stationary point.
i (i) Find the x-coordinate of this point. [4]
(i) Determine whether this point is 2 maximum or a minimum point. [2]
i
: 54. O/N 06/P03/Q6
: The equation of a curve is 2 +2y° = 3xy.
' d -
() Show that =~ = 2> [4]

dx 2% -x
(i) Find the coordinates of the point, other than the origin, where the curve has a tani%nt which is

F | parallel to the x-axis. , ’555_ 4@ [5]

f 55. MIJ 06/P03/Q3 g gé@

f . .

' The parametric equations of a curve are @
x=20+sin26, y=1-cos26. ¥ A

dy

Show that — = 0.
ow adx tan [5]

56. O/N 05/P03/Q3
The equation of a curve is y = x + cos 2x. Find the x-coordina 0e $tationary points of the curve

for which 0 < x < 7, and determine the nature of each of th (7]
57. MIJ 04/P03/Q3
Find the gradient of the curve with equation @
2" = 4xy + 3y
4 at the point (2, 1). [4]

I EEEE— |
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58. O/N 03/P03/Q4 ’
The equation of a curve is
Vx++y=+va,
where a is a positive constant.
(i) Express dy in terms of x and

(ii) The straight line with equation y = x intersects the curve at the point P. Find the Cquation of t
tangent to the curve at P. [3;

59. O/N 02/P03/Q4
The curve y = ¢* + 4™ has one stationary point.
(I) Find the x—coordinate of this point. [4
(i) Determine whether the stationary point is a maximum or a minimum point. o

60. M/J 02/P03/Q5
The equation of a curve is y = 2 cos x + sin2x. Find the x-coordinates of the stationary points on the
curve for which 0 <x <, and determine the nature of each of these stationary points. U
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. MU1B/P32Q5
(i) State or imply 3 y? 5" derivative of y* | 4

. d
State or imply 6xy + 3x2-&% as derivative of 3x’ y

OR State or imply 2x (JH- 3)’) +x* [l + 3%) as derivative of
x? (.I +3 y) d

Equate derivative of the LHS to zero and solve for L4
Obtain the given answer dx

(ii) Equate derivative to — 1 and solve for y 4
Use their y = — 2x or equivalent to obtain an equation
inxory
Obtain answer (1, - 2)
Obtain answer ( 3‘/5 , 0)
2. M/J 18/P31/Q3
Use quotient or product rule 6
Obtain correct derivative in any form
Equate derivative to zero and obtain a quadratic in tan —é—x or an equation of the
formasinx=5b
Solve forx
Obtain answer 0.340
Obtain second answer 2.802 and no other in the given interval
3. M/J 18/P33/Q8
(i) State or imply 3 e Ey as derivative of )’ 4
State or imply 3 y? + 6xy % as derivative of 3xy’
Equate derivative of LHS to zero and solve for L) &
Obtain the given answer i ' ‘ @(‘ 4@
(i) Equate denominator to zero and solve for ¥ D S 5
Obtamy=0andx =a ‘\\@
Obtain y = ax and substitute in curve equation to find x or NN
to find y ©@0ﬂ7
Obtain x =—a @ ()
Obtain y = 24 @ é@
4, (?!N 17/P32/Q4 &
(i) Use correct product or quotient rule or rewrite as 2secx —t@st d differentiate 5
Obtain correct derivative in any form b b{\y
Equate the derivative to zero and solve for x 3
Obtain x= .é_ T @/ \)),.
Obtain y=+/3 0)0)
(ii) Carry out an appropriate method for determining the nature of a stationary point 2

Show the point is a minimum point with no errors seen

B -




Mathematics A-Level P-3 Toplcal 102
Read & Write Publications

5. O/N 17/P32/Q6 d
(i) State or imply 3x*y +x° Ey as derivative of x’y

State or imply 9xy* %+ 3y" as derivative of 3xp’

Equate derivative of the LHS to zero and solve for L2
; ¢ dx
Obtain the given answer
(ii) Equate numerator to zero and use x =— y to obtain an equation inxoriny
Obtain answer x=aandy=-a
Obtain answerx=-aandy=a
Consider and reject y = 0 and x = y as possibilities

6. O/N 17/P31/Q5, O/N 17/P33/Q5
(i) State or imply y* +3xy? %as derivative of xy’

State or imply 4y° -:—i as derivative of y*

Equate derivative of the LHS to zero and solve foréy-
Obtain the given answer o
(ii) Equate numerator to zero
Obtain y = —2x, or equivalent
Obtain an equation in x or y
Obtain final answerx =—1,y=2andx=1,y=-2
7. M/ 17/P32/Q4

. d 2
® State L =g+ ——
dt 2t~1
Use .@:2+E.x_
dx dt dt
8t-2 :
Obtain answer Y , Or equivalent e.g. g+ -
dr  2(2-1) {4,

(ii) Use correct method to find the gradient of the normal at ¢ = 1
Use a correct method to form an equation for the normal at £ =1
Obtain final answer x +3y —14 = 0, or horizontal equivalent

8. M/J17/P31/Q4 (ﬂ’i_ ) siw)

(i) Use chain rule to differentiate x

de cosé \
State 2 = 3-sec’0
e @

Use =—=—+—
& do de § ?}@
3-sec’ @

dy .
Obtain correct — in any form e.g.
dx —tan 4

— 2 "
Obtain 2. Jt'ﬂ—g—g-— , or equivalent @
tan

%
(ii) Equate gradient to -1 and obtain an equation i.n S
Solve a 3 term quadratic (tan’ f+tanf-2= {]) in tan@

3
Obtain 6:% and y=—;£—1 only
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9. M/J 17/P33/Q5
(i) Use the chain rule 4

Obtain correct derivative in any form
Use correct trigonometry to express derivative in terms of tanx

. dy 4tanx
Obtain —=—-——-——, or equivalent
T I
(ii) Equate derivative to —1 and solve a 3—term quadratic for tan x 2

Obtain answer x=1.11 and no other in the given interval

10. O/N 16/P32/Q4, O/N 16/P31/Q3 d
EITHER: EITHER: State2xy+ x? Ey , or equivalent, as derivative of xy

State 6 y2 + ley%E , or equivalent, as derivative of 6xy”

dy

OR: Differentiating LHS using correct product rule, state term x(1- 6:&—) , OT

equivalent

State term (y + x-i—i)(.x —6y), or equivalent

d
Equate attempted derivative of LHS to zero and set Ex}—’equal to zero

Obtain a horizontal equation, e.g. 6y” —2xy =0 (from correct work only)

Explicitly reject'y = 0 as a possibility py —qy=0
Obtain an equation in x or y
Obtain answer (-3a, —a)

9%’ ; i 9a
and use correct quotient rule to obtain -

b ST

x (x— 6}')l -

OR: Rearrange to y=
x(x-6y)

State term (x-6y)+x(1-6y'), Or equivalent
Justify division by x(x — 6y)

Set iiiv—n:quatl to zero
dx

Obtain a horizontal equation, €.g. 6 »* —2xy =0 (from correct work only)

Obtain an cquation inx or y
Obtain answer (—3a, —a)

11. MW 16/P32/Q4 2lnx
State or imply derivative of (Inx)” is —

Use correct quotient or product rule (6]
: . 2lnx (Inx)®
Obtain correct derivative in any form, .. —— =3
x x
Equate derivative (or its numerator) to zero and solve for Inx
Obtain the point (1, 0) with no errors seen
Obtain the point (¢?, 4¢7) ¢
12. M/J 16/P31/Q4
Separate variables and attempt integration of at least opie¥ide? [6]

Obtain term In y G
’ Obtain terms Inx — x* @ O
Use x = 1 and y =2 to evaluate a constant, or as limits

Obtain correct solution in any form, e.g. Iny =Inx -x*+In2+1
Obtain correct expression for y, free of logarithms, i.e. y=2xexp(l- x*)

h—___
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13. M/J 16/P31/Q7 d
(i) State or imply 6xy +3x? -&% as derivative of 3x%y ‘
4

State 3y jx as derivative of y’

Equate attempted derivative of the LHS to zero and solve for%
Obtain the given answer

(i) Equate numerator to zero
Obtain x = 2y, or equivalent B
Obtain an equation in x or y
Obtain the point (-2, ~1)
State the point (0, 1.44)

14. M/J 16/P33/Q4
@ State% =1-sin¢ [5] (i) State or imply 7= cos™' ®) k)

Use chain rule to find the derivative of y Obtain answers x = 1.56.and x= 0,398

Obtain L2 = cosft , or equivalent
dr 1+sint
Use LY, &
dx dr dr

Obtain the given answer correctly
15. O/N 15/P32/Q5, O/N 15/P31/Q5

i) State or imply that the derivative of e ™>*is —2e* | .. § ;
(@) Uss peods g—: 3)’1_ oentrile 51 (i) Fully justify the given statement [1]
Obtain correct derivative in any form l
Use Pythagoras (iif) State answer x = (1]

Justify the given form

16. O/N 15/P33/Q3
Use correct quotient rule or equivalent to find first derivative

—(1+tm:1.1:)sec2 x—sec’ x(2—tanx) )
or equivalent

Obtain

(1+ tan x)?
Substitute x =%n’ to find gradient
Obtain —3
Form equation of tangent at x = v} /4
Obtain y = —%x +1.68 or equivalent [6]
17. MIJ 15/P32/Q3
EITHER: Use correct product rule @
Obtain correct derivative in any form, e.g. — sin xcos 2@ X 5ib
Use the correct double angle formulae to express de in@s x and sin X
or cos 2x and sin x o’
OR1: Use correct double angle formula to express y in ‘._w S 'O?"}' x and attempt
differentiation @@‘ )
Use chain rule correctly %
Obtain correct derivative in any form, e.g. —6¢g¥” xsinx +sinx
OR2: Use correct factor formula and attempt diﬂ'er%ntlatmn
Obtain correct derivative in any form, e.g. —— sin3x— > sinx
2
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Use correct trig formulac to express derivative in terms of cos x and sin x, or sin x

Equate derivative to zero and obtain an cquation in one trig function
Obtain 6cos’x=1, 6sin*x=5, tan*x=5 or 3cos2x=~2
Obtain answer x = 115 (or 65.9°) and no other in the given interval (6]
[Ignore answers outside the given interval. ]
[SR: Solution attempts following the EITHER scheme for the first two marks can earn the

second and third method marks as follows:
Equate derivative to zero and obtain an equation in tan 2x and tan x
Use correct double angle formula to obtain an equation in tan x
M/J 15/P31/Q4
Differentiate to oblain form asin2x + bcos x
Obtain correct —6sin 2x + 7 cos x : [7]
Use identity sin2x = 2sin x cos x
Solve equation of form esin xcosx +d cosx = 0 to find at least one value of x
Obtain 0.623
Obtain 2.52

) 1 :
Obtain 1.57 or p 7 from cquation of form csin xcosx +d cosx =0

Treat answers in degrees as MR — 1 situation

19. M/J 15/P31/Q10

. de 2 dy
Obtain — =—— and —=3¢* +2
® B g gy 5]
Use X o &
de dr dr

dy 1 ..
Obtain — = — (3" +2)(t+2

=k )t +2)
Identify value of ¢ at the origin as —1

; .3 ; o
Substitute to obtain — as gradient at the origin
2

1
(i) (@) Equate derivative to — and confirm p = :
2 3p? +2

(b) Use the iterative formula correctly at least once
Obtain value p =—1.924 or better (—1.92367...)
Show sufficient iterations to justify accuracy or show a sign change in

appropriate interval PR
P

Obtain coordinates (—5.15, —7.97)

20. M/J 15/P33/Q4 Jlg_ @%
Use correct quotient or product rule 5 @()@)
K ©

3
21. MiJ 15/P33/Q5 @

Obtain correct derivative in any form
Equate derivative to zero and obtain a horizontal equation @

Carry out complete method for solving an equation of the form ae’;
Obtain x=1In2, or exact equivalent

: 1
Obtain y = - | or exact equivalent

dx
() State E=—4acos’tsinr, or :—f=4asin3rcosr
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Obtain correct expression for % in a simplified form

(@) Form the equation of the tangent
Obtain a correct equation in any form }
Obtain the given answer

(i) State the x-coordinate of P or the y-coordinate of (0 in any form ' )
Obtain the given result correctly

22. O/N 14/P32/Q4, O/N 14/P31/Q4

(@ Use chain rule correctly at least once : "
Obtain eit};:u:rE S Y _ 3tan’sect , or equivalent
dt cos't dr
dy d
Use 2 =2+ o
de dr dr
Obtain the given answer
() State a correct equation for the tangent in any form o
Use Pythagoras

Obtain the given answer
23. O/N 14/P33/Q2

Use correct product rule or correct chain rule to differentiate y 9
dy
dy _ds
Use—= oy
4@
.2 3
Obtain Jeonbla O4-dcod @ or equivalent

sec’ @
dy .
Express e in terms of cos &

Confirm given answer 6cos’ 6—4cos’ @ legitimately

24. M/J 14/P32/Q8
(i) Use product rule 5
Obtain derivative. in any correct form
Differentiate first derivative using the product rule
-

Obtain second derivative in any correct form, e.g. —3sin;x—4xcos3x—3sinix

Verify the given statement

() Integrate and reach Rxsin%x+ljsin%xdx , ) 7\%@@) 5
Obtain 2xsin+x—2 [sin{ xdx, or equivalent ’C&é;géfg%
Obtain indefinite integral 2xsin % x+4costx \\o %ﬁ§
Use correct limits x =0, x = z correctly \3@ @&w

Obtain answer 27 — 4, or exact equivalent
25. O/N 13/P32/Q1
Use correct quotient or product rule
Obtain correct derivative in any form
Justify the given statement

26. O/N 13/P32/Q4
Use correct product or quotient rule at least once

[

Use d—y:d_y.g_ix_
dx dr dt
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dy sinf —cost
dx  sint+cost

EITHER: Express % in terms of tan ¢ only

Obtain , Or equivalent

Show expression is identical to tan(f - :li :r)

OR: Express tan(f —%n) in terms of tan ¢

Show expression is identical to %

27. MIJ 13/P32/Q5 4
EITHER: State 2‘:1;\2-&}“‘—J as derivative of ay’

: 3 :
State y* + 2xyax}—’ as derivative of x)?

Equate derivative of LHS to zero and set %equal to zero

Obtain 3x* + y2 —6ax =0, or horizontal equivalent
Eliminate y and obtain an equation in x
Solve for x and obtain answer x = 3a
2.3 o
ORI:  Rearrange equation in the form y* = 2 and attempt differentiation of one
xX+a
side
Use correct quotient or product rule to differentiate RHS
Obtain correct derivative of RHS in any form

Set -i—J; equal to zero and obtain an equation in x

Obtain a correct horizontal equation free of surds
Solve for x and obtain answer x = +/3a

B | -

B3
OR2:  Rearrange equation in the form y = [3_&x_+_xJ and differentiation of RHS
x+a

Use correct quotient or product rule and chain rule

Obtain correct derivative in any form R 5 eﬁ(}
Equate derivative to zero and obtain an equation in x 5 é@f/

Obtain a correct horizontal equation free of surds N Q
Solve for x and obtain answer x = J3a y

28. MIJ 13/P31/Q5

, dy
(D Use correct quotient rule or equivalent (i) Dlﬁewntl@ B obtam 3yt == "

2225 —(1+x%)2¢**
(1+¢%)?

C

Obtain (:+© or equivalent

igje2 xy and obtain 5y+5x%

(6

[61

Substitute x = 0 and obtain — —é— or equivalent [3]

d d
5 e 3-=0
X

or equivalent following correct work  [4]
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29. O/N 12/P32/Q7, O/N 12/P31/Q7
(@) EITHER: State or imply % + % % as derivative of In x, or equivalent )

State or imply 3y % as derivative of °, or equivalent
Equate derivative of LHS to zero and solve for%
Obtain the given answer
OR Obtain xy = exp (1 +y?) and state or imply y + x 2as derivative of xy
State or imply 3y % exp (1 +)7) as derivative of (1 +y)
Equate derivatives and solve for%

Obtain the given answer
[The M1 is dependent on at least one of the B marks being earned]
(i) Equate denominator to zero and solve for y
Obtain y = 0.693 only [4
Substitute found value in the equation and solve for x
Obtain x = 5.47 only

30. O/N 12/P33/Q3

(@ Either
Use correct quotient rule or equivalent to obtain
dr _ 4(2:+3)-8f

or equivalent
d (2+3)

.4 2 or equivalent

Use %: dr or equivalent

or
3x

4-2x

Express f in terms of x or y e.g. =

Obtain Cartesian equation e.g. y=2In [_2_6_]
-

. d
Differentiate and obtain Y_ 2
d« 2-x

Obtain %(2”3) or similarly simplified

[

or similarly simplified equivalent equivalent

S—

Obtain %(2”3

() Obtain 2r=3or r=% 2]

o . d :
Substitute in expression for Ey and obtain 2

31. M/J 12/P31/Q6

(M Obtain 2 ij—y as derivative of 4

Obtain -4y - 4x% as derivative of —4xy

Substitute x = 2 and y = -3 and find value of %

(dependent on at least one B1 being earned and 9% =0)

Obtain -17-?2—- or equivalent

() Substitute %zl in an expression involving %,x '

(3l

Obtain y = x or equivalent

——A
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32. MiJ 12/P33/Q3

_odx dy :
Obtain —7 = 2cos26~lor = -25in 20+ 2cos @, or equivalent (5]
L b b
“a& do do
. dy -—2sin20+2cosé
Obtain Y = , or equivalent

dx 2co0s826-1
At any stage use correct double angle formulae throughout
Obtain the given answer following full and correct working

33. MIJ 12/P33/Q4
@ Use correct quotient or product rule [4]
) er 3 eZX

x x*

Equate derivative to zero and solve a 2-term equation for non-zero x

Obtain correct derivative in any form, e.g.

Obtain x = % correctly

@) Carry out a method for determining the nature of a stationary point, e.g. test derivafive [2]

either side
Show point is @ minimum with no errors seen
34. O/N 11/P32/Q2
EITHER OR:

Use chain rule _ .
: Express ) in terms of x and use chain rule

. dx ; .
obtain — = 6sinfcosf, or equivalent dy e
dr Obtain o =k(2—- E) 2 or equivalent

1

obtain j—y = —6cos” tsint , or equivalent d 1
d Obtain Ii. =—(2- %} 2 or equivalent

Use ——=-=+— e
w Express derivative in terms of ¢

. d
Obtain final answer % =—cost Obtain final answer ﬁ- =-—cost (5]

35. OIN 11/P33/Q2
[4]

Use correct quotient or product rule or equivalent

. (1+e¥)2e” —e* 2"

Obtain or equivalent
(1+€7) 1
Substitute x = In 3 into attempt at first derivative and show use of relevant logarithm
property at least once in a correct context o6
Confirm given answer  legitimately 6‘5}
36. %m 11/P33/Q8 - @ ©
L @D @&
Differentiate y to obtain 3sin® f cos ¢ — 3cos” sin £ 0.¢. ify Parggfeter at origin as 1 = 2o @
dy _dy - .
Use < =22/— . 3
dx di A & to obtain =
Obtain given result —3sin ¢ cos ¢

(#if) Rewrite equation as equation in one trig variable%é& \)\)’ [4]
+

e.g. sin2t=-2%, 9sin’x -9 sin’ x+ 1 =0, tan’ x
Find at least one value of ¢ from equation of form sin 2t=ko.e.
Obtain 1.9

Obtain 2.8 and no others
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37. MiJ 11/P32/Q5 -

@ EITHER

dx

State pr —gec? t/tant, OF equiv
t

State -‘-1-‘1'i =72sintcosf,0r equivalent
dt

Use -qz- = EJ-)- + gic-

dx dr df
Obtain correct answer in any fo@, e.g.
Obtainy=¢"/(1+ ), or equivalent
Use correct quotient of product rule
Obtain correct derivative in any form, €.B-

Obtain correct derivative in terms

2sin? fcos’ 1

OR:

1 —
@) Stateor imply = Irr whenx=0
Form the equation of the tangent at x = 0 ; |
Obtain correct answer in any horizontal form, €.8- ¥ =75 xt+o

[SR: If the OR
ii-z = L hen x=0.]

dx 2

38. M/J 11/P32/Q10
(i) Attempt integra

Obtain— x’e”" + J-Zxc“"dx , or equivalent

Integrate and obtain et —2xe—2e7, 0r equivalent

Use limits x = 0 and x = 3, having integrated by parts twice
Obtain the given answer correctly

method is used in part (i), 8

tion by parts and reach £x’¢™" £ IZxc”‘dx

(i) Use correct product or quotient rule
Obtain correct derivative in any form
Equate derivative to Zero and solve for non-zero x
Obtain x = 2 with no errors send

(lif) Carry outa complete method for finding the x-coordinate of P

Obtain answer x =1
39, M/J 11/P31/Q2

.k
(@M Obtamn __c_cts:?_x_ for any non-zero constant k
: 1+sin2x 2]
Obtain 2 co-s 2x
1+sin2x

40. M/J 11/P33/Q2
Use correct quotient or product rule
Obtain correct derivative in any form, e.g. — 3 h:x + 1 5
x %

Equate derivative to zero and solve for x an equation of the form =

; 1
Obtain answer cxp(g ), or 1.40, from correct work

41. O/N 10/P32/Q9, O/N 10/P31/Q9
(@ Use correct product rule

Obtain correct derivative in any form
Equate derivative to zero and find non-zero x

Obtain x = cxp(— ;—) , or equivalent
Obtain y = -1/(3¢), or any In-free equivalent

2e2 /(1 +€)

of ¢ in any form, &-&- (2tan’) / (1 + tan’s)’

-ve Bl for stating Of implying y = >

Unit 4: Answers ‘o k|

19

— or

(3]

“

(4]
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@ Integrate and reach ket inx+1 (5 L dx
x

(5]
Obtain 4x*Inx-1 [x* dx
Obtain integral 4 x*Inx~-Lx*, or equivalent
Use limits x = 1 and x = 2 correctly, having integrated twice
Obtain answer 41n2 -—-% , Or exact equivalent
42. O/N 10/P33/Q2
Use of correct quotient or product rule to differentiate x or ¢ 5]
. 3 [
Obtain correct ———— or unsimplified equi
(2‘ N 3)1 P equivalent
Obtain —2¢™ for derivative of y
dy 2 ;
Use — = %/, or equivalent
dx &
Obtain —6
Alternative:
-_E
Eliminate parameter and attempt differentiation ( y=e™ J
Use correct quotient or product rule
Use chain rule
=6x
Obtain H_ -8 ~e
e (1-2x)
Obtain —6
43. M/J 10/P32/Q6 1d
(i) EITHER: State or imply ~ % 5 derivative of In y
y dx [4]
A x dy
State correct derivative of LHS, e.g. In y + e
Y
Differentiate RHS and obtain an expression for %x}i
Obtain given answer
OR 1: State Iny= 2x+1 , or equivalent, and differentiate both sides @
: d
- 1 dy
State correct derivative of LHS, e.g. ——— \
y dx
State correct derivative of RHS, e.g. =1/ x?
Rearrange and obtain given answer
OR 2: State y = exp(2+1/x), or equivalent, and attempt di ,,-".-5 y chain
rule &
State correct derivative of RHS, e.g. —exp(2+ t@})
Obtain given answer %) §>
[The B marks are for the exponential term 4d'1 aultiplier.]
() State or imply x= _.%- wheny =1 @ Q)‘)).
S [4]

Substitute and obtain gradient of -4
Corrtl:ctl}' form equation of tangent
Obtain final answer y + 4x + 1 = 0, or equivalent
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31/Q9 :
44. MU 10/P or product rule to differentiate (1 —x)/(1 +x)

@ Use quotient ct ru
Obtain correct derivative m any form

Use chain rule to find m

any form

Obtain a correct expression in
1in the given form correctly

Obtain the gradient of the norma

@) Use product rule
Obtain correct derivative in any form
Equate derivative to zero and solve for x
Obtain x = %
45. O/N 09/P32/Q3
(@ State 2xy +x

State 3y* g{- as derivative of y°

2 @ s derivative of x’y
dx

—

Equate derivative of LHS to zero and solve for ™

2
-2 ;
Obtain answer sz ?) , or equivalent
x"+3y

ent of tangent at (2, 1) and form equation of tangent
or equivalent

() Find gradi
Obtain answer 8x — 7y —9 =0,

46. O/N 09/P31/Q4
Use product or quotient rule
Obtain derivative in any correct form
Equate derivative to zero and obtain an equation of the form a sin 2x = b, or a quadratic in tan x,

sin’ x, or cos” x
Carry out correct method for finding one angle

Obtain answer, e.g. 0.365
Obtain second answer 1.206 and no others in the range (allow 1 21)

[Ignore answers outside the given range.]
[Treat answers in degrees, 20.9° and 69. 1°, as a misread.]

47. O/N 09/P31/Q9
() State coordinates (1, 0)

(i) Use correct quotient or product rule
o9& a@

Obtain derivative in any correct form

Equate derivative to zero and solve for x
Obtain x = * correctly “@@

(iif) Attempt integration by parts reaching axlnxta IJ; l«ix N ofﬁg
Obtain ZJJ_flle—2I—1—dx: ¥ \)@ @fé)
5 e
@ &

Integrate and obtain 2JxInx—4/x

Use limits x = 1 and x = 4 correctly, having i ' 4
' ; g integrated twice :

Justify the given answer e

48. O/N 08/P03/Q3
Use correct quotient or product rule Z

i x () (§
Obtain correctly the derivative in any form, e.g. e~ cos x+preix
cos 2R

Equate derivative to zero and reach tanx =k

Solve for x
]
Obtainx = -7 (or —0.785) only (accept x in [-0.79, —0.78] but not in degrees)

[4

4]

@

(6]

Ul

5

&
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[The last three mark§ are indv::pcndcnt. Fallacious log work [orfoits the M1¥, Tor the M (dop®) the
solu-non can.lle outside thc.gwcn range and be in degrees, but the mark 1 not avallable I & = 0, The Nnal
Al is only given for an entirely correct answer to the whole question,]

49. O/N 08/P03/Q4
. d )
State or unpl).r-l =a(2-2cos26)or 9— =2asin 260
de do (5)

dy dy dx

= e —
Uy a6 a8
dx (1—cos26)
Make use of correct sin 24 and cos 24 formulae
Obtain the given result following sufficient working
[SR: An attempt which assumes a is the parameter and ¢ a constant can only earn the two M marks, One
that assumes @ is the parameter and a is a function of & can carn BIMIAOMIAO.]
[SR: For an attempt that gives a a value, e.g. 1, or ignores g, give BO but allow the remaining marks.]

50. M/J 08/P03/Q6
EITHER State % Ex}i +2xy, or equivalent, as derivative of Xy (8]

, or equivalent

d . -
State y> + 2xyé:— , or equivalent, as derivative of xy”

OR State xy(1+ %) , or equivalent, as a term in an attempt to apply the product

rule

State (y + x%)(x +y), or equivalent, in an attempt to apply the product rule

d
Equate attempted derivative of LHS to zero and set ﬁ equal to zero

Obtain a horizontal equation, ¢.8. y* =—2xy, or y = —2x, O equivalent

Explicitly reject y = 0 as a possibility

Obtain an equation in x (or in y)

Obtain x=4a

Obtain y = —2a only

[The first M1 is dependent on at least one B mark having been eamed.]

[SR: for an attempt using (x +y) = 24’ | xy, the B marks are given for tl_1e 5
correct derivatives of the two <ides of the equation, and the M1 for setting ‘ ,; S
d A
Ei- equal to zero.] S &P

; ; 3 (C, et
[SR: for an attempt which begins by expressing y 1n terms of x, give ML{’@J o%w

{a\
for a reasonable attempt at differentiation, MI1AL1Y for setting %@@ t@@bly
zero and obtaining an equation free of surds, Al for solving ar@xdbta;’ g
x = a; then M1 for obtaining an equation for y, Al fory == nd A1 for
finding and rejectingy =aas a possibility.]
51. O/N 07/P03/Q4
@ Use correct product or quotient rule
Obtain derivative in any correct form 6>
Equate derivative to zero and solve for x <
Obtain answer x =+ 7 or 0.785 with no errors seen
@) Use an appropriate method for determining the nature of aati
Show the point is a maximum point with no errors seen
[SR: for the answer 45° deduct final Al in part (i), and deduct Al in part (ii) if this value in degrees is
used in the exponential.]

4

]
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52. M/J 07/P03/Q3

Use product rule
Obtain derivative in any correct form 4

. 1
Form equation of tangent at x = z 7 correctly

Simplify answer toy=x,ory—x=0
[ SR : The misread y — xsin x can only cam M1 M1.]

53. O/N 06/P03/Q3
4

55.

56.

State derivative is 6¢* — 3e**
EITHER : Equate derivative to zero and simplify to an equation of the form ¢**=a

Carry out method for calculating x, where a> 0
1
Obtain answer x = E In 2, or equivalent (0.347, or 0.346, or 0.35)

OR: Equate terms of the derivative and obtain a linear equation in x by taking logs correctly

Solve the linear equation for x

1
Obtain answer x = 2 In 2, or equivalent ( 0.347, or 0.346, or 0.35)

@i Carry out a method for determining the nature of a stationary point 2
Show that the point is a maximum with no crrors seen.
. O/N 06/P03/Q6 i
4

@ State 2(3y?) }-Jf- as derivative of 2y’ , or equivalent
x

d .
State 3x LA 3y as derivative of 3xy, or equivalent

Solve for -di
dx

Obtain given answer correctly
[ The M1 is dependent on at least one of the B marks being obtained.]
5

(@) State or imply that the coordinates satisfy y —x*=0
Obtain an equation in x (or iny)
Solve and obtain x — 1 only (or y — 1 only)
Substitute x=(or y =) value iny —x* = 0 or in the equation of the curve

Obtain y = 1 only (or x=1 only)
[SR : If Bl is earned and (1, 1) stated to be the only solution with no other evidence, award ,
B2. If the point is also shown to lie on the curve award a further B2.] ISP
& &
)

M/J 06/P03/Q3 SO,
State that — =2 +2cos 28 or — =2sin26 @ e@s i
e do NN

dy dy  dx 2 &y

Use 9.2 + — o @9
. @)

dx df_do 2sin26 Q ©

Obtain answer in any correct form, e.g ————— @ &
2+2co0s26 <§7 &

Make relevant use of sin 2A and cos 2A formulac @ J§5@°

Obtain given answer correctly.
O/N 05/P03/Q3

State correct derivative 1 —2sin 2x
Equate derivative to zero and solve for x

Obtain answer x =1-7
Carry out an appropriate method for determining the nature of atstationary point

Show that x = -1-15;: is a maximum with no errors seen

Obtain second answer x =% « in range
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Show this is a minimum point
57. MlJ 04/P03/Q3 _
EITHER: State 6 yay as the derivative of 3 yz

4
d
State + 4xﬁ% t4y as the derivative of —4xy
Equate attempted derivative of LHS to zero and solve for 8
Obtain answer 2 dx
[The M1 is conditional on at least one of the B marks being obtained. Allow any
combination of signs for the second B1.]
OR: Obtain a correct expression for y in terms of x
Differentiate using chain rule
Obtain derivative in any correct form
Substitute x = 2 and obtain answer 2 only
[The M1 is conditional on a reasonable attempt at solving the quadratic in y being made.]
58. O/N 03/P03/Q4 i (
() EITHER Obtain terms—= and—=—", or equivalent 3]
2Jx 2[y dx
Obtain answer in any correct form, e.g. % a= i
X
OR: Using chain or product rule, differentiate (a -x)?
Obtain derivative in any correct form
Express % in terms of x and y only in any correct form
OR Expand (J; ~J/x)?, differentiate and obtain term -—2.-2‘/7;_— , or equivalent
X
Obtain term 1 by differentiating an expansion of the form a+x* 2Jax
Express %i— in terms of x and y only in any correct form
(i) State or imply coordinates of P are (44, a) 3]
Form equation of the tangent at £
Obtain 3 term answer x + y = fa correctly, or equivalent
59. O/N 02/P03/Q4
Obtain derivative e* — 8¢ in any correct form 4
Equate derivative to zero and simplify to an equation of the form e =a, where a #
Carry out method for calculating x with a> 0 %
Obtain answer x = In 2, or an exact equivalent (also accept 0.693 or 0.69) N
[ Accept statements of the form  u = a, where u=¢’ * for the first M1.] 5@ %)
() Carry out a method for determining the nature of the stationary point @ ®® 2
Show that the point is a minimum correctly, with no incorrect work B &
60. M/J 02/P03/Q5
Obtain derivative + 2sinx +k cos 2x or £ 2sinx +k(cos” x + sin’ X °

Equate derivative to zero and use trig formula to obtain an equatip{gn
. : ; . . 1
Obtain a correct equation of this type e.g 2sin® x + sin x —? co @é}f = cos ( Eﬂ' - X)
0,

; 5 i
Obtain second value x = = 7 (allow 2.62 radians or 150°). and no others in range

Determine that is corresponds to a2 minimum point.
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Unit-5: Integration

5.1: Integration

1. M/J 18/P32/Q4(ii) .
n .
2" 2 sin x — sin 2x
. .
(i) Hence, showing all necessary working, find '[ ———————"‘1 T

31

dx, giving your answer in the

form Ink. [4)
2. M/J 18/P31/Q5
3
4
ar= [ (i)
1 1-x
i
-
(i) Using the substitution x = cos” 8, show that [ = L 2cos”d6. [4]
6.17
(ii) Hence find the exact value of . [4]
3. M/J18/P33/Q3 1
n
Showing all necessary working, find the value Ofr xcos 3xdx, giving your answer in terms of 7. 5]
0
4, M/J 18/P33/Q7(ii)
s 15
(i) Hence, showing all necessary working, show that s do = 5. 9]
i (cos B+ 2sin 0)
5. O/N 17/P32/Q9
e |
It is given that J x2Inxdx = 2, where a > 1.
1
V2,
(i) Show that N 2&2. 7 o B
3Ina RO
(ii) Show by calculation that a lies between 2 and 4. ,;‘;J’ {?{Z_g‘-’” 21
(iii) Use the iterative formula 5 ) &
3\3 Q‘i; 7
. T+ 2z S é?
m1 =\ 3In a, Q ©
2,
to determine a correct to 3 decimal places. Give the resulgéﬁ?;h ;;ésg(tion to 5 decimal plaw[;-]
6. O/N17/P31/Q8, OIN 17/P31/Q8 % &
Let f(x) = 4x* +9x -8 ' "
(x+2)(2x-1) & <
(i) Express f(x) in the form A + 2 + O , i
x+2 2x-1
4
ii) H — 64 11n(16 |
(i) Hence show that _L f(x)dx =6+ 3 ln(-_,-)_ [
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7. M 17/P31/Q3(i)
Itis given thatx=In(1-y) —Iny, where0 <y < 1.

i
2e
dx=1 :
Y n(e-l—l)

(i) Hence show that J
0

8. MJ 17/P31/Q9
(i) Express m in partial fractions.
(ii) The variables x and y satisfy the differential equation
dy
x(?‘x + 3) a =Y

and it is given that y = 1 when x = 1. Solve the differential equation and calculate the value of y

when x = 9, giving your answer correct to 3 significant figures.

9. MJ 17/P33/Q4
Llg
Find the exact value of r Osin -1:,:9 deo.
0

10. MIJ 17/P33/Q7(i,ji)

P <

k_/

M

3 X

(0]

1
21

Unit 5.1: Integration

4]

(21

(7]

[4]

e oo ;
The diagram shows a sketch of the curve y = = for x > 0, and its minimum point M.

(i) Find the x-coordinate of M.
(ii) Use the trapezium rule with two intervals to estimate the value of

3 1y
ez
J‘ — dx,
X
1

giving your answer correct to 2 decimal places.

E
1. MIJ 17/P33/Q9(ji) @ &

3% -4

Let f(x) =
el *(3x+2) @ @55@
(i) Hence show that J f(x)dx= ln(%é) - 1. ”

1

12. OIN16/P32/Q5, OIN 16/P31/Q5
<

() Prove the identity tan 20 —tan 6 = tan § sec 29@

L1 lx
(i) Hence show that r tan @sec20dO = %In%.
Q

[4]

& o8

[5]

[4]

[4]
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13. O/N 16/P33/Q6

14.

15.

16.

17.

18.

4
LctI:J. -1
1

2(x + y/x)
- u-—1

(i) Using the substitution u = y/x, show that [ = L 71 du. B

(ii) Hence show that 7 = 1 + ln%. I6
M/J 16/P32/Q3
Find the exact value of EE x? sin 2x dx. 5]
M/J 16/P32/Q7
ati= 22T

(i) Express f(x) in partial fractions. [5]

(ii) Show that -[: f(x)dx =8 —=In3. (5]

M/J 16/P31/Q2

(-

(3]

Find the exact value of | xe > dx.
0

M/J 16/P33/Q7
1
Letl = J —If—3 dx.
o (1+%?)
2 2
B—1) 3]

(i) Using the substitution u = 1 +x?, show that I = J‘ o
1

5]

(ii) Hence find the exact value of /.

O/N 15/P32/Q10, O/N 15/P31/Q10 A
y > &P
© O
A N
i
&
o

0

x -
The diagram shows the curve y = o0 forx 2 0, @@
“pnd

is enclosed by the curve, the x-axis and the lines x
(i) Find the exact value of the x-coordinate of M.
(ii) Calculate the value of p for which the area of
3 significant figures.

m point M. The shaded region R

p- "
1 l-rcct ()
is equal to 1. Give your answer co o
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19. O /N 15/P33/Q5 Read & Write Publications
i 9 sin 2x
Use the substitution # = 4 - 3 cos x to find the exact value of ; JTa=3c08%) dx. (8]
20. OIN 15/P33/Q7
(i) Show that (x + 1) is a factor of 4x> — x*> — 11x - 6. [2]
4x* +9x - 1
ii) Find dx. 8
d Fn J.4x3—x2—11x-—6 e
21. MM 15/P32/Q6
1
VX
Let]l = L P dx.
" 2(2- )
(i) Using the substitution u = 2 — y/x, show that ] = J w8 [4]
u
|
(ii) Hence show that/ =8In2-5. [4]
22. MIJ 15/P31/Q5 |
(a) Find I(4 + tan®2x) dx. [3]
2 sin(x + 1)
(b) Find the exact value of J ———5"7 dx. [5]
I, sinx
3
23. M/ 15/P33/Q6
It is given that J xcosxdx=0.5, where 0 <a < %n.
0
) . . 1.5 —-cosa
(i) Show that a satisfies the equation sina = =¥ [4]
(ii) Verify by calculation that a is greater than 1. [2]
(iii) Use the iterative formula
1.5-
Ape1 = sin™ (_%) | @%)
n o S
to determine the value of a correct to 4 decimal places, giving the result{o: “iteration to
6 decimal places. NN 31
24, M/IJ 15/P33/Q10 @ ©
Lt L @
(26— 1)(x + 2)? § 2
(i) Express f(x) in partial fractions. ™ [5]
e 2
(i) Show that Jl f(x)dx = % + m(%)_ [5)
%
%. OIN14IP32/02, OIN 14/P31/Q2 &=

() Use the trapezium rule with 3 intervals to estima®the value of

in
j. cosec x dx,

giving your answer correct to 2 decimal places. [3]
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(ii) Usin
s emgs a sl;etch of the graph of y = cosecx, explain whether the trapezium rule giy
timate or an underestimate of the true value of the integral in part (i). 0

2
26. O/N 14/P32/Q6, O/N 14/P31/Q6 ’
It is given that I In(2x)dx = 1, where a > 1.
1
: In
(i) Show thata = %cxp (1 + -—a-z-), where exp(x) denotes €". (6]

(ii) Use the iterative formula

1 In2
a,..a= icxp 1+ -a—‘

to determine the value of a correct to 2 decimal places. Give the result of each iteration ¢,

4 decimal places. : 3]

27. OIN 14/P33/Q6
03
It is given that [ = J. (1+ 3x2)7 dx.
0

(i) Use the trapezium rule with 3 intervals to find an approximation to I,
to 3 decimal places.

(ii) For small values of x, (1+3x%) " = 1 +ax* + bx".
03

giving the answer correct
3]

Find the values of the constants a and b,

Hence, by evaluating J (1+ax®+ bx*) dx, find a second approximation to /, giving the answer
0
31

correct to 3 decimal places.

28. O/N 14/P33/Q10
By first using the substitution & = e*, show that

In4 2x
J ey dx=In(§). [10]
0

e +3e"+2

29. M/J 14/P31/Q2
Use the substitution ¥ = 1 + 3 tan x to find the exact value of

1y
(1 + 3tanx) ,gn@
NA e e . A B
L . cos*x t\§? v

30. M/J 14/P33/Q8
6+ 6x

Let f(x) = PR T
A Bx+C

(i) Express f(x) in the form 5 + Ty d

[4

: 5
(i) Show thatj f(x)dx=3n3. [5)
-1

31. O/N 13/P32/Q3

* Inx [5)
Find the exact value of 7}— dx.
1
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32. OIN 13/P32/Q5

33.

34.

35.

36.

37.

38,

(i) Prove that cot 8 +tan 6 = 2 coscc 20, (3]
ix
(ii) Hence show that J;R cosec20d6 = §In3. (4]
O/N 13/P33/Q2
3
Use the substitution © = 3x + 1 to find J'Bxi 1 (4]
O/N 13/P33/Q5
P
It is given that I 4xe_%"r dx = 9, where p is a positive constant.
0
8p + 16
(i) Show thatp = 21n( i = ) 5]
(ii) Use an iterative process based on the cquation in part (i) to find the value of p cinrr.cct to
3 significant figures. Use a starting value of 3.5 and give the result of each iteration to 5 significant
figures. (3]
M/J 13/P32/Q6
(i) By differentiating . show that the derivative of secx is secxtanx. Hence show that if
cos X
d
y = In(secx + tan x) then a% = secx. [4]
(ii) Using the substitution x = (y3) tan 6, find the exact valuc of
3
1
—_  dx,
£ J(3+ )
expressing your answer as a single logarithm. [4]
M/J 13/P31/Q8
4
(a) Show that -[ 4xInxdx = 56In2 —12. [5]
2
w . Q©
(b) Use the substitution u = sin4x to find the exact value of I cos” 4x dx. v& 2 [S]
0
N
M/J 13/P31/Q9 \@\ N
(i) Express 4 cos 0+ 3 sin 6 in the form Rcos(6 — a), where R >0 a@ < @@ UL Give the value
of a correct to 4 decimal places. [31 -
(ii) Hence @ﬁ@
(a) solve the equation 4cos 0+ 3sin@ =2 for0 <6 <2 ﬁ@" [4]
(4 cos 0 + 3sin )?
& o
MIJ 13/P33/Q4 <G>
(i) Express (v3)cosx + sinx in the form R cos(x — a}where R > 0 and 0 < < é:r, giving the exact
values of R and a. [3]

(i) Hence show that
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g
2 1 1
I dx = -\/3.
L, (Breosx+sna] b

39. OIN 12/P32/Q5, OIN 12/P31/Q5 i
, show that if y = secX then 5 = secxtanXx. .

(i) By differentiating

cos X
(ii) Show that = secx + tanx. [
secx —tanx
(iii) Deduce that 1 5 = 2 seczx — 1+ 2secxtanx. [2]
(sec x — tanx)
iz
4 1 |
(iv) Hence show that 5 dx = 3(3‘/2 - 7). [3]
§ (secx — tan.x)
40. OIN 12/P33/Q5
The expression f(x) is defined by f (x) = 3xe™™. |
(i) Find the exact value of f '(-3). B3]
0
5]

(ii) Find the exact value of J‘ f(x) dx.

1
2

41. OIN 12/P33/Q7

(i) Use the substitution « = sin 2x in a suitable integral to find the value

kx
(i) Given that I |sin’ 2x cos’ 2x| dx = 404, find the value of the co

0
42. MIJ 12/P32/Q8 @@’
&

5
3
Letl = TP LA—
t 'Lx+\/(6—x)dx'

(i) Using the substitution u = /(6 — x), show tha@

2
I = 10u \9
J-, G-w@+u)

(ii) Hence show that I =2 ln(%).
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43. M/J 12/P31/Q9

. AxP45x43
By first expressing 22 +5r 03 in partial fractions, show that

4
4x% +5x +3
o 2% +5x+2

44. M/J 12/P33/Q8

4x* = Tx—1
(x+1)(2x=-3)°
(i) Express f(x) in partial fractions.

Let f(x) =

6
(ii) Show that J f(x)dx =8 - ln(%),
2

45. O/N 11/P32/Q8, O/N 11/P31/Q8

Let f(x) = M
(2-x)(4+x%)

. . A Bx+C
E f the fi

(i) Express f(x) in the form 7% + e

1

(i) Show that j f(x)dx = In(®).
0

46. O/N 11/P33/Q10

(i) Use the substitution u = tanx to show that, for n # -1,
1

" 5 1
J (tan™"*x + tan"x) dx =
0

(ii) Hence find the exact value of

1y

(a) J“ (sectx - sec’x) dx,
0

”
(b) r (tan’x + 5tan”x + 5 tan’x + tan’x) dx.
0

47. MIJ 11/P31/Q7
2
The integral ] is defined by I = J 42 In(£2 + 1) dr.
0

(i) Use the substitution x = #* + 1 to show that I = J (2x-2)Inx dx@ '

1 @
(ii) Hence find the exact value of /. @
&

48. M 11/P31/Q9

() Prove the identity cos 46 + 4 cos 26 = 8 cos*0 - 3.
(ii) Hence
(a) solve the equation cos46 +4cos20 = 1§

ix
(b) find the exact value of .[4 cos*6de.
0

dx=8-1In9.

n+1l’

Unit 5.1: Integration

[10]

. 5]

(5]

[4]

[5]

[4]

[3]

[3]

3]
151

(4]
31
(3]
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49. M/J 11/P33/Q3
1
Show that J- (1 -—x)c_ﬁxd.x = 46_é -2. [S]
0

50. O/N 10/P32/Q5, O/N 10/P31/Q5

1
xz
Lﬁt I ] ——— dx
[ s
(i) Using the substitution x = 2sin g, show that

=,
I= L 4 sin“0d0. [3]
(ii) Hence find the exact value of /. . [4
51. O/N 10/P33/Q4
It is given that f(x) = 4 cos?3x.
(i) Find the exact value of f '(4x). 3
(ii) Find I f(x) dx. ' K)
52. O/N 10/P33/Q5
7
2x+7
= In 50.
Show that A (2x+1)(x+2)dx In m
53. M/J 10/P32/Q2
n
Show that'[ Psinxdx = n* - 4. 5
0

54. M/J 10/P32/Q10
(i) Find the values of the constants A, B, C and D such that

2.1 B C. D '
Ra-1) T e T mor [
(ii) Hence show that _ ’@&@
2 ()
ikt S PEORT @/js 5
’ (Zx = 1) 2712 27} \ Q
¢
55. M/J 10/P31/Q4 @&}?@/”
(i) Using the expansions of cos(3x - x) and cos(3x + x), prove that @ ®
| 5(cos 2x — cos 4x) = sin 3xsinx. @(Q [3

(ii) Hence show that

ln
J sin3xsinxdx = % }
:
56. M/J 10/P31/Q8 @a g

(1) Express W S in partial fracti

g

(2
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(if) Using your answer to part (i), show that

(2)’_1_1+1+1 2]
(+D)(x+3)) " (x+1)? x+1 x+3 (x+3)*
1
4
iii) Hence show that =L —n3 [5]
s J; (x+l)2(x+3)2dr n-ing
57. MM 10/P33/Q7
(i) Prove the identity cos 36 = 4 cos’ 0 - 3 cos 6. [4]
| (ii) Using this result, find the exact value of
in
| f cos’0.d0. [4]
3 4
58. OIN 09/P32/Q6
| (i) Use the substitution x = 2 tan 6 to show that
2 1
8 J'I“' 2 [4]
—dx = ede.
| L @+2R " Jy
(ii) Hence find the exact value of
2
< [4]
—dx.
. : J‘ (4 + x2)2
| 0
59. O/N 09/P31/Q5
(i) Prove the identity cos 46 — 4cos 26 + 3 = 8sin* 6. [4]
(ii) Using this result find, in simplified form, the exact value of
i in
| j " sin*6d6. [4]

1
61’5

60. M/J 09/P3/Q10

-
-

0

The diagram shows the curve y = x2+/(1 = x*) for x > 0 and its m

(i) Find the exact value of the x-coordinate of M. P [4]
(ii) Show, by means of the substitution x = sin 6, that the(fea A g¥'the shaded region between the

131

(iii) Hence obtain the exact value of A. [4]
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61. OIN 08/P3/Q9 .

S |
The constant a is such that I xe? dx = 6.
0

(i) Show that a satisfies the equation
—=X

1
x=2+e?.
(ii) By sketching a suitable pair of graphs, show that this equation has only one root. {[52]]
(iii) Verify by calculation that this root lies between 2 and 2.5. :
jon i i) to calculate the value of
(iv) Use an iterative formula based on the equation in part (i) | places @ correct
2 decimal places. Give the result of each iteration to 4 decimal p . .

62. M/J 08/P3/Q7
Z+3x+3

(x+1)(x+3)
(i) Express f(x) in partial fractions. 9

Let f(x) =

3
(ii) Hence show that I f(x)dx=3- % In2. 0
0

63. O/N 07/P3/Q1 .
1

Find the exact value of the constant k for which J. _Zx_-—_f dx = 1. 0
1

64. OIN 07/P3/Q3
Use integration by parts to show that

4
I Inxdx=6In2-2. 14
2

65. M/J 07/P3/Q5
(i) Express cos 8 + (v3)sin 6 in the form R cos(6 — a), where R > 0 and O<ax< %n. giving the

exact values of R and o. 3
. " 1 1
(ii) Hence show that -df = —. [
o (cos®+(v3)sin0) V3

66. M/J 07/P3/Q7

4
1 J
LetI:J.l mdx_ 5{}

2 @ ©
O . 2 © o
(i) Use the substitution u = v/x to show that [ = ———du... @ &
i u(d—u &
(i) Hence show that ] = %1n3. 2 6
S .
67. OIN 06/P3/Q8
Tx+4
Let f(x) =
®= e | @: g
(i) Express f(x) in partial fractions. [
2
3

(i) Hence show that I f(x)dx=2+In3.

0
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¢8. M/J 06/P3/Q8

M

- 1
The diagram shows a sketch of the curve y = x2 Inx and its minimum point M. The curve cuts G
x-axis at the point (1, 0).

(i) Find the exact value of the x-coordinate of M. ' [4]
(ii) Use integration by parts to find the area of the shaded region enclosed by the curve, the x-axis
and the line x = 4. Give your answer correct to 2 decimal places. [5]

69. O/N 05/P3/Q6
(i) Use the substitution x = sin® 6 to show that

J.\/(é)d.x= IZsinZBdG. [4]

(ii) Hence find the exact value of

[ ) z

70. M/J 05/P3/Q4
(i) Use the substitution x = tan 6 to show that

| =22
J (1—+:2—)2dx= JcosZGdB. [4]

(ii) Hence find the value of

1 {2
_x_
———dx
22 3
J:} (1+x°) 3]
71. M/J 05/P3/Q9
The diagram shows part of the curve y = 2x
x +1

and its maximum point M. The shaded region R
is bounded by the curve and by the lines

y=0andx =p.
(i) Calculate the x-coordinate of M. [4]
(i) Find the area of R in terms of p. [3] @3

(i) Hence calculate the value of p
fqr' which the area of R isl,
gving your answer correct to

3 significant figures. [2]
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72. O/N 04/P3/Q7 y
A
M
—» X
0 I
1
The diagram shows the curve y = X’¢ % - |
(i) Find the x-coordinate of M, the maximum point of the curve. _ ‘ "
(ii) Find the area of the shaded region enclosed by the curve. the x-axis and the line x = |, giﬁng
your answer in terms of e. b
73. O/N 04/P3/Q8 -
i T | ial fracti is
An appropriate form for expressing G =2 in partial fractions1
A B
x+ 1 * a2’
where A and B are constants. . o
(a) Without evaluating any constants, state appropriate forms for expressing the following in partial
fractions:
4x
' ; 0
® (x+4)(x* +3)
2x+1
2 ' o
@ (x-2)(x+2)?
4
3x
' at | —————dx=In5. 0
(b) Show tha J; Grl-2) n
74. M/J 04/P3/Q5 (\@
(i) Prove the identity \;\@ &
sin®@cos’ 0 = %(1 —c0s40). Q& {\@@ 0l
(if) Hence find the exact value of A @%
¥
" sin? 6 cos’ & g
sin“ 6 cos”0d6. ©
0
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1 , ' i
The diagram shows the curve y = % and its maximum point M. The curve cuts the x-axis at A.
(1]
(i) Find the exact coordinates of M. t;5]
(i) Use integration by parts to find the exact area of the shaded region enclosed by the curve, [ ;]

x-axis and the line x = e.

(i) Write down the x-coordinate of A.

76. OIN 03/P3/Q6

> X

0 = .

M

The diagram shows the curve y = (3 — x)e~*" and its minimum point M. The curve intersects the
x-axis at A and the y-axis at B.

(i) Calculate the x-coordinate of M. [4]
(if) Find the area of the region bounded by OA, OB and the curve, giving your ans’ S of[t;EII
77. OIN 03/P3/Q8
r-x-2
Let f(x) = —————.
D= oD@
(i) Express f(x) in the form
B Cx+D 4
A+ + ’ 2
x-1
where A, B, C and D are constants. [5]
3
(i) Hence show that J f(x)dx = 1. [4]
2
78. MW 03/P3/Q2
) 1
Find the exact value of .[ xe? dx. - (4]
0

¥
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BO.

B1.

82.
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M/J 03/P3/Q10
(i) Prove the identity
cotx — cot 2x = cosec 2x,
& By
(ii) Show that I cotxdx = 11In2.
Ly a B3)
in
(iii) Find the exact value of J-1 cosec 2x dx, giving your answer in the form alnb. 4
zﬂ'
O/N 02/P3/Q2
2
Find the exact value of I xInxdx. [4)
1
M/J 02/P3/Q6
4x
Let f) = ———.
e Bx+1)(x+1)°
(i) Express f(x) in partial fractions. 5
(ii) Hence show that L: f(x)dx=1-In2, 5]
M/J 02/P3/Q10
y
A
|
|
0 : e — X % ) ‘/'\'@
®
The function f is defined by f(x) = (In x)? for x > 0. The diagram shows a sketch o of y = fx)
The minimum point of the graph is A. The point B has x-coordinate e. o
(i) State the x-coordinate of 4. - @ O ”
(i) Show that f"(x)=0atB. ' ; . —
(iii) Use the substitution x = e* to show that the area of the region b PhE x-axis, the lin
and the part of the curve between .:4 and B is given by £ »
1 u »
Lu e“du. b(\ "
(iv) Hence, or otherwise, find the exact value of this area, > &
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1.

2.

w/J 18/P32/Q4(il)

@ State integral of the form a In(1+ cosx)
Obtain integral —In(1 +cos x)
Substitute correct limits in correct order

Obtain answer ln(%) , Or equivalent

M/J 18/P31/Q5
(i) Stateor imply dx =—2cos#sin@ d@, or equivalent

Substitute for x and dx, and use Pythagoras

Obtain integrand +2co0s’0
Justify change of limits and obtain given answer correctly

(i) Obtain indefinite integral of the form a6 + bsin26
Obtain &+ %sin 20

Use correct limits correctly

Obtain answer —é—;r with no errors seen

M/J 18/P33/Q3

Integrate by parts and reach axsin3x+ b/sin3xdx

Obtain %xsin Ix— -}I sin 3xdx , or equivalent

; .1 :
ntegration and obtain Ex sin3x+ %cos 3x , or equivalent

Complete the i
s correctly having integrated twice and obtained ax sin 3x + b cos 3x

Substitute limit

Obtain answer -l%(:r— 2) OE

M/J 18/P33/Q7 (ii)

(i)  State that the integrand is 3sec’ (6- @)
State correct indefinite integral 3tan (6 - a)
Substitute limits correctly

Use tan(4 + B) formula
Obtain the given exact answer correctly

OIN 17/P32/Q9 @(‘&

() Intogentc by parts and roach ax} nx-+5[ <} = d
X

Obtsn $5tInx -4 <t dx e«"%
S

Obtain integral *}x'} Inx —-;Lx'} , or equivalent Q
Substitute limits correctly and equate to 2
Obtain the given answer correctly

Unit 6.1: Answers Secion
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(i)
(iii)
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Evaluate a relevant expression or pair of expressions at x = 2 and x ~ 4
Complete the argument correctly with correct calculated values

Use the iterative formula correctly at least once

Obtain final answer 3.031

Show sufficient iterations to 5 d.p. to justify 3.031 to 3 d.p., or show there is a sign
change in the interval (3.0305, 3.0315)

6. O/N 17/P31/Q8, O/N 17/P33/Q8

@)

(ii)

Use a relevant method to determine a constant
Obtain one of the values 4 = 2,B=2 C=-1
Obtain a second value
Obtain the third value

Integrate and obtain terms 2 x + 2In(x +2) ~%ln(2x —1) (deduct B1 for each error or

omission) [The FT is on 4, B and C]

Substitute limits correctly in an integral containing terms aln(x + 2) and b In(2x — 1),
where ab % 0

Use at Icast onc law of logarithms correctly

Obtain the given answer after full and correct working

7. MIJ 17/P31/Q3(ii)

(@)

State integral kIn(1+¢™) where k = + 1
State correct integral —In(1+e™)
Use limits correctly

Obtain the given answer ln(i) following full working

e+l

' 8. M/J 17/P31/Q9

@

(i)

9. M/J17/P33/Q4
Integrate by parts and reach afcos 6 + b_[cosa}a de

Complete integration and obtain indefinite integral —20 cﬁ@f 7
Substitute limits correctly, having integrated twice @7 i
Obtain final answer (4-7)/ v2, or exact equivalent

Carry out a relevant method to obtain 4 and B such that I w + 8 , Or
x(2x+3) x 2x+3
equivalent
Obtain A=+ and B=-2%, or equivalent
Separate variables and integrate one side
Obtain termIn y o (O ﬁ@

Integrate and obtain terms §Inx —1In(2x +3), or equivalent

Use x =] and y = 1 to evaluate a constant, or as limits, in a solution contair
alny, blnx, cIn(2x +3)

Obtain correct solution in any form, e.g. Iny -—-—;-ln x _%]n(g x+3)+

\
Obtain answer y = 1.29 (3s.£. only) ﬁ@
S
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10. M 17/P33/Q7(i,ii)
@ Use correct quotient rule or product rule
Obtain correct derivative in any form

Equate derivative to zero and solve for x

Obtainx =2 4
(i) Stateor imply ordinates 1.6487..., 1.3591..., 1.4938...

Use correct formula, or equivalent, with 2= 1 and three ordinates

Obtain answer 2.93 only 3

11, MIJ 17/P33/Q9(i)

() Integrate and obtain terms 3Inx = 2 9w (3x+2)
x

[The FT ison 4, B and C]
3x-2
o

Note: Candidates who integrate the partial fraction by parts should obtain

2
3Inx+——3 or equivalent
x

Use limits correctly, having integrated all the partial fractions, in a solution
containing terms alnx+%+cIn(3x+2)
Obtain the given answer following full and exact working

12. O/N 16/P32/Q5, OIN 16/P31/Q5
(i) EITHER: Usetan 24 formula to express LHS in terms of tan¢
Express as a single fraction in any correct form
Use Pythagoras or cos 24 formula
| Obtain the given result correctly

OR: Express LHS in terms of sin 2, cos 26, sin #and cos e
Express as a single fraction in any correct form
Use Pythagoras or cos 24 formula or sin(4 — B) formula
Obtain the given result correctly [4]

(i) Integrate and obtain a term of the form aIn(cos28) orbln(cos @) (or secant equivalents)

| Obtain integral —~In(cos26) + In(cos g), or equivalent ,

Substitute limits correctly (expect to see use of both limits) _ & o
Obtain the given answer following full and correct working ( A

4]

13. O/N 16/P33/Q6 @qg
5

. 1 \
() State or imply du=—dx V &7
2x K @Q
Substitute for x and dx throughout )
Justify the change in limits and obtain the given answer r\y@" @ 31
(i) Convert integrand into the form 4 + %
u
Obtain integrand 4 =1, B = -2 @b
Integrate and obtain u —21n(u +1) @ S
Substitute limits correctly in an integral contain%e 1%au and bln(u + 1),
where ab # 0 O

Obtain the given answer following full and correct working (6]
[The fit. is on 4 and B.]

{*g
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14. M/ 16/P32/Q3
Integrate by parts and reach ax® cos2x + b Ixcos 2x dx

Obtain —1x? cos2x + Ix cos2x, or equivalent

Complete the integration and obtain —1x%cos2x + 1 xsin2x +4cos2x, or equivalent
Use limits correctly having integrated twice
Obtain answer 1(? -4), or exact equivalent, with no errors seen

b
5. M/J 16/P32/Q7

(i)  State or imply the form A+ L

2x+1 x+2

State or obtain 4 =2
Use a correct method for finding a constant
Obtainone of B=1, C=-2
Obtain the other value
(i) Integrate and obtain terms 2x + 1In(2x +1)-2In(x +2)
Substitute correct limits correctly in an integral with terms aln(2x +1)
and bln(x +2), where ab 20
Obtain the given answer after full and correct working 5

(]

16. M/ 16/P31/Q2
Integrate by parts and reach axe ™ +b J'e'zx dx

Obtain —1xe?* +3 I e dx, or equivalent

Complete the integration correctly, obtaining —Lxe™ - 1e™*, or equivalent

Use limits x = 0 and x = 1 correctly, having integrated twice

- =] .
Obtain answer +—1e™, or exact equivalent [5]

17. MM 16/P33/Q7
() State or imply du = 2x dx , or equivalent
Substitute for x and dx throughout
Reduce to the given form and justify the change in limits - &

A0 3]
(i) Convert integrand to a sum of integrable terms and attempt integration > ®
o 11 , @
Obtain integral Jz-ln u+————, or equivalent 2,
u 4u N

(deduct A1 for each error or omission)
Substitute limits in an integral containing two terms of the formaln
Obtain answer 1In2- £, exact simplified equivalent

5]

B. O/N 15/P32/Q10, O/N 15/P31/Q10
(i) Use the quotient rule
Obtain correct derivative in any form
Equate derivative to zero and solve for x

Obtain answer x =3/2, or exact equivalent
(ii) State or imply indefinite integral is of the form & In(1 + x°)
State indefinite integral %ln(l +%°)

[4]
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Substitute limits correctly in an integral of the form k In(1 + x)
State or imply that the area of R is equal to -31~ln(1 +p) —%ln 2, or equivalent

Use a correct method for finding p from an equation of the form In(1+ p°) =a

or In((+p°)/2)=b
Obtain answer p = 3.40

OIN 15/P33/Q5
gtate du=3sinxdx or equivalent

Use identity sin 2x =2sin x cos x
Carry out complete substitution, for x and dx

. (8—2u
Obtain
F&
1 3
Integrate to obtain expression of form au? +bu?, ab#0

1 3

Obtain correct 16u? — Euz

19.

du , or equivalent

Apply correct limits correctly

Obtain 2?0 or exact equivalent

20. O/N 15/P33/Q7
(i) Either Substitute x=—1 and evaluate
Obtain 0 and conclude x+1 is a factor
Or Divide by x+1 and obtain a constant remainder
Obtain remainder = 0 and conclude x+1 is a factor

(i) Attempt division, or equivalent, at least as far as quotient 4x? + kx

Obtain complete quotient 4x* -5x—6
State form A + 2 g
x+1 x-2 4x+3
Use relevant method for finding at least one constant
Obtain one of 4=-2,B=1,C=38

Obtain all three values
Integrate to obtain three terms each involving natural logarithm of linear form

Obtain — 2 In(x + 1) + In(x — 2) + 2 In(4x + 3) , condoning no use of modulus signs

and absence of ... + ¢ N
2. MU 15/P32/Q6 @ &

() State or imply du = —-—l—dx , or equivalent
2 \/; q {@3@ @(@

Substitute for x and dx throughout

u
Show correct working to justify the change in limits

— 2 *
Obtain integrand 122-u) , or equivalent @
aire i ! Al

" NO errors seen
i) - Integrate and obtain at least two terms of the form 5 b
Obtain indefinite integral 81nu —8u +u?, or equivalen

?)‘-Lbsﬁmtc limits correctly
tain the given answer correctly having shown sufficient working

.

L

[2]

[4]

[4]
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22. MM 15/P31/Q5
(8) Use identity tan® 2x =scc?2x -1
Obtain integral of form ax + b tan 2x

Obtain correct 3x + ! tan 2x , condoning absence of + ¢ [
2 ]

; 1 .|
(b) State sinxcos — 74cos x sin -7
2 6

cosxsin¢

Simplify integrand to cos Lrs or equivalent

6 sinx
Integrate to obtain at least term of form a In(sin x)

Apply limits and simplify to obtain two terms

.1 | 1 ;
Obtain — 73 - — In lent
in - : ( T ) or equivalen u

23. M/J 15/P33/Q6
(i) Integrate and reach + xsinx F Isin xdx
Obtain integral xsinx + cosx

Substitute limits correctly, must be seen since AG, and equate result to 0.5
Obtain the given form of the equation 4

(i) EITHER: Consider the sign of a relevant expression at @ = 1 and at another relevant value,
e.g 5= i
ga=1l5s —
2

OR: Using limits correctly, consider the sign of [xsinx+cosx} — 0.5, or compare

the value of [xsinx +cos xB with 0.5, for a =1 AND for another relevant value,
15< 2
ega=15< —,
B 5

Complete the argument, so change of sign, or above and below stated, both with correct
calculated values 1

(iii) Use the iterative formula correctly at least once
Obtain final answer 1.2461
Show sufficient iterations to 6 d.p. to justify 1.2461 to 4 d.p., or show there is a sign chan
in the interval (1.24605, 1.24615) (

24. M/J 15/P33/Q10
: B C
i) State or imply f(x) = + +
® P )= 3t 22 Gy
Use a relevant method to determine a constant
Obtain one of the valuesA=2,B=-1,C=13
Obtain the remaining values A1 +

[Apply an analogous scheme to the form

D=-1,E=1]
(ii) Integrate and obtain terms % *2In(2x—1)—In( Q’_{,

Use limits correctly, namely substitution must be eerdin at least two of the partial fractions
to obtain M1 Integrate all 3 partial fractions and substitute in all three partial fractions
for Al since AG., |
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26.

21.

28,

@
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Obtain the given answer following full and exact working
e t marks are dependent on 4, B, C etc.]

[SR: If B, C or E omitted, give BIMI in part (i) and BIYB1¥M1 in part (i) ]

[NB: Candidates who follow the 4, D, E scheme in part (i) and then integrate — x+1

+2)*

.1 =
by parts should obtain ry 2In(2x-1)~In(x +2) + xT; (the third term is equivalent
x

3
x+2

+1).]

to..-

5. OIN14/P32/Q2, OIN 14/P31/Q2

State or imply ordinates 2, 1.1547..., 1, 1.1547...

Use correct formula, or equivalent, with 4= é;; and four ordinates

Obtain answer 1.95

(ii) Make recognisable sketch of y = cosec x for the given interval

Justify a statement that the estimate will be an overestimate

OIN 14/P32/Q6, OIN 14/P31/Q6

()

1
Integrate and reach bxIn2x—c Ix.— dx , or equivalent
x

' 1
Obtain xIn2x — Ix.— dx, or equivalent
x

Obtain integral xIn2x — x , or equivalent

Substitute limits correctly and equate to 1, having integrated twice
Obtain a correct equation in any form, e.g.aln2a—a +1-1In2 = 1
Obtain the given answer

(i) Use the iterative formula correctly at least once

Obtain final answer 1.94
Show sufficient iterations to 4 d.p. to justify 1.94 to 2d.p. or show that there is a sign

change in the interval (1.935, 1.945).

O/N 14/P33/Q6 %

@ State or imply correct ordinates 1, 0.94259..., 0.79719...., 0.62000... A0 4@
Use correct formula or equivalent with 4 =0.1 and foury values t?igg@
Obtain 0.255 with no errors seen K&

(ii) Obtain or imply a=-6 ﬂ:‘;@

Obtain x* term including correct attempt at coefficient («;§?>

OIN 14/P33/Q10 =

State or lmPly _d_ﬂ_ =e*

Obtain or imply b =27
Either Integrate to obtainx —2x° + %?-xs , following their vg& a afill b

Obtain 0.259 : $
Or Use correct trapezium rule with at least 3 ordine ..
Obtain 0.259 (from 4)

<

Substitute throughout for x and dx

31

2]

[6]

3]

131

[5]
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Obtain I — —du or equivalent (ignoring limits so far)
u® + 3u +2 3
A - ir i d
State or imply partial fractions of form S $= following their integran
Carry out a correct process to find at least onc constant for their integrand
1
Obtain correct -
u+2 u+l
Integrate to obtain aln(u +2)+b ln(u +1)
Obtain 2In(u + 2)— In(x +1) or equivalent, follow their 4 and B 1
Apply appropriate limits and use at least one logarithm property correctly
Obtain given answer ln% legitimately [1g)
2
SR for int d
Or Inilegran m
i ial fracti f fi A + - £
State or imply partial fractions ol form R T
Carry out a correct process to find at least one constant
1
Obtain correct =
u+2 wu+l
...complete as above.
29. M/J 14/P31/Q2
State %;-1 =3sec’ x or cquivalent
Express integral in terms of u and du (accept unsimplified and without limits)
1
Obtain _[—]-uz du
3
l 2(" .3.
Integrate Cy? to obtain Tuz
Obtain % &
30. M/J 14/P33/Q8 AR
() Use a correct method for finding a constant }\}&'t éj
Obtainoneof A=3,8=3 C=0( @é’ @)

Obtain a sccond value N

Obtain a third value v ég} ‘
(i) Integrate and obtain term -3 In(2 - x) X

Integrate and obtain term of the form & In(2 + x?)

Obtain term #In(2 + x*)

Substitute limits correctly in an integral of the form aln @)

Obtain given answer afler full and correct working )’C@ '

31. OIN 13/P32/Q3 Q’ a&
@\j\-

‘ 1 1
EITHER: Integrato by parts and reach kx? Inx - m I.r’ l dx
X

&
(2+x*), whercab #0 g
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1
. = 1
Obtain 2x? Inx -2 I-T dx, or equivalent
x2
1 'l_ 1
Integrate again and obtain 2x2 |n x — 442 , OT equivalent

Substitute limits x =1 and x = 4, having mtegrated twice
Obtain answer 4(11'14 1) or exact equivalent

. I l"
ORI1:  Usingu=Inx, or equivalent, integrate by parts and reach kue? —m [e? du
L .
Obtain 2ue? -2 Iez du, or equivalent

1 1
Integrate again and obtain 2ue? —d4e2" , OT equivalent

Subs?itute limits » = 0 and u = In4, having integrated twice
Obtain answer 4In4—4, or exact equivalent

OR2: Using u= Jx , OF equivalent, integrate and obtain kulnu —m Iu.ldu
u

Obtain 4ulnu—4 Ildu , Or equivalent

Integrate again and obtain 4ulInu —4u , or equivalent

Substitute limits # = 1 and u = 2, having integrated twice or quoted Ilrm du
as ulnutu

Obtain answer 8ln2—4, or exact equivalent

+ +
OR3: Integrate by parts and reach I = xInx+x k (xlnx+ X ix
5 T wle

xlnx—x
Obtain  =———+ f—-—
I3 .[,}

Integrate and obtain [ = 21/; Inx—4vx , or equivalent
Substitute limits x = 1 and x = 4, having integrated twice
Obtain answer 4In4—4, or exact equivalent [5]

32. O/N 13/P32/QS

(i) Use Pythagoras - ) D

Use the sin24 formula e, 4&’

Obtain the given result S [3]
(ii) Integrate and obtain a klnsind or mlncos@ term, or obtain integral of ¢ @

Intan @ )

g ( , &

Obtain indefinite mtegral Insm 9-51110056‘ or equivalent, or —Inta 5

Substitute limits correclly @(

(4]

Obtain the given answer correctly having shown appropriate

33. O/N 13/P33/Q2
du
Carry out complete substitution including the use of ,3

Obtain ][l_l. du &
3 3u
Integrate to obtain form ku + kylnu or ku +k, In3u where kik, #0

;
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Obtain : (Bx+1)- % In(3x + 1) or equivalent, condoning absence of modulus signs and + .

34. O/N 13/P33/Q5
1 1

(i) Use integration by parts to obtain axe 2 + J'be?xdx
! 1
Obtain - 8xe 2 + [8c 2°dx or unsimplified equivalent
—1.'( -'!"I

Obtain —8xe 2 —16e ?

Use limits correctly and equate to 9
8p+16

7

) correctly
- 9

(i) Use correct iteration formula correctly at least once
Obtain final answer 3.77
Show sufficient iterations to Ssfor better to justify accuracy 3.77 or show sign change in

interval (3.765, 3.775)
[3.5 > 3.6766 — 3.7398 — 3.7619 —> 3.7696 — 3.7723] 4

Obtain given answer p =2 In[

35. MNJ 13/P32/Q6
(i) Use correct quotient or chain rule to differentiate sec x

Obtain given derivative, sec x tan x, correctly
Use chain rule to differentiate y
Obtain the given answer 0

(ii) Using dxy/3sec? 8 d@, or equivalent, express integral in terms of fand d b
Obtain [secd d&

_ 1 ; .
Use limits l:r and — 7 correctly in an integral form of the form k In (sec& + tan &)

Obtain a correct exact final answer in the given form, e.g. ln[ -

36. M/J 13/P31/Q8
(a) Carry out integration by parts and reach ax’lnx+b I—;- x*dx

Obtain 2xInx— [£.2x" dx
Obtain 2x* Inx—x*
Use limits, having integrated twice
Confirm given result 56In2-12
(b) State or imply §*=4cos4x
Carry out complete substitution except limits
Obtain J'(} —1u*)du or equivalent

Use appropriate limits to obtain £

37. M/J13/P31/Q9
(i) State orimply R=5
Use relevant trigonometry to find «
Obtain a =0.6435
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i) (a) Carry out appropriate method to find o
w0 Obtain 1.80 one value in given range

Carry out appropriate method to find second in gi
Obtain 5.77 and no other value econd value in given range

(b) Express integrand as ksec? (8- their a) for any constant k
Integrate to obtain result k tan(@ - their o)
Obtain correct answer 2 tan(6 —0.6435)

3. M/J 13/P33/Q4
(i) State R=2
Use trig formula to find o

: 1 i
Obtain a = E:r with no errors seen

| (i) Substitute denominator of integrand and state integral k tan (x —a )
State correct indefinite integral l tan[ o 1 ,:]
4 6

Substitute limits
Obtain the given answer correctly

39. O/N 12/P32/Q5, OIN 12/P31/Q5

(i) Use correct quotient or chain rule
Obtain the given answer correctly having shown sufficient working

(i) Use a valid method, e.g. multiply numerator and denominator by sec x + tan x, and a
version of Pythagoras to justify the given identity

(iii) Substitute, expand (sec x + tan x)” and use Pythagoras once
Obtain given identity

(iv) Obtain integral 2tan x —x + 2 sec x
Use correct limits correctly in an expression of the form a tan x + bx + ¢ sec x, or
equivalent, where abc # 0
Obtain the given answer correctly

40. O/N 12/P33/Q5
() Either Use correct product rule

Obtain 3e™>* —6xe™* or equivalent (
Substitute —-% and obtain 6e '-\..._@

@
Or Take In of both sides and use implicit differentiation correctly

". Obtain L y (l - 2) or equivalent
dx x

Substitute -% and obtain 6e
(i) Use integration by parts to reach kxe ™ + Ike'z"dx
: Obtain — %xe'z" + J%e'z’ dx or equivalent
Obtain — %xe'z" —~ % e™>* or equivalent @

Substitute correct limits correctly

; -
f Obtain — i with no errors or inexact work seen

k

vel P-3 Topical
gthematics peLy P 143 Unit 5.1: Answers Section

4]

31

31

[4]

[2]
(1]
(2]

E)

B3]

[5]
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41.

42,

43.
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O/N 12/P33/Q7

(i) State or imply du = 2cos2x dx or equivalent
Express integrand in terms of v and du

.l
Obtain leu:’ (1 -u 2) du or equivalent
Integration to obtain an integral of the form k,u‘ + kzudrkl kp#0

Use limits 0 and 1 or (if reverting to x) 0 and %n‘ correctly

o1
Obtain — i
n %’ or equivalent [6]

(ii) Use 40 and upper limit from part (i) in appropriate calculation
Obtain k= 10 with no errors seen

o

M/J 12/P32/Q8
(i) State or imply 2u du =—dx, or equivalent
Substitute for x and dx throughout ’
Obtain integrand __—_l;l_u_, or equivalent
6-u"+u

Show correct working to justify the change in limits and obtain the given answer

correctly

[4)

and use a relevant method to find 4

+
3—-u 2+u

(ii) State or imply the form of fractions

or B
Obtain A =6 and B =—4
Integrate and obtain —61In(3 — u) —4In(2 +u), or equivalent

Substitute limits correctly in an integral of the form aln(3 - u)+ bln(2 +u)
Obtain the given answer correctly having shown sufficient working

[The ft. is on 4 and B.]

[6]

M/J 12/P31/Q9
State or imply form A4+

+—

2x+1 x+2

State or obtain 4 = 2

Use correct method for finding B or C
Obtain B=1
Obtain C=-3

expression, simplifies to givenresult 8—In9 (10

[SR:_If A omitted from the form of fractions, give BOBOM 1A
in (ii).]

[SR:For a solution starting with

Nx
+
2x+1 x+2

or

B
Dx+E’ give M1A1 for one of B = 1,D=2,E=1

[SR:For a solution starting with ¥

2x+1 x+2
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[SR:For a solution starting with

and A1 for the other two constants; then give BIB1 for A =2, C=-3]

Fx+G+ C .
e+l g B MI1A] foroncof C=-3, F=4,G=3

and A1 for the other constants or constant; then give BIB1 for 4 =2, B=1.]

44, M/J 12/P33/Q8

@

(if)

C
2x-3

State or imply the form 4 +_£. &
x+1

State or obtain 4= 2

Use a correct method for finding a constant
Obtain B = -2

Obtain C = -1

Obtain integral 2x —2In(x + 1) — % In(2x - 3)

(Dcdl%ct Bl:wf" for each error or omission. The fit. is on 4, B, C.)

Substitute limits correctly in an expression containing terms aln(x + 1) and bln(2x - 3)
Obtain the given answer following full and exact working

[SR-If 4 omitted from the form of fractions, give BOBOMIAOAQ in (i); Bl BIVMIAO

in (ii).]
[SR:For a solution starting with #_Sxth
x+1 2x-3
E=—7 and A1 for the other two constants; then give B1BI for 4 =2, C=-1]
fx+G, _C Fx ,_C  give MIAL for
x+1 2x-3 x+1 2x-3
one of C = -1, F=2, G=0 and Al for the other constants or constant; then give

BIB1 for4=2,B=-2]

+ , give M1A1 for one of B = -2, D=4,

or with

[SR:For a solution starting with

45. OIN 11/P32/Q8, O/N 11/P31/Q8

®

(i)

46. O/N 11/P33/Q10 \Ci\\

®

) (a)

Use any relevant method to determine a constant
Obtain one of the values 4 =3,B8=4,C=0
Obtain a second value

Obtain the third value

Integrate and obtain term 3 In(2 —X)

Integrate and obtain term £ In(4 + x)

Obtain term 2 In(4 + x°)
Substitute correct limits correctly in a complete integral of the form

aln2-x)+ b In(4 +x*),ab#0
Obtain given answer following full and correct working

State or imply -j%:secz x

Express integrand in terms of  and du

oy ' @ TS}&}

Integrate to obtain —— or equivalent

: n+l 5 @;

Substitute correct limits correctly to confirm gi@ﬁ_ ﬁ
v Sn+l

Use sec? x =1 + tan” x twice

Obtain integrand tan® x + tan” x
Apply result from part (i) to obtain 1

[5]

(5]

[4]

[3]

[4]

[3]
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Or
Use sec? x = 1 + tan® x and the substitution from (i)
Obtain | 1°du

Apply limits correctly and obtain +

(b) Aprranjgc, perhaps implied, integrand to
C+i+4@+0)+0+70
Attempt application of result from part (i) at least twice

.1 4 1 s
Obtain _+_+E and hence 2 or exact equivalent

47. MAJ 11/P31/Q7
(i) State or imply dx = 2¢ df or equivalent
Express the integral in terms of x and dx

5
Obtain given answer I(Zx -2)Inx dx, including change of limits
i

1 .
(ii) Attempt integration by parts obtaining (ax® + bx)ln x £ _[(axz + bx) ;dx or equivalent

Obtain (x* — 2x)In x — J.(x2 - 2x) . dx or equivalent
X

Obtain (x* —2x)In x — -}xz +2x
Use limits correctly having integrated twice
Obtain 15 In 5 — 4 or exact equivalent

[Equivalent for M1 is (2x — 2)(ax In x + bx) — I (axIn x + bx) 2dx]

48. M/J 11/P31/Q9
(i) Expresscos 46 as2 cos? 26— 1 or cos?28—sin? 20 or 1-2sin’ 28
Express cos 46 in terms of cosé

Obtain 8 cos*d — 8 cos’8 + 1
Use cos2@ = 2 cos*@ — 1 to obtain given answer 8 cos'6-3

(ii) (a) State or imply cos'f=1
Obtain 0.572 7
Obtain 0.572 _' A0
(b) Integrate and obtain form k 0+ kysin 40+ k3 sin 26 O @)('7
Obtain 26 +75sin 40+ sin 26 -Q@
N

Obtain 77 +4 following completely correct work

49. M/J 11/P33/Q3

1 1
Attempt integration by parts and reach k(1 —x)e oy’ Ic 2

1 1
Obtain —2(1-x)e 2 - Zje 2 dx, or equivalent
L 1
Integrate and obtain —2(1-x)e 2 +4e 2 , or equivalgi
Use limits x = 0 and x = 1, having integrated twice
Obtain the given answer correctly

B

B3]

[3]

(4]

3]

Bl

[5]
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4N 10/P32(05, OIN 10/P31/Q5
0.
5 @) Stateor imply dx =2 cos 6d6, or :x—g =2 cos 6, or equivalent

Substitute for x and dx throughout the integral

Obtain the given answer correctly, having changed limits and shown sufficient ' 3

working [3]
(i) Replace integrand by 2 —2 cos 26, or equivalent

Obtain integral 26 —sin 26, or equivalent

Substitute limits correctly in an integral of the form af+ b sin 26, where ab P 0

_ 13 . [4]
Obtain answer 51:' o or exact equivalent

[The f.t. is on integrands of the form a + ¢ cos 26, where ac p 0.]

51. OIN 10/P33/Q4
@ Obtain derivative of form kcos3xsin3x, any constant k
Obtain —24cos3xsin3x or unsimplified equivalent
Obtain -»6\/5 or exact equivalent : 3]

(i) Express integrand in the form a+bcos6x, where ab #0
Obtain 2+2coséx o.e.

Obtain 2x++sin6x or equivalent, condoning absence of + ¢, ftona, b [3]

52. OIN 10/P33/Q5

State or imply form i+ g
Py o ol x+2

Use relevant method to find 4 or B
1
btai -
Ut 2x+1 x+2
Integrate and obtain 2 1n(2x + 1) - ln(x - 2) (ft on their 4, B)
Apply limits to integral containing terms aln(2x +1) and bln(x - 2) and apply a law of

logarithms correctly.
Obtain given answer In 50 correctly il

33. MNJ 10/P32/Q2
Integrate by parts and reach + x” cosx + J2.x cos x dx

Obtain - x? cosx + IZx cos x dx , or equivalent

Substitute limits correctly, having integrated twice
Obtain the given answer correctly

@ ég@ [5]

4. MU 10/P32/Q10

() EITHER: Divide by denominator and obtain quadratic kg
Obtain A =1
Use any relevant method to obtain B, C
Obtain one correct answer
ObtainB=2,C=1and D=-3
Reduce RHS to a single fraction and equate numerators, or equivalent
~ Obtain4 =1

OR:
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Use any relevant method to obtain B, C or D

Obtain one correct answer

Obtain B=2,C~1and D=-3

[SR: If A = | stated without working give B1.] b

(i) Integrate and obtain x+2lnx—l—-;-ln(21—1j,orequivalem
X

(The f.t.is on 4, B, C, D. Give B2V if only one error in integration; B1v if two.)
Substitute limits correctly in the complete integral .
Obtain given answer correctly following full and exact working

55. M/J 10/P31/Q4
() State correct expansion of cos(3x — x) or cos(3x + x)
Substitute expansions in 1 (cos 2x—cos4x) , or equivalent
Simplify and obtain the given identity correctly
(if) Obtain integral 1 sin2x — Lsin 4x
Substitute limits correctly in an integral of the form asin2x + bsin4x
Obtain given answer following full, correct and exact working g

56. M/J 10/P31/Q8
A
(i) State or imply the form —+
x+l x+3
ObtainA=1,B=-1 o
(if) Square the result of part (i) and substitute the fractions of part (i)
Obtain the given answer correctly |
: —ln(x+1)+m(x+3)—L
x+1 x+3
Substitute limits correctly in an integral containing at least two terms of the correct
form
Obtain given answer following full and exact working [

and use a relevant method to find 4 or B

(ii) Integrate and obtain —

57. MIJ 10/P33/Q7 D
(i) Use correct cos(4 + B) formula to express cos36 in terms of trig functions of 29@@ 3,‘;@
Use correct trig formulae and Pythagoras to express cos3 @ in terms of cosé ‘Q@%ﬁg
N

Obtain a correct expression in terms of cos# in any form
Obtain the given identity correctly 7

[SR: Give M1 for using correct formulae to express RHS in terms of cg
then M1AL1 for expressing in terms of either only cos3 @ and cos a, o(;{g\x
<,

cos ¢, and sin @, and Al for obtaining the given identity correctlya%\g

(i) Use identity and integrate, obtaining terms i»(% sin 36) an X in @, or equivalent

S
Use limits correctly in an integral of the form ksin 3
@

. 3 U
Obtain answer & —-—-\E , Or any exact equivalen
3 8 @3 &

98. O/N 09/P32/Q6
(i) State or imply ':x_ﬁ = 2sec” § or dx = 2 sec® 0 dO
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Substitute for x and dx throughout
Obtain any correct form in terms of @
Obtain the given form correctly (including the limits) [4]

(i) Use cos 24 formula, replacing integrand by a + b cos 26, where ab #0
Integrate and obtain 16+ +sin 26

Uscliuﬁtst?=0md8=%x

Obtain answer %(x +2), or exact quivalent 4l

59. O/N 09/P31/Q5

@ EITHER: Use double angle formulae correctl
of 20

Use trig formulae correctly to express LHS in terms of sin 0, converting at least
two terms
Obtain expression in any correct form in terms of sin 0
Obtain given answer correctly

OR: Use double angle formulae correct]
of 26

Use trig formulae correctly to express RHS in terms of cos 46 and cos 260
Obtain expression in any correct form in terms of cos 46 and cos 26
Obtain given answer correctly (4]

y to express LHS in terms of trig functions

y to express RHS in terms of trig functions

(ii) State indefinite integral < sin 46 — i sin 26 + 36, or equivalent

(award B1 if there is just one incorrect term)
Use limits correctly, having attempted to use the identity

Obtain answer ;—2 (2r—+/3), or any simplified exact equivalent [4]

60. M/J 09/P3/Q10
(i) EITHER Use product and chain rule
Obtain correct derivative in any form

OR Square and differentiate LHS by chain rule and RHS by product rule
OT as pOwers

Obtain correct result in any form

Set % equal to zero and make reasonable attempt to solve for x # 0

Obtain answer x = \g , Or exact equivalent, correctly

(i) State or imply dx = cos #d @ or c%= cos 6

Substitute for x and dx throughout the integral Iydx & 5@
Obtain the given form correctly with no errors seen @é\t\sj ¢
(iii) Attempt integration and reach indefinite integral of thg%&’

Where ab # 0
Obtain indefinite integral $0 —=-sin46, or equiygient (2

Substitute limits correctly % q.
Obtain exact answer 1-'5 i

[Working to carry out the change of limits is needed for the A mark in (ii) but,
if omitted, can be earned retrospectively if it is seen in part (jii)]
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61. O/N 08/P3/Q9
(D  Integrate by parts and reach k\'cai”c -k J.e i dy

Obtain lm{”' -2 o"L‘ dy

4 i
Complete the integration, obtaining l\t'}“ 407", or equivalent
Substitute limits correctly and equate result to 6, having integrated twice

Rearrange and 0btaina=c_%“ +2 . [&]
X
(i) Make recognizable sketch of a relevant exponential graph, e.g. y =¢ Pikd |

Sketch a second relevant straight line graph, ¢.g. = ¥, or curve, and indicate the root

(ii) Consider sign of x —e ™ _2atx=2andx=25,or equivalent
Justify the given statement with correct calculations and argument .

-4 : '
(i)  Use the iterative formulax,,, =2+¢ " correctly at least once, with 25 x, S2.5

Obtain final answer 2.31 o
Show sufficient iterations to at least 4 d.p. to justify its accuracy to 2 d.p., or show there is a sign
change in the interval (2.305, 2.315) 0

62. M/J 08/P3/Q7

B G
(i) State or imply the form A+m+ pome-

State or obtain 4 = 1
Use correct method for finding B or C

ObtajnB=%

Obtain C= - 3

(ii) Obtain integral x + 2 In(x+1)- 2 In(x +3)
[Award B1v if only one error. The ft. is on 4, B, C.]
Substitute limits correctly
Obtain given answer following full and exact working [4

[SR: if 4 omitted, only M1 in part (i) is available, then in part (ii) B1V for each
correct integral and M1.]

63. O/N 07/P3/Q1
Obtain indefinite integral of the form aln(2x —1), where a =% ,1,0r2
Use limits and obtain equation 1 In(2k-1)=1

Use correct method for solving an equation of the form aln(2k 1) = 1, where a =
Obtain answer k = %(e2 +1), or exact equivalent M

64. O/N 07/P3/Q3
Using 1 and In x as parts reach xln x + x.-l—dx
%

Obtain indefinite integral xln x —x
Substitute correct limits correctly

S il
Obtain given answer I

65. M/J 07/P3/Q5
(i) State answer R=2
Use trig formula to find g
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Obtain a = % m, or 60°

[For the M1 condone a sign error in the expansion of cos(6— a), but the subsequent trigonometric
work must be correct.]

[SR: The answer a = tan™ (\/3) carns M only.]
(ii) State that the integrand is of the form a sec’(#- a)

State correct indefinite integral 1 tan (60— 1 )
4 3

Use limits correctly in an integral of the form a tan (60— a)

Obtain given answer correctly following full and exact working
[The ft.ison R and a.] 4

66. M/J 07/P3/Q7

; 1 1
(i) State or imply du= ——= dx, or 2u du = L i
) A r 2u du = dx, or roalry or equivalent
Substitute for x and dx throughout the integral
Obtain the given form of indefinite integral correctly with not errors seen 3

v : : A B .
(i) Attempting to express the integrand as — + 7, o use a correct method to find either A or B
u

) I 1
Obtain 4 = 5 and B = 3

- 1
Integrate and obtain P Inu-— 2 In(4 — u), or equivalent

Use limits u = land u = 2 correctly, or equivalent, in an integral of the form ¢ In u + d In(4 — u)
Obtain given answer correctly following full and exact working 6

67. O/N 06/P3/Q8
. _ . 4 B C
() EITHER: State orimply flx)= -~ + 77 + Gt

Use any relevant method to obtain a constant
Obtain one of the values A=2,B=-1,C=13
Obtain the remaining two values

: ; . Cx+D
[A correct solution starting with third term G 1) or w1y is also

. A Dx+E
OR:  State or imply f(x) = et + Gt 1)

Use any relevant method to obtain a constant

Obtain one of the values A=2,D=-1,E=2 é&a@ &

Obtain the remaining two values ‘ 5
” 1 3
(ii) Integrate and obtain terms > 2In(2x+1)-In(x+1)- '—Q@ b guivalent
Use limits correctly, having integrated all the partial fr.
5

Obtain given answer following full and exact worki
[The fit. is on 4, B, C etc.]
[SR: If B, C, or E are omitted, give BIM1 in part @

28d B1 B1 M1 in part (ii): max 5/10.]
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68. M/J 06/P3/Q8
(i) Use product rule

2

T ¥t . X
Obtain derivative in any correct form e.g. = + =ty In x

Equate derivative to zero and solve for In x
Obtain x = e (or ci,) or equivalent
(ii) EITHER: Attempt integration by parts with u —In x
3 i
Obtain 2 x? Inx— _[Exi. ldx, or equivalent
3 3 X |

OR:  Attempt integration by parts with u = x?

l

Obtain x’ (xInx—x)— I(xlnx x), --—dx

y Gy 2 3 2 .
Obtain indefinite integral 3 x Inx- %x’ , Or equivalent

Use x=1 and x = 4 as limits
Obtain answer 4.28

69. O/N 05/P3/Q6
(i) Statc%=23in Gcos 8, or dx = 2sin Gcos Odd

Substitute for x and dx throughout
Obtain any correct form in terms of @
Reduce to the given form correctly

(ii) Use cos 24 formula, replacing integrand by a + beos 20, where ab # 0
Integrate and obtain 6—-%31’11 20

Use limits =0 and ¢ =J6-:r

Obtain exact answer -‘l;rr - -} V3, or cquivalent

70. M/J 05/P3/Q4
(i) State orimply dx =sec?9d@ or % = sac’

Substitute for x and dx throughout the integral ;E'& SS

Obtain integral in terms of ¢in any correct form g/‘) Q
Reduce to the given form correctly '%

() State integral 1sin2¢ 5“) (m)ﬁif

o
Use limits =0 and ¢ = 47 correctly in Integral of the form k a %
Obtain answer % or 0.5 \é% (a
t '\\ .&%‘)’

71. M/J 05/P3/Q9 \é)
(i) Use quotient or product rule q
Obtain derivative in any correct form g{ i
5)

Equate derivative to zero and solve for x or x’ “é
Obtain x = 1 correctly N ‘Sﬁ

[Differentiating (x? +1)y = x using the product rula can also earn the
first M1A1,]

14

4]

S“"
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[SR: if the quotient rule is misused, with a ‘reversed’ numerator or v
instead of vZin the denominator, award MOAO but allow the
following M1A1.]

(il Obtain indefinite integral of the form k In (x? +1), where k = s, 1 or 2

Use limits x = 0 and x = p correctly, or equivalent
Obtain answer % In(p® +1)

[Also accept —In cos dorln cos @, where x = tan @, for the first M1*.]

(i) Equate to 1 and convert equation to the form p? +1=exp(1/k)

Obtain answer p = 2,53

72. O/N 04/P3/Q7

()

(i)

Use product or quotient rule
1

.. el
Obtain first derivative 2xe 2" ——;—xze 2" or equivalent

Equate derivative to zero and solve for non-zero x
Obtain answer x = 4

1 1
Integrate by parts once, obtaining kx2e 2" 4 Ixe_zxdx, where kIl # 0

s —1x Ly
Obtain integral —2x%e 2 +4Ixe Z dx, or any unsimplified equivalent

)
Complete the integration, obtaining - 2(x2 +4x + .B)eu?\r or equivalent

Having integrated by parts twice, use limits x =0 and x = 1 in the complete integral
1

Obtain simplified answer 16 — 26e 2 or equivalent

73. OIN 04/P3/Q8

(a)

(b) Stating or implying f(x) =—=—+——, use a relevant method to determine

4. My 04/P3/Q5
(i)

() State answer A BX+C
X+4 x?43
(i) State answer - A 4 2 &

X-2 (x+2) or x—2+x+2+(x+2)2

[Award B1 if the B term is omitted or for the form A o +CX+D.
X-2 x+2 (x+2)2

A B
x+1 x-2
ObtainA=1and B=2

[SR:If A=1 and B = 2 stated without working, award B1 + B1.]
Integrate and obtain terms In (x + 1) + 2 In (x — 2)

Make relevant use of formula for sin 268 or cos 28
Make relevant use of formula for cos 46

Complete proof of the given result

Unit 5.1: Answers Section

8]

Srpege)

Sy
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(i) Integrate and obtain 1 (91 sin 46) or equivalent
Use limits correctly with an integral of the form a8+ bsin 46, where ab =0

Obtain answer -é-(-%-:r'l-%) , or exact equivalent

75. M/J 04/P3/Q10 . i

(i) State x-coordinate of A is 1

(ii) Use product or quotient rule !
nx 11
3 x 42

2
Obtain derivative in any correct form e.g. -

Equate derivative to zero and solve for In x

Obtain x =¢? or equivalent (accept 1.65)

Obtain y = % or exact equivalent not involving In
[

[SR: if the quotient rule is misused, with a ‘reversed’ numerator or x2instead of x*in the
denominator, award MOAO but allow the following M1A1A1.]

(iii) Attempt integration by parts, going the correct way
Obtain ——+ J' —dx or equivalent

Obtain indefinite integral - ax 1
x X

Use x-coordinate of A and e as limits, having integrated twice
Obtain exact answer 1- = , Or equivalent 5

€
[If u =In x is used, apply an analogous scheme to the result of the substitution.]

76. O/N 03/P3/Q6

@® Use product or quotient rule to find derivative
Obtain derivative in any correct form
Equate derivative to zero and solve a linear equation in x
Obtain answer 31 only (4

(1)) State first step of the form +1(3-x)e ?* +1 Ie 2%dx , with or without 3

State correct first step e.g. —%(3 —x)e2* —-} Ic “2Xdx , or equivalent, with or

without 3

Complete the integration correctly obtaining —1(3-x)e™* +1e™>,
Substitute limits x =0 and x = 3 correctly in the complete integral @& «¢
Obtain answer 1(S+e7), or exact equivalent (allow ¢° in place @4%0-1\7

¢

77. OIN 03/P3/Q8 ©
g . &
(i) EITHER: Divide by denominator and obtain a quadratic remai
Obain 4 = 1 NG

Use any relevant method to obtain B, C or D @
Obtain one correct answer
Obtain B=-1,C=2,D=10 (

OR: Reduce RHS to a single fraction and idghify mitherator with that of f(x)
Obtain 4 =1
Use any relevant method to obtain B, C or D
Obtain one correct answer
Obtain B=-1,C=2,D=0
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(i) Integrate and obtain terms  x — In (x — 1), or cquivalent
Obtain third term In(x* +1), or equivalent

Substitute correct limits correctly in the complete integral
Obtain given answer following full and exact working (4]

[1fB=0 the first B1V is not available.]
[SR: If 4 iis omitted in part (f), treat as if 4 = 0. Thus only MIM1 and BIYB1YM1 are available.]

M/J 03/P3/Q2

State first step of the form kxe® + [ke? dx
complete the first step correctly
Substitute limits correctly having attempted the further integration

of ke**

Obtain answer % (e” + 1) or exact equivalent of the form ge?+ b,

having used e° =1 throughout [4]
M/J 03/P3/Q10

() EITHER Make relevant use of the correct sin 2A formula
Make relevant use of the correct cos 24 formula
Derive the given result correctly
OR Make relevant use of the tan 2A formula
Make relevant use of 1 + tan? A = sec? A or cos? A + sin® A = 1
Derive the given result correctly [3]
(ii) State or imply indefinite integral is In sin x, or equivalent
Substitute correct limits correctly
Obtain given exact answer correctly (3]

(iii) EITHER State indefinite integral of cos 2x is of the form k In sin 2x
State correct integral ¥ In sin 2x
Substitute limits correctly throughout
Obtain answer % 1n 3, or equivalent

OR State or obtain indefinite integral of cosec 2x is of the form k In tan X,

or equivalent
State correct integral ¥; In tan x, or equivalent
Substitute limits correctly
Obtain answer % In 3, or equivalent

[4]

O/N 02/P3/Q2
EITHER: State first step of the form o In x + J’hzédx

Obtain correct first step i.e. -:1- x*Inx-— I%x dx @&

Complete a second integration and substitute both limits corrccéy@ ; ©

Obtain correct answer 2 In 2 — % , Or exact two-term eq m‘-”
OR: State first step of the form /= x(xIn x + x) + I(ﬂ“x 1@”-’ (\0)

Obtain correct first step i.e. J =x(xIn x —x) — I + {3

Complete a second integration and substitu ghits.correctly

Obtain correct answer 2 In 2 —_:3‘- , OT exaﬁt two-tefm equivalent 4
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M/J 02/P3/Q6

. c
(i) State or imply f(x) = < =

GBx+1) * (x+1)? ¥ (x+1)

State or obtain 4 = -3

State or obtain B =2

Use any relevant method to find C

Obtain C=1 5

) A Dx+E _
[Special case: allow the form Grt)) + D) and apply the above scheme (4 =-3,D=] g~ 3]

[SR: if f(x) is given an incomplete form of partial fractions, give B1 or a form cquivalent to the
omission of C, or E, or B in the above, and M1 for finding one coefficient. ]

2
(ii) Integrate and obtain terms —In (3x + 1) — TS +In (x+1)

Use limits correctly
Obtain the given answer correctly 5

M/J 02/P3/Q10 . ;
() State at any stage that the x-coordinate of A is equal to 1, or that A is the point (1, 0) 1

Inx y
(ii) State f ’(x) =2 — or equivalent
Use product or quotient rule for the next differentiation
-1 : ; .
Obtain 2. 1 ; L +2Inx. [?} , or any equivalent correct unsimplified form
x x

Verify that f”(e) = 0

(iii)  State or imply area is J(Iﬂ x)*dx

dx . . -
Use Fios ¢“, or equivalent, in substituting for x throughout

Obtain given answer correctly (allow change of limits to be done mentally)

(iv)  Attempt the first integration by parts, going the correct way
Obtain (2 — 2u + 2)e", or equivalent, after two applications of the rule P

Obtain exact answer in terms of e, in any correct form, e.g. (e —2¢ +2¢) -2, 0r¢ —

The M1A1 scheme applies, but only an explicit statement will earn the B1.]
[The M1A1ALl in (iv) applies to those working in terms of x and obtaining x((
equivalent. ]
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.. MIJ 18/P32/Q4/(1)

2sinx—sin2x _ sinx
(i) Show that — = ox = T+cosx’ (4]
2. MM 18/P32/Q8
’ y
A
/K
/ = O > X
~1x ;
The diagram shows the curve y = (x + 1)e " and its maximum point M.
(i) Find the x-coordinate of M. [4]
(ii) Find the area of the shaded region enclosed by the curve and the axes, giving your answer in
[5]

terms of e.

3. M/J 18/P33/Q7/(i)
(i) Express cos 8 + 2sin @ in the form Rcos(6 — a), where R > 0 and 0 < a < —é—:rr. Give the exact

values of R and tan a. [3]

4. O/N17/P31/Q9, O/N 17/P33/Q9

y
A

the x-axis and the lines x = 0 and X 2 X
(i) Find the exact values of the x-coordinates of the stationary points of 4]
42
(ii) Show that the exact value of the area of R is 18 — —. Q ® 51
e @ &

5. MU 17/P31/Q10

o in
S 1 : i int M.
The diagram shows the curve y = sinx cos22x for 0 € x < zw and its maximum po
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(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bou, n
by the curve and the x-axis.

(ii) Find the x-coordinate of M. Give your

N

M

answer correct to 2 decimal places. 1o |

[6)
6. M/J 17/P33/Q7/(jii)

-

—p X

(9
L
[+
The diagram shows a sketch of the curve y = —= for x > 0, an

(i) The estimate found in part (ii) is denoted by E. Explain, without further calculation, Whether
another estimate found using the trapezium rule with four intervals would be greater than E

d its minimum point M.

less than E.* (1]
7. M/ 17/P33/Q9I/(i)
Xt -4
f(x)= ———-
Ret 1) x*(3x+2)
(i) Express f(x) in partial fractions. [5]

8. O/N 16/P32/Q7, O/N16/P31/Q7

The diagram shows part of the curve y = (2x —x’f)c%”E and its maximum point M. !(}@ @,‘é)
(i) Find the exact x-coordinate of M. &2 8 U
P

ositive x-axis:
© 3]

(ii) Find the exact value of the area of the shaded region bounded by the cu
)

_._\
®©
9. MMJ 15/P32/Q1 @ )
Use the trapezium rule with three intervals to estimate the vah@%

Ly

.[2 In(1 +sinx) dx, G &

0

giving your answer correct to 2 decimal places. b @ L
@

10. M/ 15/P31/Q2 @

Use the trapezium rule with three intervals to find an &

3
I 3* - 10| dx.
0
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4. W 15/P31/8

."'(

0 X

The diagram shows the curve y = x*¢>™* and its maximum point M.
(i) Show that the x-coordinate of M is 2. [3]

(ii) Find the exact value of L e dx. .

12. OIN 14/P33/Q6
0.3
Itis given that [ = -[ (1 +3x2)_2 dx
0

(i) Use the trapezium rule with 3 intervals

to find an approximation to /, giving the answer correct
to 3 decimal places.

[3]
ug -2
(ii) For small values of x, (1 + 3x2) ~ 1 +ax® + bx*. Find the values of the constants a and b.
03

Hence, by evaluating (1 +ax” + bx*) dx, find a second approximation to /, giving the answer
0

correct to 3 decimal places. [5]

13. MU 14/P33/Q9

- =

|
o 1
The diagram shows the curve y = €2*"* cos x for 0 < x < 3, @

() Using the substitution = sin x, find the exact value of th
the curve and the axes.

S

Ho

Sthe shaded region bounded by

e aen [5]
(i) Find the x-coordinate of M , giving your answer toddecimal places. [6]
@
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14. ONN 13/P32/Q10

|

A tank containing water is in the form of o cone with vertex €' 'l RV D et e g i Wy
vertical angle is 60°, as shown in the dingram, At tme 1 = 0, the tank is Ilull At gy, of w£
is H. At this instant, a tap at C is opened and water beging 10 Ilu_w ontPhes volume of Wity |y fh:
tank decreases at a rate proportional to VA, where /i is the depthy of witer it fine . f e lianib e My
empty when = 60,

(i) Show that h and  satisfy a differentinl equation of the form

81 s i,

where A is a positive constant,

1
(ii) Solve the differential equation given in part () and obtiin i cxpression for /i ring of fy uy
A , i
(iii) Find the time at which the depth reaches 511, I
[The volume V of a cone of vertical height /i and base radiag » is pives by V {m"’h.]
15. M/J 13/P32/Q8I(ii)
(i) The variables x and y satisfy the differential equation (4
I
y=a (2 )2,
dx

and y = 1 when x = 1. Solve the differential equation and find the exact value of y when x <7,
Give your value of y in a form not involving logarithms, {7

16. M/J 13/P33/Q8
The variables x and f satisfy the differential equation

(Ix s
L e ) Y
dt  2x° @’, 4
for ¢ > 0, where k is a constant. When ¢ = Lx=landwhent=4,x-2 : ’417' A

P
(i) Solve the differential equation, finding the value of k and obtaining an %Q’éfzﬂﬁfﬂu in wn;l
of 1. ¥ ol

ey 0,
. /j’) //4)/’ ”
(ii) State what happens to the value of x as t becomes large, @f 9 @ﬁ ) l
17. M/J 13/P33/Q9 12 0
x v (7
\

Gy 7
s f
Ly k_)/) ofr
_ & ,{!5?

ol

The diagram shows the curve y = sin?2x cos x for0g xg %,;, and its maximum point M.

fél
(i) Find the x-coordinate of M.




5!
oS ALevel P-3 Topical

(if) Using the substitution v = sin x. find by integration the area of the shaded region bounded by the
curve and the x-axis. ()

ON 12/P32/Q6, O/N 12/P31/Q8

" The variables x and y are related by the differential equation

161 Unit 5.2: Trapezium rule
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x—==1-y2
When x = 2,y = 0. Solve the differential equation. obtainin g an expression for y in terms of x.  [8]

19. ON 12/P33/Q4
The variables x and y are related by the differential equation

d b
(.2 + 4) a} = 6xy.
It is given that y = 32 when x = 0. Find an expression for y in terms of x. [6]

20. M/J 12/P32/Q5
The variables x and y satisfy the differential equation
dy
dx
and y =0 when x = 0. Solve the differential equation, obtaining an expression for y in terms of x.  [6]

- Elﬂy.

21. MIJ 12/P32/Q9

'

0

. 1
The diagram shows the curve ¥y =x*Inx. The shaded region between the curve, the x-axis and the line
X = e is denoted by R.

(i) Find the equation of the tangent to the curve at the point where x = 1, giving your 2
formy = mx + c.

(i) Find by integration the volume of the solid obtained when the region R is g5
about the x-axis. Give your answer in terms of 7 and e.

2. MIJ12/P31/Q5

P

The diagram shows the curve

y = 8sin 4x — tan {x

| '
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for 0 € x < 7. The x-coordinate of the maximum point is & and the shaded region is €NCloseq |
curve and the lines x = @ and y = 0. Y thy

(i) Show that a = r.
(ii) Find the exact value of the area of the shaded region. [Ij]|
23. MNJ 12/P31/Q7 _
The variables x and y are related by the differential equation
dy 6xe™
dx y?

It is given that y = 2 when x = 0. Solve the differential equation and hence find the valye of

Y Whe, |
x = 0.5, giving your answer correct to 2 decimal places. a |

(g
24. M/J 12/P33/Q5

In a certain chemical process a substance A reacts with another substance B. The masses in gramg

A and B present at time 7 seconds after the start of the process are x and y respectively.
dy

dr -~ -0.6xy and x = 5¢™>. When t =0, y = 70.

(i) Form a differential equation in y and 7. Solve this differential equation and obtain an €Xpressiop
for y in terms of ¢. 0

(ii) The percentage of the initial mass of B remaining at time 7 is denoted by p. Find the exact vajy ‘
approached by p as ¢ becomes large. [

It is given that

25. O/N 11/P32/Q8, O/N 11/P31/Q9

y
A

o M

)
The diagram shows the curve y = x* Inx and its minimum point M. @ ® [5|

(i) Find the exact values of the coordinates of M. @ @(@ - and
(ii) Find the exact value of the area of the shaded region ,_\'é,- curve, the x-axis "
line x = e. &
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%5, M 11/P33/Q8

P

0 ' 1
2?1'

The diagram shows the curve y = 5 sin? x cos?x for 62 5 -21-7r, and its maximum point M.

(i) Find the x-coordinate of M. [5]
(i) Using the substitution u = cos x, find by integration the area of the shaded region bounded by the
curve and the x-axis. [5]
27. M/J 10/P33/Q5
y
A
M
0 D > X

The diagram shows the curve y = e™ — ¢

“* and its maximum point M. The x-coordinate of M is
denoted by p.

(i) Find the exact value of p.
(ii) Show that the area of the shaded re
equal to §.

[4]
is

(4]

gion bounded by the curve, the x-axis and the line x = p

28. M/J 09/P3/Q2

>N
0 o
The dj : “
€ diagram shows the curve y=+v(1 +2tan"x) f@

@) Use the trapezium rule with three intervals to estif¥ate the value of
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giving your answer correct to 2 decimal places. |
(i) The estimate found in part (i) is denoted by E. 'Exp'lal'n, without further CalCUlation, Wh .
another estimate found using the trapezium rule with six intervals would be greater than O:':her
than E. B8

[y
29. M/J 08/P3/Q9

0 —» X

1y ; ; :
The diagram shows the curve y = e 2" /(1 + 2x) and its maximum point M. The shaded region betweg,
the curve and the axes is denoted by R.

(1) Find the x-coordinate of M. 4
(if) Find by integration the volume of the solid obtained when R 1is rotated completely about the
- x-axis. Give your answer in terms of 7 and e. [

30. M/J 05/P3/Q2

The diagram shows a sketch of the curve y = >
+x

(i) Use the trapezium rule, with two intervals, to estimate the value

06 i
dx,
_[ 1+x3

-0.6

]
giving your answer correct to 2 decimal places. :

. . : : . ood
(ii) Explain, with reference to the diagram, why the trapgziu e may be expected t0 give 38 (
approximation to the true value of the integral in [ ;

N
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M) 18/P32/Q4/()
: Q Use correct double angle formulae and express LHS in terms of
cos X and sin x
Obtain a correct expression

Complete method to get correct denominator e.g. by factorising
to remove a factor of 1—-cosx

Obtain the given RHS correctly
OR (working R to L):
sinx 1-cosx _ sinx—sinxcosx

l+cosx 1-cosx 1-cos? x
_ 2sinx-2sinxcosx

2—2cos? x
_ 2sinx—sin2x
l—cos2x

2. MIJ 18/P32/Q8

@

(1)

Use correct product or quotient rule

Obtain complete correct derivative in any form
Equate derivative to zero and solve for x
Obtain answer x = 2 with no errors seen

1 1
Integrate by parts and reach a(x + l)e?r +bfe? dx

o
Obtain -3(x+1)e 3 +3fe ? dx, or equivalent

1 1
Complete integration and obtain —3(x+1)e > —9¢ 3 , or

equivalent

Use correct limits x =— 1 and x = 0 in the correct order,
having integrated twice

Obtain answer 9e3 —12, or equivalent @ A

K._))-,
3. MW 18/P33/Q7/(i) S

0

@

(i)

@ @g@
4. OIN17/P31/Q9, OIN 17/P33/Q9 Q& 4
S

State answer R = x/g @g
Use trig formulae to find tan a @ ®©

Obtain tana =2

Use correct product or quotient rule
Obtain correct derivative in any form b %
Equate derivative to zero and obtain a 3 term quadr @"("} q

Obtain answers x=2++/3

Integrate by parts and reach k(1+ x*)e** + II xe

Obtain —2(1 + xz)c_%I + 4j xe i dx , or equivalent
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Complete the integration and obtain (18 - 8x — 2x?)e *, or equivalent

Use limits x = 0 and y = 2 correctly, having fully integrated twice by partg
Obtain the given answer

L
7/P31/Q10 |
State or imply du = —sin x dx
Using correct double angle formula, express the integral in terms of u and dy
Obtain integrand +(2u? - 1)2

!
Change limits and obtain correct integral J (2u* ~1)*du with no errors seen

%
Substitute limits in an integral of the form au’ +bu’ + cu
Obtain answer L(7-442), or exact simplified equivalent

(
Use product rule and chain rule at lcast once
Obtain correct derivative in any form

Equate derivative to zero and use trig formulae to obtain an equation in
cosx and sinx

Use correct methods to obtain an equation in cos x or sin x only
Obtain 10cos” x =9 or 10sin® x =1, or equivalent

Obtain answer 0.32 §
6. MIJ 17/P33/Q7/(jii)
(@  Explain why the estimate would be less than £ 1
7. MIJ 17/P33/Q9/(i)
(i)  State or imply the form i‘+f-+ 2
P x x* 3x+2
Use a relevant method to determine a constant
Obtain one of the values 4 = 3,B=-2,C=-6
Obtain a second value
Obtain the third value
[Mark the form : By . C-;_ 5 using same pattern of marks.] 5
X X

8. O/N 16/P32/Q7, OIN16/P31/Q7

(@)

(i)

Use the correct product rule

Obtain correct derivative in any form, e. g (2- 2x)e%”

Equate derivative to zero and solve for x

Obtain x =+/5 -1 only

Integrate by parts and reach a(2x - x? )e%" + bI (2- Q%x
@

Obtain 2¢i* 2x-x")- ZJ' (2-2x)e™dx , or cquivale%; .

+%(2x-—x2)@@ ®©

“

=~ \5,‘3) 24)e™", or equivalent ;
Use limits x = 0, x = 2 correctly having integrated by parts twice b
Obtain answer 24 — 8e, or exact simplified equivalent

Complete the integration correctly, obtaining (12
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apare”
45/P32/Q1

9. ':::m  imply ordinates 0, 0.405465..., 0.623810..., 0.693147...
rrect formula, or equivalent, with h= % 7 and four ordinates

er 0.72 3]

Use cO
Obtain ansW

15/P31/Q2
10. '::It.t’e mpt calculation of at least 3 ordinates

obtain9, 7> L 17
Use trapezium rule with h=1

Obtain i (9 +14+2+ 17) or equivalent and hence 21 4]

2

11, MU 15/P31/Q9

@) Use product rule to find first derivative
Obtain 2xei-—x _x2e2—x

Confim x=2 at M (3]
(if) Attempt integration by parts and reach + xle?* + Jlec"" dx
Obtain—x*e*™ + IZRH dx

Attempt integration by parts and reach + x?e”™ +2xe>™ +2e>™

Obtain —x2e*™ —2xe®™* —2e*™

Use limits 0 and 2 having integrated twice

Obtain 2e” —10 [6]

12. OIN 14/P33/Q6
(i) State or imply correct ordinates 1, 0.94259...,0.79719..., 0.62000...
Use correct formula or equivalent with # = 0.1 and four y values
Obtain 0.255 with no errors seen 3]
(ii) Obtain or imply a =6
Obtain x* term including correct attempt at coefficient
Obtain or imply b =27

. p 27 . .
Either Integrate to obtainx —2x’ +?xs , following their values of a and b

Obtain 0.259
Or Use correct trapezium rule with at least 3 ordinates
Obtain 0.259 (from 4)

13. MJ 14/P33/Q9
(i) Substitute for x and dx throughout using » = sinx and du = cos x

Obtain integrand e

Obtain indefinite integral 1 e

Use limits = 0, u = 1 correctly, or equivalent
Obtain answer 4 (e — 1), or exact equivalent ©>

. L/
(il) Use chain rule or product rule | @

Obtain correct terms of the derivative in any form, e.g$2cosx e2*% cosx —e 2™ gin x
Equate derivative to zero and obtain a quadratic equation in sin x

Solw? a 3-term quadratic and obtain a value of x
Obtain answer 0.896 6

i3]
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14. O/N 13/P32/Q10 '

®

(ii)

Read & Write Publications

State or imply ¥ = m®
State or imply %IE =—k\h

dV  dv dh
USC ——— 1
T or equivalent

Obtain the given equation

l4

[The M1 is only available if % is in terms of h and has been obtained by a

correct method.]

dVv )
[Allow B1 for i =k+vh but withhold the final A1 until the polarity of the constant

k
el h . "
3y D08 been justified.

Separate variables and integrate at least one side
5

g L=
Obtain terms Tj‘hz and —At, or equivalent

5
Use t=0,h=H ina solution containing terms of the form ah? and br + ¢
5
Use 1 =60, =0 in a solution containing terms of the form ah? and bt + ¢

5 5 5
Obtain a correct solution in any form, c.g. %hz = EHZH %Hz
2
(ii) Obtain final answer =6 1—(-}%]2 , Or equivalent [6]
(iii) Substitute 4= %H and obtain answer f = 49 4 m

15. M/ 13/P32/Q8/(ii)

(i) Separate variables and obtain one term by integrating i or a partial fraction
y
1 . > @
Obtain Iny =- 5—2 In (2x + 1) + ¢, or equivalent Y @b,/)
- . ) _ 0P A
Evaluate a constant, or usc limits x = 1, y = [, in a solution containing a&%@g’ >
terms of the form k In y, //x, m In x and n In (2x + 1), or equivalent y <
1 .
Obtain solution In y =— 5= 2Inx+2In(2x+1)+c, or equlvalcnt@ @;)@
25 = @ 1
Substitute x = 2 and obtain y = Eez , Or exact equivalen gearithms [
(The f.t.is on 4, B, C. Give A2¥ if there is only one c%&)' or pfitission in the
integration; A1v' if two.)
@
16. M/J 13/P33/Q8 @5
(i) Separate variables correctly and integrate at least onegide

Obtain term In #, or equivalent
Obtain term of the form a In(k — x*)
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17.

18.
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2
Oblain term ——ln(k —x), or equivalent

EITHER: Evaluate a constant or use limits =1, x =| in a solution containing a In ¢ and

b In(k—x*)
Obtain correct answer in any form e.g, Inf = —%111(1: ~x’) +§ In(k-1)

Use limits =4, x =2, and solve for
Obtain k=9
OR: Using hmlts t=1,x=1and /=4, x =2 in a solution containing a In # and
bln (k-x°) obtam an equation in k
Obtain a correct equation in any form, e.g. In4 = —-;llrl(k -8+ %hl(k =)
Solve for k
Obtain k=9
31
Substitute k = 9 and obtain x = (98 )3 &
1
(ii) State that x approaches 93, or equivalent (1

M/J 13/P33/Q9
(i) Use product rule
Obtain correct derivative in any form, e.g. 4sin2x cos2x cos x — sin® 2x sin x
Equate derivative to zero and use a double angle formula
Reduce equation to one in a single trig function
Obtain a correct equation in any form,
e.g. 10 cos’x = 6 cos x, 4 =6 tan’x or 4 = 10 sin’x
Solve and obtain x = 0.685 [6]

(i) Using du= +cos x dx, or equivalent, express integral in terms of  and du
Obtain [4u”(1-u?)du , or equivalent
Use limits # = 0 and = 1 in an integral of the form au’ + bu’

Obtain answer % (or 0.533) [4]

O/N 12/P32/Q6, O/N 12/P31/Q6 @,
Separate variables correctly and attempt integration of one side ' 4@‘

Obtain term In x r&

s=E— + =8 and use a relevant method to find 4 or B Déé
-y 1+y \

Obtain4 =1, B=1
2
Integratc and obtain—lln(l - y)+11n(1 + y) or cquivalcnt @ @

[This M mark i 1s not available if the integral of 1/(1 —
kln (1-)7%)

Obtain solution in any correct form, e.g. = l“ (1 +y) Inx=In2

Rearrange and obtain y= “2 or cqmvalcnt free of logarithms [8]
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19.

20.

21.

22.

Unit 5.2: Answen, 1

O/N 12/P33/Q4 "
Separate variables correctly and integrate one 81d¢

Obtain In y=...or equivalent

Obtain=31n(x* +4) or cquivalent
Evaluate a constant or use x = 0,y
containing terms a In y and b In (x’ + 4)

Obtain In y=31n(x? +4)+In32-31n4 or equivalent

=32 as limits in a solution

" 1 ;
Obtain y=—|x*+4)ore uivalent
in y 2(x ) r eq [ﬁ]

M) 12/P32/Q5
Separate variables correctly
Obtain term —¢ ~, or equivalent

and attempt integration of both sides

. 1 ,
Obtain term > e?*, or equivalent
a solution containing terms ae”” and be”

: o o 1 b 3
Obtain correct solution in any form, e.g.—¢™ =5e2 -5

Evaluate a constant, or use limits x=0,y =0 n

Rearrange and obtain y=In(2/(3 —¢™)), or equivalent 4

M/J 12/P32/Q9
() Use correct product rule

Inx J;

Obtain derivative in any correct form, e.g. —=+—""
2x  *

Carry out a complete method to form an equation of the tangent at x = 1
Obtain answer y = x — 1

[4

(ii) State or imply that the indefinite integral for the volume is 7 jx(ln x)* dx

Integrate by parts and reach ax’(lnx)® +b Ixz_lj{ dx
x

Obtain %xz(ln x)% - I xIn x dx , or unsimplified equivalent (\@

1 '\@ 4@
Attempt second integration by parts reaching ex’*Inx+d J. 2 —dx 4@5

X

Complete the integration correctly, obtaining % x*(Inx)* - % x*Inx+ L x’ 6@9@8
®
Substitute limits x = 1 and x =¢, having integrated twice ;@
1
Obtain answer Z;r(e"‘ —1), or exact equivalent $ @@@ 7
0
£

[If 7 omitted, or 27 or /2 used, give B0 and then follow d‘%g RS
<

[Integration using parts x In x and In x is also viab]e.
©
M/J 12/P31/Q5 @D
S

() Differentiate to obtain 4005%:: —-%secz 2% &

Equate to zero and find value of cos%x
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@ Iote

Obtain 8+2 In% or exact equivalent

Ob‘ﬂin oog-%x:—;- and confim o =%:r [3]

1
btain —16cos—x...
gratc to O 5

iis ¥ 21ncos%x or cquivalent

Using limits 0 and %n’ in acos%x+blncos%x

[4]

Separate variables correctly and attempt integration on at least one side

A,

2,

Obtain % y’ or equivalent on left-hand side

Use integration by parts on right-hand side (as far as axe’ + jbeh dx )

Obtain or imply 2xe>* + I2e3’ dx or equivalent

Obtain 2xe* *%e

3x

Substitute x = 0, y = 2 in an expression containing terms Ay’, Bxe™, Ce*, where ABC # 0, and
find the value of ¢

2 1 .
Obtain 11 Y =2xe¥ -=e* + L or equivalent

Substitute x = 0.5 to obtain y = 2.44 8]

M/J 12/P33/Q5

)

(i)

ON 11/P32/Q9, O/N 11/P31/Q9

U]

Substitute for x, separate variables correctly and attempt integration of both sides
Obtain term In y, or equivalent

Obtain term e, or equivalent
Evaluate a constant, or use 7 = 0, y = 70 as limits in a solution containing terms

alnyand be™
Obtain correct solution in any form, e.g. Iny —In70= e -1
Rearrange and obtain y = 70exp(e¢™ —1), or equivalent

Using answer to part (i), either express p in terms of f or use e™
value of y

(6]

. 100
Obtain answer — from correct exact work
¢

Use product rule

Obtain correct derivative in any form
Equa_te derivative to zero and solve for x
Obtain answer x = ¢™3 , or equivalent

Obtain answer y = ~1¢”, or equivalent

(5]

I . :
® Attempt integration by parts reaching k' In x % k J'x’ .—l—dx
X
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27.

28.

29.

¥

L f

Unit 52
172 2
Read & Write Publications “MM }
Obtain %x’ Inx- % J x? dx, or equivalent

Integrate again and obtain %x’ Inx - -;-x’ , or equivalent
Use limits x = 1 and x = ¢, having integrated twice
Obtain answer %(Ze"‘ + 1), or exact equivalent

[SR: An attempt reaching ax® (x Inx—x) + b Px(l‘ In x — x) dx scores M1. Then give the

fist Al for /=x* (xInx—x) -2/ + Ih‘l dx, or equivalent.]

M/J 11/P33/Q8
() Use product and chain rule

3 = 4
Obtain correct derivative in any form, e.g. 15 sin? xcos’ x— lOsn-n xcosx .
Equate derivative to zero and obtain a relevant equation in one trigonometric function

Obtain 2tan? x=3, Scos?x=2, or Ssin’ x=3
Obtain answer x = 0.886 radians )

(ii) State or imply du =-sinxdx, or %':7 =—sin x, or equivalent
Express integral in terms of # and du
Obtain + _[S(u2 - u4)du , Or equivalent

Integrate and use limits u=1and =0 (orx=0 and x = ";‘"-’r)

. 2 : :
Obtain answer 5 , or equivalent, with no errors seen 15

M/J 10/P33/Q5
(i) State derivative —e ™" —(-2)e™", or equivalent
Equate derivative to zero and solve for x
Obtain p = In 2, or exact equivalent [4

(i) State indefinite integral —e ™™ —(=1)e ™, or equivalent
Substitute limits x = 0 and x = p correctly
Obtain given answer following full and correct working ,@ [4

M/J 09/P3/Q2 & ¢
(i) State or imply 3 of the 4 ordinates 1, 1.069389..., 1.290994..., 1.732050..,2 &O
Use correct formula, or equivalent, with 4 = %x and four ordinates ¢ ;g}g

Obtain answer 0.98 with no errors seen @ © 3
[Accept 2= 0.26 but not h = 15 when awarding the M1] @ a\®
[SR: if only % and/or V3 are given, and decimals are ngt@n, @B is available]
[SR: solutions with 2 or 4 intervals can score only the%l org@torrect expression]

(ii) Justify statement that the second estimate would be o 1
, b

M/J 08/P3/Q9 Q5

(@ Either use correct product or quotient rule, or square sides, use correct product

rule and make a reasonable attempt at applying the chain rule
Obtain correct result of differentiation in any form
Set derivative equal to zero and solve for x
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(i) State or imply the indefinite integral for the volume is 7 je-* (1+ 2x )k

Integrate by parts and reach ¢ (1 +2x) Ize-"dx

Obtain —¢™*(1+ 2x)+ IZe"dx , Or equivalent

Complete integration correctly, obtaining —e™* (1 + 2x)-2¢™*, or equivalent

Use limits x = -% and x = 0 correctly, having integrated twice

Obtain exact answer zr(ZJE - 3), or equivalent

[If womitted initially or 277 or 772 used, give BO and then follow through.]

30. MA 05/P3/Q2

() Show or imply correct decimal ordinates 1.2755..., 1, 0.8223...
Use correct formula, or equivalent, with  h = 0.6 and three ordinates
Obtain correct answer 1.23 with no errors seen

[SR: if the area is calculated with one interval, or three or more, give

(i)

for a correct answer.]

Give an adequate justification, e.g. one trapezium over-estimates area

and the other under-estimates,

or errors cancel out

Unit 5.2: Answers Section

4]

[6]
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The diagram shows a triangle ABC in which AB = AC = a and ang}e BAC =19 radians, SemiCirq
are drawn outside the triangle with AB and AC as diameters. A circular arc With centre 4 JOinse,;
and C. The area of the shaded segment is equal to the sum of the areas of the semicircles.

() Show that 6 = 17 + sin 6. o
(ii) Verify by calculation that 6 lies between 2.2 and 2.4. Y
(iii) Use an iterative formula based on the equation in part (i) to determine 6 correct t0 2 degi

: . . : ma|
places. Give the result of each iteration to 4 decimal places. i
2. M/J 18/P31/Q8 a
The positive constant a is such that J xe 2°dx =2,
0
(i) Show that a satisfies the equation a = 2In(a + 2). I
(i) Verify by calculation that a lies between 3 and 3.5. o
(iii) Use an iteration based on the equation in part (i) to determine ¢ correct to 2 decimal Places. Giy
the result of each iteration to 4 decimal places. B
3. M/ 18/P33/Q4

Inx . :
The curve with equation y = e has a stationary point at x = D.

3
(i) Show that p satisfies the equation Inx =1+ =,

X
(ii) By sketching suitable graphs, show that the equation in part (i) has only one root, 9 2
(iii) It is given that the equation in part (i) can be written in the form x = s e iteratl

In
formula based on this rearrangement to determine the value of P correc
Give the result of each iteration to 4 decimal places. @@@
4. OIN17/P31/Q3, OIN 17/P33/Q3 @ o
The equation x* = 3x + 7 has one real root, denoted by a.

Two iterative formulae, A and B, derived from this equati

(i) Show by calculation that o lies between 2 and 3. U§§@ 2
agy
«

er-l = . (B)
Each formula is used with initial value X, =25.

(1) Show that one of these formul

formula to calculate o correct
places.

othef
ae produces a sequence which fails to converge, and USC;EZCM \
to 2 decimal places. Give the result of each jteration to (4

i
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M yrp32/at? 3
5. . 1 shows the curve y = x? cos 2x
The dlagﬂ: Ly, The curve has a maximum point at M hll
or 0 €XS % :
whﬂfc x=p 1 E
: 1 -1 )
; tionp = stan™" | — |.[3] ! "
that p satisfies the equa % ( ) |

i) Sho¥ - P 0 » 1z

Use the iterative formula p, | = -;-tsm‘1 (pi) to determine the value of p correct to 2 decimal
ji) Use b
( laces. Give the result of each iteration to 4 decimal places. 3]
ppind, showing all necessary working, the exact area of the region bounded by the curve and ﬂ;
(ii) g [

x .

6. MY 17/P31/Q5
' P
r
xrad
a B

(0]

The diagram shows a semicircle with centre O, radius r and diameter AB. The point P on its
circumference is such that the area of the minor segment on AP is equal to half the area of the minor
segment on BP. The angle AOP is x radians.

(i) Show that x satisfies the equation x = Et” + sin x).

31
(i) Verify by calculation that x lies between 1 and 1.5.

2]
(iii) Use an iterative formula based on the equation in part (i) to determine x correct to 3 decimal
places. Give the result of each iteration to 5 decimal places .

3]
1. M 17/P33/Q6(i, ii)

The equation cotx = 1 — x has one root in the interval 0 < x < =, denoted by o.
@) Show by calculation that « is greater than 2.5. - Y A [2]
(i) Show that, if a sequence of values in the interval 0 < x < 7 given by th&ite D formula

®
X =%+ tan“’l( . ) converges, then it converges to a. D g [2]
X
& OIN 16/P32/Q6, O/N 16/P31/Q6 @ @629
@ By sketching a suitable pair of graphs, show that the equation @ 6
S

cosec %x = %x +1
) has one root in the interval 0 < x < . (2]
(“) Show by calculation that this root lies between 1.4 % X [2]

({ii) Show that, if a sequence of values in the interval 0 2‘% < z@iven by the iterative formula
Xy =20 %
n

, Sonverges, then it converges to the root of the equation in part (i). [2]
(iv) USB this iterative formula to calculate the root correct to 3 decimal places. Give the result of each
* lteration to 5 decimal places. [3]

B
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8. OMN 16/,33/Q9

y
A
i
|
L 'x
(0] a %;‘t

; k )
The diagram shows the curves y = xcosx and y = > where k is a constant, for 0 < x < %

7. The
touch at the point where x = a. s

2
(i) Show that a satisfies the equation tana = e s
|
. 2 ; :
(i) Use the iterative formulaa,,, = tan™ ( a——) to determine a correct to 3 decimal places. Giy, e
n
result of each iteration to 5 decimal places. 3
(iii) Hence find the value of k correct to 2 decimal places. [[2]]
10. O/N 16/P32/Q8 y
|
T .
I
|
|
|
|
|
» | |
i |
1 1 -
0 a n L
The diagram shows the curve y = cosecx for 0 < x < 7 and part of the curve y =e¢™". Whenx=a,the
tangents to the curves art;. parallel. | rg}}
(i) By differentiating —— show that if y = cosec x then :i}: = —COSeC X Ccotx. ‘ij_g\_%@ [3]
sin p A ¢
(if) By equating the gradients of the curves at x = a, show that #}“\'@ :
a=tan"! ( 8 ) $é N 21
o=/ . . N Uﬁﬂw
sina %b-, BV
. . - N @ p]
(iff) Verify by calculation that a lies between 1 and L.5. % )
(fy) Use an iterative formula based on the equation in part (ii) to\\g‘i\@mui{rg a correct to 3 de‘:lm[;:
places. Give the result of each iteration to 5 decimal plac%@" %\97‘5‘
N
11. M/J 16/P33/Q6 &

. ¥ [ S y ~ " .
The curve with equation y = x*cos &x has a stationary p?@& X 3\ in the interval 0 < X< ¥
[en Pl e

: 4 oY & Bl
(1) Show that p satisfics the equation tan 4p = 5 \;‘1@% \ o a
(1) Verify by calculation that p lies between 2 and 25, W ‘
4 O . ‘tto 2 docin®!
(1) Use the iterative formula p, =2 lun"‘(T) to determine the value of p corree "
“ -
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32/
. ‘sz::i oh X' = x? = 6 = 0 has one real root, denoted by a. 121

The €4 db calculation the pair of consecutive integers between which a lies.
0 g;::;w that, if a sequence of values given by the iterative formula

xn+l = X, +
xn' [2]

verges, then it converges (o .

4 - ; sult of each
t;::: this iterative formula to determine « correct to 3 decimal places. Give the € 3]
' i(ération to 5 decimal places.
p33/Q4 _ )
13. 0 1?1]35 parametric equations
A curv X=F438+ 1, y=t*+1.

e . is 4.
int P on the curve has parameter p. It is given that the gradient of the curve at P

(3]
) Show thatp = V(2p+3). s 2]
- ion that the value of p lies between 1.8 and 2.0. s ol
.+ Verify by calculation t i
(u) Use an iterative formula based on the equation in part (i) to find the value of p correct to 3)
(i) places. Give the result of each iteration to 4 decimal places.
4. ON 15/P31/Q4
: equation x* = x* = 6 = 0 has one real root, denoted by a. . - 2]
T:m]:ind by calculation the pair of consecutive integers between which a lies.
((I])) Show that, if a sequence of values given by the iterative formula
i
6
xn+l = xn + ;’: [21
onverges, then it converges to a. . - s
(iii) I(ilse this iterative formula to determine a correct to 3 decimal places. Give the result 0 )
jteration to 5 decimal places.
15. MiJ 15/P32/Q5
i i ith ¢ ius r. The tangents g the gircle at the points A and
The diagram shows a circle with ’(.,E:Iltl‘e 0 and ralt]hush rd ! c;:e aiog ) . tang}; oints A and
B meet at T, and the angle AOB is 2x radians. The shaded reg

BT, and by the minor arc AB. The perimeter of the shaded regt egy @'to the circumference of the

circle. ({@
[3]

() Show that x satisfies the equation b _

e G ; lation that this root lies
(i) This equation has one root in the interval 0 2?5- erify by calculation tha )
.. between I and 1.3.
(iii) Use the iterative formula

=] - )
Xntl = tan (x *n . ; 4 decimal
to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decim

3
places. (3]
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o .
™~
j 16. 0
mn;':::’c‘?i?fum v = In(x + 1) and hence, by sketching a second curve, show that h,
‘ X +lIn(x+1)=40 i
has exactly one real root. State the equation of the s:]:c:n curve.
(i) Verify by calculation that the root lies between 3 and 4. .
(ifi) Use the iterative formula ]
x., =y(@0-In(x,+ D). |
with a suitable starting value, to find the root correct to 3 decimal places. Giye the esul g
lteration to S decimal places. -
(iv) Deduce the root of the equation B
(e - 1)* +y =40,

giving the answer correct to 2 decimal places.

[Q)
17. M1 14/P32/Q8

In the diagram, A is a point on the circumference of a circle with centre O and radius r, A
with centre A meets the circumference at B and C. The angle OAB is equal to x radians,
region is bounded by AB, AC and the circular arc with centre A joining B and C. The
the shaded region is equal to half the circumference of the circle.

. -1 T
(1) Show that x = cos (4 = 4x)'
(ii) Verify by calculation that x lies between 1 and 1.5.
(iii) Use the iterative formula

The shageg
Perimeter o

Bl
e

a1 = cos™! (4 +H4x" ) @(\@

2 . N
to determine the value of x correct to 2 decimal places. Give the result ;@ﬁ:muonm
4 decimal places. ¢, (3]

N
18. M/J 14/P32/Q6 Qgg}
(i) By sketching each of the graphs y = cosec x and Yy =x(x-x) for 0 <@<
cosecx = x(x - x) é%@

has exactly two real roots in the interval 0 < x < 7.
(ii) Show that the equation cosec x = x(7 — x) can be writte fﬁ%@%
(iii) The two real roots of the equation cosec x = x(m - x) %
and f3, where a < B.

(a) Use the iterative formula

7, @ow that the equation

A
%

e §férval 0 < x < & are denoted by
&P

@
X _1+xﬁn§§
L wsinx_

to find @ correct to 2 decimal places, Give the result of each iteration to 4 decimal places-l[3]
' (b) Deduce the value of B correct to 2 decimal places. [
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J1 10 '
{9 P”c equalio" v c-—-—-h = has one positive real root, denoted by a.
ow that @ lies between x = | and x = 2, (2]
¥ sz;mw that if a sequence of positive values given by the iterative formula
w - 10
Y1 = ihl I+ —
t k xﬂ
oNVETEZES: then it converges to a. 2]
" CUsc this iterative formula to determine « correct (0 2 decimal places. Give the result of each
(iii) -teration to 4 decimal places. (3]
BY .
Q
A

In the diagram, A is a point on the circumference of a circle with centre O and radius r. A circular arc
with centre A meets the circumflerence at B and C. The angle OAB is 0 radians. The shaded region
is bounded by the circumference of the circle and the arc with centre A joining B and C. The area of
the shaded region is equal to half the area of the circle.
2sin20-nx
(i) Show that cos 26 = T . (5]
(ii) Use the iterative formula
2sin20 -
P
6,,, = 5cos (—-—"—),

40

n
!.vilh initial value. 6, = 1, to determine @ correct to 2 decimal places, showing the resy
iteration to 4 decimal places.

21. MIJ 13/P32/Q2
The sequence of values given by the iterative formula

i x,(x) +100)

T Q

\f'il.h initial value x, = 3.5, converges (0 a. 6

@ Use this formula to calculate & correct to 4 decimal places,.s m result of each iteration
>

o 6 decimal places. [3]
(@) State an equation satisfied by & and hence find the exa [2]

2. J 13/P31/Q10
Iﬂ‘:zlildlis ﬂowin_g into a small tank which has a lea ¥ the tank is empty and, ¢ minutes later,
30cu(1)3umc of liquid in the tank is Vcm?®. The li ' owing into the tank at a constant rate of
: Per minute. Because of the leak, liquid is beig¥ lost from the tank at a rate which, at any

instant, . : =
tant, is equal to kV cm? per minute where k is a positive constant.

i.
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(® Write down a differential equation describing this sltuntion and KOIVE it 10 show thy
Vi ’lc(uo ~ §0e7),

@@ Ttis observed that V = 500 when ¢ = 15, so that & satisfies the equation b
§ ke
k= ——.
25
Use an iterative formula, based on this equation, to find the value of & correct t 9 g]gnr
figures. Use an initial value of k = 0.1 and show the result of cach iteration tq 4 igni f' nt
i
figures. o

(i) Determine how much liquid there is in the tank 20 minutes after the liquid started f owin 3)
state what happens to the volume of liquid in the tank after a long time. ng,

23. WJJ 13/P33/Q6

The diagram shows the curves y = ¢®> and y = 2Inx. When x = a the tangents to the curves g
paralle].

(i) Show that a satisfics the cquation a = 3(3 - Ina).

B
(#) Verify by calculation that this equation has a root between 1 and 2. [2}
(i) Use the iterative formula g, = 1(3 - Ina,) to calculate a correct to 2 decimal places, showing
the result of cach iteration to 4 decimal p]a(.cs B
24, O/N12/P32/Q8, O/N 12/P31/Q8
Y

A

- e @53%’ @a)n 7

The diagram shows the curve y se \/(1 +2x%) for x 2 0, and isgRaximg point M.
(i)  Find the exact value uf the x-coordinate of M., é 3

(1) The sequence of values given by the iterative formula

X, = 4/(In(4 + 8>
with initial value Xy -2, converges 1o a certain yfle
hence show that o is the x-coordinate of a pol/ /f

(111) Use the iterative formula to determine o c.orrect&?
iteration to 4 decimal places,

State an equation satisfied by G’E‘i
urve where y = 0.5. g |
decimal places. Give the result of 5[3]

C
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> X

 diagram shows the curve y = x* + 223 + 222 - 4x — 16, which crosses the x-axis at the ponts (2, 0)
and (B 0) where a < B. Itis given that « is an integer. 2]
i Find the value of a. 3
i) Show that B satisfies the equation x = /(8 - 2x). Socaral
Use an iteration process based on the equation in part (ii) to find the value of B correct to 2 dec

e places. Show the result of each iteration to 4 decimal places. (3]
26. MW 12/P32/Q2
€
| M 0
' a
A B

In the diagram, ABC is a triangle in which angle ABC is a right angle and BC = a. A circular arc,
with centre C and radius @, joins B and the point M on AC. The angle ACB is 6 radians. The area of
the sector CMB is equal to one third of the area of the triangle ABC.

(i) Show that 8 satisfies the equation
tan 6 = 36. (2]

(i) This equation has one root in the interval 0 < 6 < %rr. Use the iterative formula /@ S
_ i S
8, =tan'(36,) ojs A

to determine the root correct to 2 decimal places. Give the result of e:ac}gké‘ }@ 4 decimal
L

(3]
places. 2 @%
21. MIJ 12/P31/Q10 %%5 ©
(i) Itis given that 2 tan2x + 5 tan’x = 0. Denoting tanx by ¢, form agigqua i0Ml in # and hence show
; that either £ = Q or £ = ¢/(¢ + 0.8). [4]

(ii) It is given that there is exactly one real value ofi t satisfyin daitation ¢ = Y(t+0.8). Verify

by calculation that this value lies between 1.2 and 1.3. Cf, [2]
(if) Use the iterative formula fos = J(t, +0.8) to find lhg@l correct to 3 decimal places. Give
e (3]

(iv) Using the values of ¢ found in previous parts
; 2tan 2x + 5 tan“x ¥
for-n<x<a.

: the result of each iteration to 5 decimal places. -
0@5"’:!

(3]
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28, MIJ 12/P33/Q7

n radians. The shadeq regi
On

- wop x> 0, where x is i

s part of the curve y = cos(vx) forx 2 U
ows part 0 ), is denoted by R. The area of R ig a
al

The diagram sh : v ty
between the curve, the axes and the line x = P% where p >
to 1. » . ) 3_2COSP

=u’ to find J cos(y/x) dx. Hence show that sinp = __Zp_—_ . "

0

3-2c¢08 ), e g s 3

(i) Use the iterative formulap,,, = sin (T _with initial value p; = 1, to find the valye o
n

Give the result of cach iterali

(i) Use the substitution X

p correct to 2 decimal placces. on to 4 decimal places. 5

29. O/N 11/P32/Q5
(i) By sketching a suitable pair of grap
seex =3~ %xl'

hs, show that the equation

where x is in radians, has a root in the interval 0 < x < én 2l
(ii) Verify by calculation that this root lics between | and 1.4. 2]
(iii) Show that this root also satisfies the equation
e 2
X = COS ({1—-‘,(3). [1]
(iv) Use an iterative formula based on the equation in part (iii) to determine the root correct to
2 decimal places. Give the result of each iteration to 4 decimal places. 3]

30. O/N 11/P31/Q5
(i) By sketching a suitable pair of graphs, show that the equation

FET — |2
secx =3 —5x%,

where x is in radians, has a root in the interval () < x < iy
7.

(i) Verify by calculation that this root lies between 1 and 1.4.
(iii) Show that this root also satisfies the equation g
~ 2
x=cos™!
( 6 —x2 ) ' @ (1

(iv) gsc an iterative formula based on the equation in part (iii)
decimal places. Give the result of each iteration to 4 deci

31. O/N 11/P33/Q5

a

It is given that ’ xl =
th n = 1
1 xdx = 22, where a is a constant

() Show that g = ‘/(_ﬁ”__ o
2lna-1) @

() Use an iterative fo '
rmula based on th, -~ )
places. Use an initi € eéquation in part (i :
nitial value of 6 and give the result otg g;::)hﬂiligrg:? Va:‘-‘liﬂg . Fo:lec: o dccm[“’l
on to 4 decimal places.  ©

ezgg@me the root correct t0
< 3
@

[5]
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1
A

A 0 B T

giagram shows a semicircle ACB with centre O and radius r. The tangent at C meets AB Pf?d_“"ed
® he angle BOC is x radians. The area of the shaded region is equal to the area of the semicircle.

atf tisfies the equatio
: w that x sa q n
@ Sho tanx = x+ 7. [3]
i Use the iterative formula x_ = tan"(x" + 1) to determine x correct to 2 decimal places. Give
v the result of each iteration to 4 decimal places. 3]

5. M 11/P31/Q6

The diagram shows a circle with centre O and radius 10 cm. The chord AB divides the circle into two

regions whose areas are in the ratio 1 : 4 and it is required to find the length of AB. The angle AOB

is 6 radians.

(i) Show that 6 = 27 + sin 6. [3]

(i) Showing all your working, use an iterative formula, based on the equation in part (i), with
an initial value of 2.1, to find 6 correct to 2 decimal places. Hence find the length of AB in
centimetres correct to 1 decimal place. [5]

34. M/J 11/P33/Q6
(i) By sketching a suitable pair of graphs, show that the equatio n
cotx = 1 +x2,
where x is in radians, has only one root in the interval 0 < x < %n: ;
(i) Verify by calculation that this root lies between 0.5 and 0.8 .
(iii) Use the iterative formula

1 g
= tan! ‘
x”+[ an ( it xﬁ ) * \0 %
to determine this root correct to 2 decimal places. Give the result ¢ \3@ @ion to 4 decimal
places. (@] [3]
3. OIN 10/P32/Q4, O/N/P31/Q4 @ &
® By sketching suitable graphs, show that the equation 7

4x* — 1 =cotx @
) has'only one root in the interval 0 < x < 1. b [2]
(ll] Verify by calculation that this root lies between 0.6 C"'i b (2]
(iii) Use the iterative formula

@
X, =W+ cotﬁ

tﬁ; determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
Places,
[3]




Mathematics A-Level P-3 Topical 186 Unit 6: Numencal sokition of l
Read & Write Publications M‘

36. O/N 10/P32/Q7, O/N/P31/Q7 I e i ] PR
With respect to the origin O, the points A and B have position veclors gIven by =2+ 2K gy
OB = 3i + 4j. The point P lies on the line AB and OP is perpendicular to AF.
(i) Find a vector equation for the line AB. I
(ii) Find the position vector of P. e ndic [4)
(iii) Find the equation of the plane which contains AB and which is perpendicular to the plane (O B
giving your answer in the form ax + by + ¢z = d. [4)

37. O/N 10/P33/Q7

(i) Given that -[ !“—,‘ dx = 2, show that a = §(1 + Ina). 15)
2
1

i = 1 > value of a corree
(ii) Use an iteration formula based on the equation @ = 3(1 +1n a) to find the value ot a corregy ¢

2 decimal places. Use an initial value of 4 and give the result of each iteration to 4 decimy)
places. )

38. M/J 10/P32/Q4

sin.x g 5 ;
i )= 2 for 0 < x € 2, and its minimum point M.
The diagram shows the curve y g Con !
(i) Show that the x-coordinate of M satisfies the equation
X =tanx. [41
(ii) The iterative formula

x ,=tan"'(x )+ 7

n+-1
can be used to determine the x-coordinate of M. Use this formula to determine the x-coordinate
of M correct to 2 decimal places. Give the result of each iteration to 4 decimal places. (3]

39. M/J 10/P32/Q9

The plane p has equation 3x + 2y + 4z = 13. A second plane g is perpendicular to p Qqualmn
ax +y + z = 4, where a is a constant. D & "
(i) Find the value of a. 29 ¢
(ii) The line with equation r = j—k+A(i +2j + 2k) meets the plane p at t 1@5& and the plantltﬁcg
at the point B. Find the length of AB. @ ®©
40. M/J 10/P31/Q6 @ &
; é&
IR
K
B ;
% v radians. T |

The diagram shows a semicircle ACB with centre O and radius r. The angle BOCis X
area of the shaded segment is a quarter of the area of the semicircle.
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o determine the root correct to i dacimal places. Givc the result of each iteration to 4 decu?a;
- places. |

T BT et 51 Gt Aaurain

44, MJ 10/P31/Q10
" The lines / and m have vector equations

r=i+j+k+s(i-j+2k) and r= 4i+sj+k+:(21+21+k)

. tively.
| ;:)spfghqwl:;bat I and m intersect, (4]
i (i) Calculate the acute angle between the lines. 3]
(iii) Find the equation of the plane containing  and m, giving your answer in the form ax + by +¢z =;_‘ g]
42. MIJ 10/P33/Q6
- Thecurvey = *hi has one station 1
3 x4+ 1 ary point,
(i) Show that the x-coordinate of this point satisfies the equation
3 _x+1
: T T
_ . and that this x-coordinate lies between 3 and 4. (5]
(i) Use the iterative formula
. _x, +1
el In .
g to determine the x-coordinate correct to 2 decimal places. Give the result of each iteration to
4 decimal places. (3]

43, M/J 10/P33/Q10

. Thestraightline [ has equationr = 2i — j — 4k + A (i + 2j + 2k). The plane p has equation 3x — y+2z=9,
] The line / intersects the plane p at the point A.

(i) Find the position vector of A. 3]
(ii) Find the acute angle between / and p. (4]
(iii) Find an equation for the planc which contains [ and is perpendicular to p, giving your answer in
the form ax + by + cz = d. Q@ (5]

44. OIN 09/P32/Q2
(2]

~ The equation x° — 8x — 13 = 0 has one real root.
(i) Find the two consecutive integers between which this root lics.
(i) Use the iterative formula

o

= (8 +13) & :

to determine this root correct to 2 decunal places. Give Lhwf @@ iteration to 4 decimal
places. ‘ il \ (3]

45. O/N 09/P31/Q3 '

The sequence of values given by the iterative formula

iy :'.jll. t -I'u.}"'j dJ
M wbid Lol "'- il ﬁ.ﬂ]

vlvio) sviterl oult st ol
e this nemtlve fonnula to find & correct to 2 decimal places. giving the result



A 4

T ”““ L] N”n"lf l('.n' mll""I
Read & Wilta Publicatlons " oy
"ﬁ*
46. MJ 03/P3/Q4
.n:'f: €guation - 2x —2 = 0 has one real root.
(i) Show by calculation that this root lies between x = | and v= 2,
(if) Prove that, if a sequence of values given by the iterative formula I
247 + 2
X ==
“ntl 3"2 - 2
n
converges, then it converges to this root. |
)

(iif) Use this iterative formula to calculate the root correct to 2 decimal places, Clive the e, It of
iteration to 4 decimal places. e
47. M/J 09/P3/Q9 1
The line [ has equation r = 4i + 2j — k + #(2i — j — 2k). 1t s given that [ lies in the plane wj, equa
2x+ by + cz = 1, where b and c are constants. n

(i) Find the values of b and c. /
(ii) The point P has position vector 2j + 4k. Show that the perpendicular distance from £ 4, J;‘

43. M/J 08/P3/Q3 (5]
}J
A
P
[ L > X
0 r N in

In the diagram the tangent to a curve at a general point P with coordinates (x, y) meets the x-axisat 7.
The point N on the x-axis is such that PN is perpendicular to the x-axis. The curve is such that, forall
values of x in the interval 0 < x < %J"C, the area of triangle PTN is equal to tanx, where x '@jn radians,

. P 7
(I) Using the fact that the gradient of the curve at P is ?%, show that (}c_}ﬁ Q@
g o B2 \& E)j?
= 2y” cotx. 2 & 3)
dx 2 NC Qé&
(if) Given that y =2 when x = ]En, solve this differential equation to ﬁml&@}eq;?@lon of the curve,
expressing y in terms of x. @ @0' (6]
49, O/N 07/P3/Q6 @ @@
(I) By sketching a suitable pair of graphs, show that the equat@ P
2-x= R
has only one root. %% (2}
(I1) Verify by calculation that this root lies between 1.4 afih 177, 3§ (2]
(1) Show that this root also satisfies the equation A @@
| $ I
x=34+x -@, ) (1]

(lv) Use the iterative formula

_1
er-l _5(4+xn—21nx")s It o
u

with initinl value x, = 1.5, to determine this root correct to 2 decimal places. Give the rcs .
enel iteration to 4 decimal places. [




)

189 :
Read & Write Publications Unit 6: Numerical solution of equations
o, MW 07/P3/Q6
0.
4 B
r r
O
0
diagram shows a scctor AO_B of a circle with centre O and radius . The angle AOB is « radians,
e c0<a<m The area of triangle AOB is half the area of the sector.
w{:e Show that & satisfies the equation
(i) X =2sinx. [2]
; : P 1 2
(i) Verify by calculation that o lies between 27 and 3. [2]

o) Show that, if a sequence of values given by the iterative formula
o X :
%1 = 3, +dsinx,)
converges, then it converges to a root of the equation in part (i). [2]

(iv) Use this iterative formula, with initial value x, = 1.8, to find a correc

t to 2 decimal places. Give
the result of each iteration to 4 decimal places.

[3]
51. O/N 06/P3/Q10 5
A
M
0 1 > x
The diagram shows the curve y = xcos 2x for 0 < x < 17. The point M is a maximum point.
(i) Show that the x-coordinate of M satisfies the equation 1 = 2xtan 2x. [3]

1 .
(ii) The equation in part (i) can be rearranged in the form x = 1 tan™' (—2;) . Use the iterative formula
1, a1
xn+1 - 5 tan (E’))
n

with initial value x, =04, to calculate the x-coordinate of M correct to 2 deci
the result of each iteration to 4 decimal places.

(iif) Use integration by parts to find the exact area of the region enclosed be Wek
9

x-axis from 0 to %:r. _
52. M/J 06/P3/Q6 @

() By sketching a suitable pair of graphs, show that the equation @ 6 ;
2cotx =1 +¢, "
Where x is in radians, has only one root in the interval 0 < RS (2]
[") Verify by calculation that this root lies between 0.5 an [2]
(ili) Show that this root also satisfies the equation
x=tan"' ( [1]
(iv) Use the iterative formula
Fpg =tan l(1 +e‘t")'
with initial value x, = 0.7, to determine this root correct to 2 decimal places. Give the result of
€ach iteration to 4 decimal places. [3]




I———--

Unlt i Ntrmortoq) 80l
Mg

| 180
Mathematics A-Level P-3 Toplcal Rend & Willo publications "
L

Ty

53. O/N 05/P3/Q4

The cquation x
(i) Show that o lies between 1 and 2.

Two iterative formulac derived from this eq

3 _x—-3=0hasone real root, O.

uation are as follows: l)l

Xpal = I: -3 (A)
Y (xn + 3)i {B)

Each formula is used with initial value x; = 1.5.

(i) Show that one of these formulae produces a € ' .
formula to calculate o correct to 2 decimal places. Give the result of each iteration (, 4 e Ohey

places. |
: §

54. MNJ 05/P3/Q7 |
(i) By sketching a suitable pair of graphs, show
COsecXx = %x +1,

quence which fails to convergo, ang yg, "

that the equation

where x is in radians, has a root in the interval 0 < x < -;-n.
(ii) Verify, by calculation, that this root lies between 0.5 and 1. ()
(iii) Show that this root also satisfies the equation 2
2
]
=sin_ |—= .
x . (x + 2) [11

(iv) Use the iterative formula
2

_ il
s (:c +2)’
n

with initial value x, = 0.75, to determine this root correct to 2 decimal places. Give the result of

\ each iteration to 4 decimal places. B)
| 55, 0IN 04/P3/Q7 |
B
r -
by
¢ A0
AN
04 - A f{&% "6?\
(&2, Q
N N
The diagram shows a sector OAB of a circle with centre O and radius r. '1‘1)3 ’%\1 @3 ‘OB is o radians,
where 0 < o < %7!. The point N on OA is such that BN is Perpcndi@. r %}L The area of ¢
triangle ONB is half the area of the sector OAB. ‘-‘k@ C_,@
(i) Show that o satisfies the equation sin2x = x. %@o i IEE_,}
(ii) By sketching a suitable pair of graphs, show that this cqjk}‘g}ion éﬁ\ exactly one rootin the inte ]
0<x< 3. ' ) 3
(iii) Use the iterative formula 2

= sin
ion-

with initial value x, = 1, to find o correct to 2 deci@?ﬁ places, showing the result of each iter® 0

C
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4/P3Q o o
56. 0 The cquation +x + 1 = 0 has one real root. Show by calculation that this root lics between
i
d 0. . 2
5110?3 (hat, if a scquence of values given by the iterative formula [21
(if) 25 — 1
i R .
: n+l 3I2 + 1
converges, then it converges to the root of the equation given in part (i). 2]
i) Use (his iterative formula, with initial value x = 0.5, to determine the root correct to 2 decimal
(i places, showing the result of each iteration. (3]
7,0N 03/P3/Q5 _ '
51 i) BY sketching suitable graphs, show that the equation
secx=3-x*

pas exactly one root in the interval 0 < x< Elyr. 2]

(ii) Show that, if a sequence of values given by the iterative formula

1
——
n

converges, then it converges to a root of the equation given in part (i). (2]
(iii) Use this iterative formula, with initial value x, = 1, to determine the root in the interval 0 <x < %ﬂ
(3]

correct to 2 decimal places, showing the result of each iteration.

58, MIJ 03/P3/Q8 2
The equation ofacurveisy=Inx+ 7 where x > 0.

(i) Find the coordinates of the stationary point of the curve and determine whether it is a maximum
[5]

or a minimum point.
(ii) The sequence of values given by the iterative formula
v = 2
n17 3-Inx '
with initial value x; = 1, converges to . State an equation satisfied by «, and hence show that

is the x-coordinate of a point on the curve where y = 3. [2]
(i) Use this iterative formula to find ¢ correct to 2 decimal places, showing the result of each

iteration. [3]
59. O/N 02/P3/Q7 &
40
A »_\& & )
I - f"’/ 0@ \
’,’/ -.\ %
rem.-- 5 @P]y
- ©

\
A\
\
\
\
v
©

0 <::2:c:z) 99 cm! 100 ¢m

whjg%-lfomls an arc of a circle. The end points
ds an angle of

Z'he diagram shows a curved rod 4B of length 100 cm
and B of the rod are 99 cm apart. The circle has radius » cm and the arc AB subten

20.radians at O, the centre of the circle.

e s e

L PO —
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i \ )

( ) Show that o satistios tho thlulliun .?_li. —
@  Giv 100 | i e iy

Yiven that this equation hay exuotly ono root In the interval 0 <x =3 verify by calculatiy,
. llml this root lies botween 0.1 and 0.5. . .
(i) Show that il the sequenco of valuos given by the iferative formula |

X, 50 sin - 48.5 X,

converges, then it converges (0 2 root of the equation 11 part (1)- L e .

(i)  Use this iterative formula, with initial value x1 ™ 0.25, to find a correct to decimal places
12

showing the result of cach iteration.

60. M/J 02/P3/Q4

Ihe sequence of values given by the iterative formula

2 1
Yo = 5| % ‘*';E'

ces, showing the resul
value of d. e

with initial value x, = 1. converges to & . -
1 e & t of each iteration. 13

U] Use this formula to find o correct 10
(i)  Statcan equation satisficd by o And hence

2 decimal pla
find the exact
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Answers Section

Q6
(A 18/P ::-rz’c’Cl method for finding the area of a scgment and arca of
5¢ cO

(i) nicircle and form an cquation in @
ot 4 correct equation in any form
Staw-“ the given answer correctly '
Ohlta:ﬂqtc values of a relevant expression or pair of expressions
(i) Cta;'___z_z and 6=2.4 .
Eomplctc the argument correctly with correct calculated values

=—m + sin @, correctly at least once
(i) Use O =37 4

Obtain final answer 2.31 o
Show sufficient iterations to 4 d.p. to justify 2.31 to 2 d.p. or
show there is a sign change in the interval (2.305, 2.315)

) MJ18/P31/Q8

1 1

(i) Integrate by parts and reach Ixe 2 +m Je?" dx
1 1

Obtain 2xe 2 +2 fe? dx 1 1
Complete the integration and obtain _2xe—2x = 4e_?‘, or equivalent
Having integrated twice, use limits and equate result to 2
Obtain the given equation correctly
(i) Calculate values of a relevant expression or pair of expressions ata=3 anda=3.5
Complete the argument correctly with correct calculated values
(iii) Use the iterative formula a,,, =21n(a, +2) correctly at least once
Obtain final answer 3.36

Show sufficient iterations to 4 d.p. to justify 3.36 to 2 d.p., or show there is a sign
change in the interval (3.355, 3.365)

3. MU 18/P33/Q4
(i) Use the quotient or product rule
Obtain correct derivative in any form

Equate derivative to zero and obtain the given equation ‘ @ﬁ@
(ii) Sketch a relevant graph, e.g. y = In x ES%@

ol

(i)  Useiterative formula x,,, = ]3n+x correctly at least once @QF) @éw
x
Obtain final answer 4.97 ! ®

e,
Show sufficient iterations to 4 d.p.to justify 4.97 to 2 d.p.o §%@th@@s a sign
change in the interval (4.965, 4.975) 4
4. OIN 17/P31/Q3, O/N 17/P33/Q3

(@) Calculate value of a relevant expression or expressions at®
Complete the ar

i U gument correctly with correct calculat
ii

Se an iterative formula correctly at least once @7
Show that (B) fails to converge

_ Using (4), obtain final answer 2.43
OW sufficient iterations to

®
Sketch a second relevant graph, e.g. y=1+ 2 , and justify the given sta@
X

justify 2.43 to 2 d.p., or show there is a sign change in
(2425,2.435)
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5. WU 17P32Q40

6.

7-’

@ g:;:im conrect exmmal vt to b §lane, ° P 7A-205%
Usite &:; Crmn process for c'ramﬁg‘ﬁx_: @.Iz: ;;:odtxi o pormal vectors
z the comrest process for Ge modali, divide the scalar product of the two
rormals by the product of their moduli 2od eveluzie the inverse cosine of the result
| Obtain final angwer 72.57 o 1.26 vadizs
(i) EITHER:Substinte y = 2 in both plane equations 2nd solve for x or for z

Obtzinz=3 azndz=1

OR: Find the equation of the line of intersection of the planes
Substitie = 2 in line equation znd solve for x or forz
Ovzinz=3adz=1

EITHER: Use sczlar product to obtzin an equation in 4, handc,eg. atbt3c=0
Form 2 second relevant equation, €2 24—+ =0, and solve for one
raio,eg a:h
Obtain finzl znswerazh:c=T:5:-4
Use coordinates of A and values of a, hand ¢ in peneral equation and find d
Obtain answer Tr+ 5y —42 =27 , or equi valent

(OF]1: Caloulzte the vector product of releyant vectors, Cp,
(i+j+3k)ys(2i~2)4 k)
Ottzin two correct compounents
Otzin correat angwer, e T+ 5j—~4k
G ubntitute coordinates of A in plane cquation with their normal and find d
Obtzin answer Tr4 5y —~Az= 2T, 0r equivalent

Ory:  Using relsyant vectors, form a two-parameler equation for the plane
Statss 4 corret suation, e, r= M4 24k b A0 for 3k) 4 (2= 2+ K)
State 3 correct equations in £, y, 7, 4 and st
Flirninate 2 and jt
Otain answer Tr4 5y Az=27,0r cquivalent

ons: (Jaes the direction vector of the line of intersection of the two planes as
nonnal vector to the plane
‘I correct components

Thres correst components
Substitute coordinates of A in plane cquation vith (heir normal and find d

Obtain angwer T4 Sy—Az=21, ot couivalent

WIS A7IP21I05 ;6@ o
2
&

(1) Use correct gector (sl at Jeust once and form nn equation in rand x B8
Oblait # correct equation in any form gg@

Jearrange in the glven form \/L-\h 7 o
(ii) Calculate valucs of  reloyant expresuion or oxpromions ot x | nmlx-o_!,:gjfﬁ iﬁﬁk
Complets the arpument conectly with correct cnleulnted values O @©
(iif) Uses the ierative formula correctly at least once @) 5{@)

f&7 ¢

Obtain fnal answer 1574 SN
Hhow sufficient fterations (0 5 dop, to Justify 137410 3 dop., or h}}ﬁ.‘:ﬂf lll‘é?i: is a sign

change In the interval (13745, 1.8155) ﬁ\fé) J@;. A
M/J 17/P331Q86 (1,11) ,q(g;' .;f:q'&

() Btute or oblain coordinaton (1, 2, 1) for th |||Iu|--|mink;f[‘-} H.‘('{‘-'"

Yerify that the midpoint liew on m QY7 P
Biate or imply n correct normal veetor (o the |1|||||n:’txg.'-'$i,| 1 2) =K

Hinte or imply # direction veotor for (e nepmont A, e.p, =41 4]+ 2k

Confirm that ne i por pondicular to A

S,

e

—
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. oy that the perpendicular distance of m from the origin is% , or

m :
% 'Iﬁcd cquivalent

rlimpi}’ that n has an cquation of the form 2x+2y—z= k
7 answer Ix+2y—2=2

jpaz/as, ON 16/P31/Q6

'
8 ¢ rccognizablc sketch of a relevant graph
U Mi (ch the other rclcvan_t graph and justify the given statement
k Jations t0 consider the value of a relevant expression at x = 1.4 and x = 1.6,

(i yse caled S b o X
¢ values of relevan expressions at x = 1.4 andx=1.6
Ecmplctc the argument correctly with correct calculated values
. =l
—2sin” | ——
(i) S=° * x+3

Rearrange this in the form cosectx=1x+1

. X
1f working in reverse, need sm-z— =£

3 ] for first Bl
x+3

(iv) Use the iterative formula correctly at least once

Obtain final answer 1.471
Show SumA iterations to 5 d.p. to justify 1.471 to 3 d.p., or show there is a sign

change 1n the interval (1.4705, 1.471 5)

/N 16/ P33/Q9
; 0 Differentiate both equations and equate derivatives
! k

Obtain equation cosa —asin Q= —.a_z

Stateacosa@ = -;E and eliminate &
a

Obtain the given answer showing sufficient working
) Show clearly correct use of the iterative formula at least once

Obtain answer 1.077 |
Show sufficient iterations to 5 d.p. to justify 1.077 to 3 d.p., O show there is a

sign change in the interval (1.0765, 1.0775)
(iii) Use a correct method to determine &
Obtain answer & =0.53

10. OIN 16/P32/Q8 |

i

%
NS

(i) Use correct quotient o chain rule E@
Obtain correct derivative in any form & 0
Obtain the given answer correctly " \0 Qg

(ii) State a correct equation, €.g. _g % =—cosec acota 5 4&

Rearrange it correctly in the given form ®)
ons atx = ldx s

(iif) Calculate values of a relevant expression or pair of expressi 5
Complete the argument correctly with correct calculated values 0%7

(i¥) Use the iterative formula correctly at least once §§S f"

0,

Obtain final answer 1.317
Show sufficient iterations to 5 d.p. to justify 1.317to3 dp.
change in the interval (1.3165, 1,3175)

f. M 16/P33/Q6 @v
() Use the product rule

Obtain correct derivative in any form
Equate 2-term derivative to zero and obtain the given an

-

ere is a sign

swer correctly
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ii ; "
(if) Use calculations to consider the sign of a relevant expression 2P~ BREp= R

féompare values of relevant expressions at p= 2 and 7 = 2.5
omplete the argument correctly with correct calculated values
(iii) Use the iterative formula correctly at least once
Obtain final answer 2.15
_Show sufficient iterations to 4 d.p. to justify 2.15t02dP-
in the interval (2.145,2.155)
-

12. O/N 15/P32/Q4 N
@ Bvaluale; or consider tiesignof, »°—3" ~6 Tortve integer values of 7, o equfvalent
Obtain the pair x=2 and x =3, with 00 errors seeil
(i) State a suitable equation, e.g. x=v(*+ (6/x))
Rearrange this as x° —x? —6=0, or work vice versa
(iiii) Use the iterative formula correctly at Jeast once

Obtain final answer 2.219 - ther
Show sufficient iterates to 5 d.p. to justify 2219 10 3 d.p., oF ShOW B
in the interval-(2.2135, 2.2195) T

13. O/N 15/P33/Q4
dy _» dy
Use -~ == and —to4
() e p and equate

By

ie g 2iem ok

or show (here 15 2 5ign ciangs

&y

A

e is a sign changs

3
Obtain —F— =14 or equivalent
2p+3

Confirm given result 7= 3[2p+3 corectly

(ii) Evaluate p—3/2p+3 or pP-2p-3or equival
Justify result with correct calculations and argument

(-0.076 and 0.087 or—0.77 and 1 respectively)
(iii) Use the jterative process correctly at least once with 1.8 € P

Obtain final answer 1.89 o
Show sufficient iterations to at Jeast 4 d.p. to justt

interval (1.885, 1.895)
14, O/N 15/P31/Q4

ent at 1.8 and 2.0

K=

<20

fy 1.89 or show sign change in

der the sign of, P —x*—6 fortwo integer values of x, or equivalent

(i) Evaluate, or consi
Obtain the pair x=2 and x =3, with no errors seen DD I
("
(if) State a suitable equation, €.8. *= Jx+(6/x)) @ &N
: 3.2 . 800 X
Rearrange thisas x” —x —6=0, or work vice versa /_,49 ol )
i s N ]
(iif) Use the iterative formula correctly at least once . }%‘5‘; Q;g\

Obtain final answer 2.219 2
Show sufficient iterates to 5 d.p. to justify 2.219 to 3 d.p., or show the@)'é\ @@%hange

in the interval (2.2185, 2.2195) )

D & )

15. M/J 15/P32/Q5 @ Qé‘%
%7

() State or imply AT =rtanxor BT =rtanx

Use correct arc formula and form an equation in  and x @ 7

Rearrange in the given form Bl
(ii) Calculate values of a relevant expression or expressi?ff? tx aand x=13

Complete the argument correctly with-correct cal@’atéi es . b

(iif) Use the iterative formula correctly a
’ t least
Obtain final answer 1.11 R
Show sufficient iterations to 4 d.p. to justi is a si '
i p. to justify 1.11 to 2 d.p., or show there is a sign change 10 il
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a9 . | |
oN 14!5‘35]0[1:“3“13 curve with correct curvature passing through origin, for x>0

6 el bl skelch of y=40-x*, with equation stated, for x> (

RecOB T some way the one intersection, dependent on both curves being roughly
mdicﬂt 1nd both existing for some x <0
¢ld

¢

QO ons of ¥} +1In x+1)—-40 at3 and 4 or equivalent or compare values of
“ der SIR A 4 d sl p
(i) L0 ant expressions for x=3 and x =
[?lc\ lele argument correctly with correct calculations (-11.6 and 25.6) 2]
L'ml.“mc erative formula correctly at least once
(i) OETain final answer 3.377

gnow sufficient iterations to justify accuracy to 3 d.p. or show sign change in interval

13]

4765,3.3775) 13]
. ,\i:cmpl value of In(x+1)
(Y Chtain 148 , .
1 14/P32/Q6 B
¥ Use correct arc formula and form an equation in r and x

Obtain a correct ec!uation in any form

Rearrange in the given form ,
j) Consider sign of a relevant expression at x = 1 and x = 1.5, or compare values of relevant

expressions at x=1 and x=1.5

Complete the argument correctly with correct caleulated valucs 2
jii Use the iterative formula correctly at least once

Obtain final answer 1.21

Show sufficient iterations to 4 d.p. to justify 1.21 to 2 d.p., or show there is a sign change
in the interval (1.205,1.215) ,

18, MIJ 14/P31/Q8
(i) Sketch y = cosecx for at least 0 ,x, z

Sketch y =x(m—x) foratleast0 ,x, =z

; i : I
Justify statement concerning two roots, with evidence of 1 and E;rz for y-values
on graph via scales [3]

1
(ii) Use cosecx = —— and commence rearrangement
sinx

Obtain given equation correctly, showing sufficient detail ' 12]

(iii) (a) Use the iterative formula correctly at least once /@
Obtain final answer 0.66 "/‘\@)

Show sufficient iterations to 4 decimal places to justify answer or show a %‘@S @(,)
sign change in the interval (0.655, 0.665) © O 3]
() Obtain 2.48 W [

>
19, My 14/P33/Q4 @gdb
() Consider sign of x-10/(e* =1)atx=1andx=2 @ ©
' Complete the argument correctly with correct calculated values @ @s@ . 2

(i) State or imply o =+In(1+10/a) '{\

 Rearrange this as o = 10/(e* ~1) or work vice versa %

(ii)) Use Ehe iterative formula correctly at least once >
(S)lllbtam final answer 1.14  * (@g
00w sufficient iterations to 4 d.p. to justify 1.14 -P;
In the interya] (1.135, 1.145) @j@

N
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20. O/N 13/ P32[0Qpiéml Read & Write Publications

() State or im gy ~2r" cos( ~20)
ply AB=2rcos@ or AB* =2r" —21" CORT
Use correct formula to express the area of scctor ABC in terrs o ﬂ';_d : d
- Use correct area formulac to express the arca of a segment in terms oL 7 an 0

Statc a correct equation in # and @ in any form

Obtain the given answer

[SR: If the complete equation is approached by adding two scctors to the shadeq
M1 as on the scheme, and the second M

area above BO and OC give the first
for using correct arca formulac for a e AOB or AOC, and § sector AOR

) or AOC.]
(i) Use the iterative formula correctly at least once

Obtain final answer 0.95 h here i i
Show sufficient iterations to 4 d.p. to justify 0.95 to 2 d.p., or Show there is a sign

change in the interval (0.945, 0.955)

21. M/J 13/P32/Q2
(i) Use the iterative formula correctly at least once

Obtain final answer 3.6840 . :
Show sufficient iterations to at least 6 d.p. to justify 3.6840, or show there is a sign

change in the interval (3.68395, 3.68405)
3(5" +100) 1
2(x +25)
State that the value of a is 3v/50 , or exact equivalent ) |

22, M/ 13/P31/Q10

(i) State &-=80-kV

Correctly separate variables and attempt inte

Obtain aln(80—k¥)=t or equivalent

Obtain —1In(80—kV)=¢ ot equivalent

Use =0 and ¥ =0 to find constant of integration or as limits

Obtain —+In(80—kV) =1 ~11n80 or equivalent

Obtain given answer ¥ =(80 —80¢™™) correctly 0
(i) Use iterative formula correctly at least once

Obtain final answer 0.14
Show sufficient iterations to 4 s.f. to justify answer to 2 s.f. or show a sign

Unit 8 Ans%h

triangl

(ii) State a suitable equation, e.g. x =

gration of one side

change in the interval (0.135, 0.145) i]
(iii) State a value between 530 and 540 em’ inclusive

State or imply that lvolumc approaches 569 cm’ (allowing any value between _ ®

567 and 571 inclusive) @ 1l

'23. M/J 13/P33/Q6 o@ \\Q

(i) State the correct derivatives 2¢™° and 2/x S @‘fﬁ

Equate derivatives and use a law of logarithms on an equation equivalent ¢ @"Jﬁéf mlx

Obtain the given result correctly (or work vice versa) © b
" ; : 1
(ij) Consider the sign of a— 5(3 —In aywhena=1and a=2, or equm\@t

N ;

Complete the argument with correct calculated values

(iif) Use the iterative formula correctly at least once
Obtain final answer 1.35
Show sufficient iterations to 4 d.p. to justify 1.35 to 2.d2p., orgHow there is a sign change i

in the interval (1.345, 1.355) @ ﬁ
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4 a8, O/N 12!P31(QB |
12/P3 o product or quoticnt rule and use chain rule at least once
gk g yse €© | vative in any correct form
f " pptain Jerivative {0 zero and solve an cquation with at least two non-zero terms
pquat®
al X . _
glr“:;“ answer ¥ = —_};, or exact cquivalent ”
fate 8 suitable c(i“‘“i:’“: ¢.g. o ? (In(4 + 8a.2))
() > to reach €% = 4 + 8o
Rearrang® =
obmiﬂ% _ 1% /(1 +2a?), or work vice versa o]

 the iterative formula correctly at least once

(ﬂl) Obtain final answer 1'36 o
Show sufficient iterations to 4 d.p. to justify 1.86 to 2 d.p., or show there is a sign
pange in the interval (1.855, 1.865) [3]
25 oIN 12/P33/Q6
{]) Find_)’forx =-2 _ 5
Obtain 0 and conclude that ¢ =-2 . ' (2]
o Fither Find cubic factor by division or inspection or equivalent
@ 2= Obtain x* +2x-8
Rearrange to confirm given equation x=3/8-2x
Or Derive cubic factor from given equation and form product with (x — a)

(x +2)(x3 +2x— 8)
Obtain quartic x* +2x* +2x* —4x 16 (=0)
Or Derive cubic factor from ﬁiven equation and divide the quartic by the cubic

(x"' +2x° +2x* —4x-16 +(x3 +2x—8)

Obtain correct quotient and zero remainder [3]
(iii) Use the given iterative formula correctly at least once
Obtain final answer 1.67
Show sufficient iterations to at least 4 d.p. to justify answer 1.67 to 2 d.p. or show
31

there is a change of sign in interval (1.665, 1.675)
26. MIJ 12/P32/Q2

(i) Using the formulae %rzﬁ and %bh , form an equation an a and @
| @ A

Obtain given answer .
(ii) Use the iterative formula correctly at least once
Obtain answer & = 1.32 Dé@ AN
Show sufficient iterations to 4 d.p. to justify 1.32 to 2 d.p., or show there W ge
in the interval (1.315, 1.325) @ © 13]
2. MU 12/P31/Q10 @ @
() Use correct identity for tan 2x and obtains af' + b +cf + dt Q@Ete be zero
Obtain correct horizontal equation, e.g. 47 + 5/ -56=0 U
Obtain k#(f’ + et + f) = 0 or equivalent
Confirm given results t =0 and ¢ =3/+0.8 [4] II
(i) Consider sign of t—%/¢#+0.8 at 1.2 and 1.3 or equiv}ﬁ !
.. Justify the given statement with correct calculatid 0.8 and 0.02) [2] j
(ii)) Use the iterative formula correctly at least once with @ﬁr,, <13 |
Obtain final answer 1.276 i
Show sufficient iterations to justify answer or show there is a change of sign in interval Bl |

(12755, 1.2765)

.
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. Jue
(iv) Evaluate tan™' (answer from part (iif)) to obtain at Jeast one va

Obtain -2.24 and 0.906
State—z, 0 and 7
[SRIf A0, BO, allow B1 for any 3 roots]

Z8. MIJ 12/P33/Q7

(@)

Substitute for x and dx throughout the integral
Obtain I?.u cosu du

Integrate by parts and obtain answer of the form au sinu+bcosu , where ab +# ()

Obtain 2usinu+2cosu

Use limits u= 0, u = p correctly and equate result to |

Obtain the given answer

Use the iterative formula correctly at least once

Obtain final answer p=125 i =
Show sufficient iterations to 4 d.p. to justify its accuracy to 2 d.p., or show there is Sign
change in the interval (1.245, 1.255)

29. O/N 11/P32/Q5

@

(i)

Make recognisable sketch of a relevant graph over the given interval
Sketch the other relevant graph and justify the given statement

Consider the sign of sec x — (3- ]E ¥) atx=1and x = 1.4, or cquivalent
Complete the argument with correct calculated values

(iii) Convert the given equation to sec x =3 — ! 2 or work vice versa
(iv) Use a correct iterative formula correctly at feast once

Obtain final answer 1,13

Show sufficient iterations to 4 d.p. to justify 1.13 to 2 d.p., or show there is a sign change
in the interval (1.125, 1.135)

[SR: Successive evaluation of the iterative function with x = 1,2, ... scores M0, |

30. O/N 11/P31/Q5

(i)
(ii)

Make recognisable sketch of a releyant graph over the given interval
Sketch the other relevant graph and justify the given statement
Consider the sign of sec x — (B- % Patx=1andx=1 4, or equivalent
Complete the argument with correct calculated values

(iii) Convert the given equation to sec x =3 ~ L or work vice versa

. . " 2
(iv) Use a correct iterative formula correctly at']east once

Obtain final answer 1.13

e
2 AD
Show sufficient iterations to 4 d.p. to justify 1.13 to 2 d.p., or show there is a e:iga:;@hfﬁ]yn{)@)\&
in the interval (1.125, 1.135) ; O A;@-.J

[SR: Successive evaluation of the terative function with x = 1,2, ... scores MOJ?

e
f/_i ) ‘?l Y]
31. OIN 11/P33/Q5 2 &
(i) Either Zan '

Ny O
Usc integration by parts and reach an cxpression ko Inx 4 n | 1. Ldy@)

Obtain —%xz Inx—] Lx dx or equivalent
Obtain 1% In x — 1

)

ST
t::\:\\j.g\}\) Lif; % w3

Or E)% ; o4
Usc Integration by parts and reach an cxpression kx(xly&){) x){ },ﬁf’;! T ol el
Obtain / = (¢ Inx =) ~ 1+ ] xdx @(x) ﬁ,&

Obtain +x" Inx— L5 R
Substitute limits correctly and equate to 22, having integrated twico

87

2Ina~1

Rearrange and confirm given equation a = \/

]

[6)

2

2]
(1]

)

2

2]
[

13

0
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jve process correctly at least once

) se ' cal @ lswcr586

W gvtain icient iterations to 4 d.p. to justify 5.86 or show a sign change in the
ghow &' 5.855, 5.865)

al 5
eV 4030 —» 5.8795 — 58491 — 58611 — 5.8564) 3]

104
ply CT=rtanxor OT=rsccx,or cquwalcnt 3]
a formulac, form an cquation in r and x
answer correctly
bi'imc 1tcrﬂ“"° formula correctly at least once

@ Y Obtain the final answer 1.35 -
fficient iterations to 4 d.p. to justify its accuracy to 2 d.p. , or show there is a sign

Ghow SU

chang¢ in the interval (1.345, 1.355) .
31/Q6
3. M:‘JS“ 1l"for imply arca of segment is 4 20— J_ Psind or G
! Attempt fn G5 o0 o arca of S“gmcnt = + of area of circle, or equivalent
Confirm given result @ = 47 +sin@ .

Use iterative formula corrcctly at least once
(if) Obtain value for g of 2.11
show sufficient iterations to justify value of & or show sign change in interval
2,105, 2.115)
Use gom:ct trigonometry to find an expression for the length of 4B
e.g. 205in1.055 or J200-200cos2.11

Hence 17.4 (5]
(.1 - 2.1198 = 2.1097 > 2.1149 - 2.1122]

1, M!J 11/P33/Q6
Make recognisable sketch of a relevant graph over the given range

Sketch the other relevant graph and justify the given statement (2]

(ii) Consider the sign of cotx — (l + xz) atx = 0.5 and x = 0.8, or equivalent
Complete the argument with correct calculated values 2]
(iii) Use the iterative formula correctly at least once with 0.5<x, <0.8

Obtain final answer 0.62
Show sufficient iterations to 4 d.p. to justify its accuracy to 2 d.p., or show there is a sign
change in the interval (0.615, 0.625) [3]

35. O/N 10/P32/Q4, O/N/P31/Q4 %f@
() Make recognisable sketch of a relevant graph over the given range X @)

Sketch the other relevant graph on the same diagram and justify the given stateme “@j ® (2]
(ii) Consider sign of 4x* — 1 —cot x at x = 0.6 and x = 1, or equivalent () '

Complete the argument correctly with correct calculated values » 0141;3 [2]
(iii) Use the iterative formula correctly at least once 5 & 0@

Obtain final answer 0,73

Show sufficient iterations to at least 4 d.p. to justify its accuracy t -‘%@p.,&@how
there is a sign change in the interval (0,725, 0.735) @%5 \@f [3]

%. OIN 10/P32/Q7, O/N/P31/Q7
() State correct equation in any form, e.g. r =i+ 2j + 2k + géi [1]
(i) EITHER: Equate a relevant scalar product to zero an quatlon in A

ORI:  Equate derivative of OP* (or OP) to z ‘an equation in A
OR 2: Use Pythagoras in OAP or OBP and f ﬁ ation in A
State a correct equatlon in any form

Solve and obtain 1 = —+ or equivalent
Obtain final answer OP = 2j+3j+21k, or cquivalent [4]

e
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(iii) EITHER: Statc or imply OP is a normal to the required planc
State normal vector 2i + 5§ + 7k, or equivalent
Substitute coordinates of a relevant point in 2+ 35y + 7z = d and evaluate d
Obtain answer 2x + 5y -+ 7z = 26, or equivalent
OR I Find a vector normal to plane AOB and calculale
direction vector for the line AB
Obtain answer 2i + 5j + 7k, or equivalent
Substitute coordinates of a relevant point in
Obtain answer 2x + 5y + 7z = 26, of equivalent
OR 2: Set up and solve simultaneous cquations in a, b, .
products of ai + bj + ck with (i) a direction vector for linc
to planc OAB
Obtaina:b:c=2:5:7,0r equivalent
Substitute coordinates of a relevant point in 2x + sy +7z=d and cvaluate d
Obtain answer 2x + 5y + 7z = 26, o equivalent s
OR 3: With Q (x, y, z) on plane, use Pythagoras in OPQ to form an equation in x,
yand z
Form a correct equation

Reduce to linear form

Obtain answer 2x + 5y +72= 26, or equivalent ’ _
OR 4. Find a vector normal to plane AOB and form a 2-parameter equat.lou with
relevant vectors, e.g, T=1+2i+ ok + A(2i—2j +2K) * (8 — 6] + 2K)

State three correct equations in x, y, 2, Aand 4

Eliminate A and 4
Obtain answer 2x + 5y + 7z = 26, or equivalent 0

its vector product with a

2y + 5y +Tz=dand cvaluate d

¢ derived from zero scalar
AB, (ii) a normal

37. O/N 10/P33/Q7

(i Attempt integration by parts
— 1 .
Obtain —x ' Inx+ I-lz- dx, -x—ly%—i+ 2 ]Ei{ dx—2 J"z' dx or equivalent
X X x

Obtain —x ' Inx— x~! or equivalent

Use limits correctly, equate to 4 and attempt rearrangement {0 obtain a in terms of In @

Obtain given answer d = $(1+In a) correctly 5]
(if) Use valid iterative formula correctly at least once
Obtain final answer 3.96 /@
Show sufficient iterations to > 4 dp to justify accuracy to 2 dp or show sign chan ig@
interval (3.955, 3.965) o@ 0l
[4 — 39772 — 3.9676 3.9636 — 3.9619] & Qg
SR: Use of a,,, = c(%a“'l) to obtain 0.50 also earns 3/3. Q@\) 2
P e
38, M/J 10/P32/Q4 & &
(i) Use correct quotient O product rule &vé\%,,
Obtain correct derivative in any form ggy'
Equate derivative to zero and solve for x =
Obtain the given answer correctly @ [
(ii) Use the iterative formula correctly at least once @@;@
&

Obtain final answer 4.49 Z
@ﬁ’s acy to 2 d.p., or show that . il

Show sufficient iterations to at least 4 d.p. to justi
there is a sign change in the interval (4.485, 4.495)
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10}P32IQ9
siate OF imply a correct normal veetor (o

Equate scalar product of normals 1o zerq
1a+ 2+ 4=0
Obtain a = —2

cither plane, e.g. 31+ 2) + 4k or ai + j + k
and obtain an equation in 4, C.g.

- al point of the line in ¢ .
i) Express general point ol the line in componen form, e.g. (A, 1422, -1+24)

.y

fither substitute components in the cquation of P
14
compnncnls and the value of

Obtain A= 1 for point A
Obtain =2 for point B

Carry Out correct process for finding the length of 4z
Obtain answer AB =3

2t ' ind solve for 1, or substitute
1€ equation ol g and solve for 2

[The second M mark is dependent on both values of 4 being found by correct methods.]

40. MIJ 10/P31/Q6

()

(i)

. - Jiqal :
Using the formulae - r“@and Lr?sing e

Obtain a correct equation in  and x and/or x/2
Obtain the given cquation correctly

Consider the sign of x — (ﬁ- Z=sinx)atx=13 and x
Complete the argument with correct calculations

Juivalent, form an equation
In any form

= 1.5, or equivalent

(iii) Use the iterative formula correctly at least once

Obtain final answer 1.38
Show sufficient iterations to at least 4 d.p. to justify

there is a sign change in the interval (1375, 1.385) its accuracy to 2 d.p., or show

4. MJ 10/P31/Q10 .
(i) Express general point of / or m in component form, e.g. (1 +s, 1 —5, 1 + 25) or

(4+2t,6+2t1+1)

Equa_tc at least two corresponding pairs of components and solve for s or ¢
Obtains=-1 orf=-2

Verify that all three component equations are satisfied

(i) Carry out correct process for evaluating the scalar product of the direction vectors of

[and m

Using the correct process for the moduli, divide the scalar product by the product of
_the moduli and evaluate the inverse cosine of the result

Obtain answer 74.2° (or 1.30 radians)

(iii) EITHER: Use scalar product to obtain a — b +2c=0and 2a +2b+c=0 (g,g})

Solve and obtain one ratio, e.g. a: b @ 4\\)@
Obtaina : b:c=5:-3:-4, or equivalent @
Substitute coordinates of a relevant point and values for a, b a S
general equation of plane and evaluate d ﬁﬁ

Obtain answer 5x — 3y — 4z = -2, or equivalent I &
OR 1: Using two points on / and one on m, or vice versa, state thigghe 1@%115 in

a, b, candd @ &
Solve and obtain one ratio, ¢.g. a: b $

Obtain a ratio of three of the unknowns, e.g. a: bR —%B™
Use coordinates of a relevant point and fo%r 10 {6

unknown, e.g. d
Obtain answer —5x + 3y + 4z =2, or equiv é .
OR 2: Form a correct 2-parameter equation %{:Q pl{?g‘,
eg r=i+j+k+Ad-j+2k) +u j 1K
State three equations in x, y, z, 4 and y
State three correct equations

Eliminate A and '
Obtain answer 5x — 3y — 4z ==2, or cquivalent

Unil 6; Answers Section
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OR 3:
Attempt to calculate vector product of dircction vecelors of /and m

—

\(s of the product

j o+ dk

Ob 1 \Y c

IE)bmin correct product, ¢.g. =51 * 3
orm a plane cquation and usc €00

calculate d
Obtain answer —5x + 3y +4z

42. M/J 10/P33/Q6
(i) Use correct quotient or product rule
-

Obtain correct derivative in any form, ¢.B: . -
X+l (x+D)
ven equation correctly

=2,0r cquiValcnt

Equate derivative to zero and obtain the gi

Consider the sign of x— (':+ 1) atx=3andx
™ )

[culated val

X
_ Complete the argument with correct ¢
(ii) Use the iterative formula correctly at Jeast once, usin
Obtain final answer 3.59
Show sufficient iterations to at ustify its accurac
or show there is a sign change in 3.585, 3.59°)

43. M/J 10/P33/Q10
(i) Express general point0
Substitute in plane equa

Obtain position vector 4i
ecto

~4,0r equivalent

ues

g or reaching 2 val
yto2dp-

least 4 d.p- to]
the interval (

e.g. (2 +ﬂ‘|'1

3i—j+2k
ction vector
duct by the pro

lane, €.8

(ii) State or imply 2 correct v ]
evaluate the scalar product of a dire
. 1iuide the scalar pro

Using the correct process,
Using the correct process for the moduli, div
and evaluate the InVerse cosine Or i ine of the result

Obtain answer 26.5°

(iii) EITHER: Statea +2b
Obtain two relev

Obtaina: bh:c=
Substitute coordin

ant equations and solve for one ratio, €.8- 4 b

6:4:-7,0r equivalent
ates of a relevant point in 6x+4y—712=

Obtain answer gx+4y-T12= 36, or equivalent
Attempt to calculate vector product of relevant veclors,

eg (it+2] F2R)x@Bi-Jt 2k)
Obtain two correct components of the product
Obtain correct product, €.8. 6i +4j — 7k

Substitute coordinates of a relevant point i
Obtain answer 6x + 4y Tz =36, o1 equivalent
Attempt to form 2-parameter equation with relevant vectors

State a correct equation, €.8. T = 2i—j—4k+ AT 2j
State three equations inx,y,z A H

Eliminate A and /
Obtain answer 6x +4y — Tz=

@
gn of, x* — 8x — 13 for two ic:é@ﬁ
7

OR1:

nb6x+4y-"7z

OR2:

36, or equivalent

44. OIN 09/P32/Q2
(i) Evaluate, or consider the si
Conclude x=3 andx = 4 with no errors scen

(i) Use the iterative formula correctly at least once

@Y
Obtain final answer 3.43 ﬁ

Show sufficient iterations to at least 4d o i
. . -po to l.lSt Its
a sign change In the interval (3.425, 3.43 5) justify its accuracy to

2d.p., or

levant point to

ue in the interval (3, 4)

_1424,-4+24)

for | and a normal for p

d and evaluate d

=4 and eva

@%d'
7 @
¥ 21«)@%@ 2K) |

R

es of x, or equivalent

Unit 6; An
Ay
Sy

[5)

[5)

B3]

B3]

duct of the moduli

[4

P &P
/\@&

A\
g
Y

show there 18

3]

-
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. 0N 5(,[::13: :g;l
@ g;;l\: E::;Iif:;::flﬁazins to at least 4 d.p. to justify its a

is a Sign change in an appropriate ;'u nqi;’g in (2,775, ZT;‘;‘)HHC}' a2 g orshonm: ihese

(i) State & cuitable equation, e.g. x = T =

ive formula correctly at least once

iate that the exact value of @ is /60 , or equivalent

M 09/P3/Q4 ; 3
signs of x” —2x — 2 when x = 1 and x = 2, or equivalent

(I Comparc .
complete the argument with correct calculations

(i) State O imply the equation x = 2 +2)/ (352 -2)
Rean-ange thl? in the form x *~2x -2 = 0, or work vice versa
(il Use the iterative formula correctly at least once with x, >0
Obtain final answer 1.77 n
ghow sufficient iterations to 4 d.p. to justify its accuracy to 2 d.p
or show there is a sign change 3
In the interval (1.765, 1.775)

47. M 09/P3/Q9 . ‘
@) EITHER Substitute coordinates of general point of / in equation of

equate constant terms, obtaining an equation in b and ¢

Obtain a correct equation, e.g. 8 +2b—c=1

Equate the coefficient of 7 to zero, obtaining an equation 1

Obtain a correct equation, €.g. 4—b-2c=0

OR Substitute (4, 2, —1) in the plane equation

Obtain a correct equation in b and c, €.g. 2b—-c=-1

EITHER Find a second point on / and obtain an equation in b and ¢
Obtain a correct equation inbandc,e.g b+2c= 4

OR Calculate scalar product of a direction vector for / and
a vector normal for the plane and equate to zero
Obtain a correct equation for b and c

Qolve for b or for ¢
Obtain b=-2and ¢ = 3

(i) EITHER F ind }_["_(_j for a point Q on/ with paramete

plane and

nbandc

r1, e.g. 4i— Sk +1(2i
(4

Calculate scalar product of Fé and a direction vector fo [an @7‘%
equate to zero @ @@
Solve and obtain # = —2 7 0@
Carry outa complete method for finding the len @‘b '

Obtain the given answer \/5 correctly (@n
agient form, e.g. 4i— 5k

OR1 Calling (4,2,-1) 4, state AP ___(.or PAE? R
Calculate vector product of AP and @ ectfon vector for /,
e.g. (4i—SK) * (2i—j—2K) @
Obtain correct answer, ©.&. —5i—2)—
Divide modulus of the product by that of the

Obtain the given ansWert correctly

direction vector

Unit 6: Answers Secflon

i3]

(2]
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-

I 2
"y =2 pinx abx = =gand x = Z 5 or equivale
dc.-uiﬂ.ll ol x 2 3 ™ r equivalent

o

con _
M argument correetly with appropriate calculations 2

complet® the \
le OF imply (he equation x = ;(x 14 4in x)
i .
(i

Rearrant

s jlerd
+ Use the!
w Oblain final answer 1.90

how qufficient iterations to 4 d.p. to justify its accuracy to 2 d.p., or show
Sh ¢ a sign change in the interval (1,895, 1.905)
nal answer 1.9 scores A0)]. :

o thig a8 X =2 sin x, or work vice versa 2
tive formula correctly at least once

(here i
[The fi

N 06/P3/Q10

51. (':if Use product ule |
(i) Obtain correet derivative cos 2x — 2x sin 2x

Fquate derivative to zero and obtain given answer correctly 3
o Usc the jterative formula correctly at least once
@ Obtain final answer 0.43 |
SR sufficient iterations to at least 3 d.p. to justify its accuracy to 2 d.p., or show there is a sign
change in the interval (0.425, 0.435) :

(i) Attempt integration by parts and obtain * kx sin 2x + II sin 2x dx , where £, /= -%— ,1,0r2
5
Obtain rlix sin ?.x—Jé sin 2x dx
1 . 1
Obtain indefinite integral 5 xsin 2x+ Z cos 2x

1 s L .
Use limits x =0 and x = z:fr having integrated twice

1. 1 :
Obtain answer -gfr 7 or exact equivalent 5

52, M/J 06/P3/Q6
() Make recognizable sketch of a relevant graph, e.g. y =2 cot x

- Sketch an appropriate second graph, e.g. y =1 + ¢ correctly and justify the given statem 2
(ii) Consider sign of 2 cot x — I-¢*atx = 0.5 and x = 1, or equivalent A 2
Complete the argument with appropriate calculations \3
(iii) Show that the given equation is equivalent to x =tan™ [Hi‘) or vice versa Q%@D) 1
e
(iv) Use the iterative formula correctly at least once :)@ &%ﬁ”
Obtain final answer 0.61 Q ©
Show sufficient iterations to justify its accuracy to 2 d.p., or show th@ i é@g change in the
interval (0.605, 0.615) @@, 0 3
53.0/N 05/P3/Q4 '
®  Consider sign of x* —x~3, or equivalent %
Justify the given statement ) (2}

@) Apply an iterative formula correctly at least once, with ii ifgfvalygn =1.5
Show that (4) fails to converge :
Shm\f that (B) converges
Obtain final answer 1.67

?‘ohow sufficient iterations to justify its accuracy to 2 d.p., or show there is a sign change in the
Interval (1,665, 1.675) )

\
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o4, MiJ 05/P3/Q7

() Make recognisable sketch of a relev
e.g. y = cosec X

Sketch the other relevant gra

ant graph over the given range,

ph,e.g. Y= ux+1, and justify the given

_ statement .

(i) Consider sign of cosec x—%x —1 atx=05and x> 1,l ol[ eqsuwalent :

_ Complete the argument correctly with appropriate calculation

(iii) Rearrange cosec X = 1x+1in the given form, Of vice versa )

(iv) Use the iterative formuia correctly at least once 1
racy to 2 d.p.,

Obtain final answer x = 0.80 " ’
Show sufficient iterations to at least 3 d.p. 10 justify its .ac{;:5
or show there is a sign changé in the interval (0.795, 0.805) 3

55. O/N 04/P3/Q7
(i) Obtain area of O

NB in terms of rand a .9 %rz cosa Sina

L (1 rzaJ or equivalent

n terms of rand a0 513

Equate area of triangle i

Obtain given form, sin 2a = & correclly

[Allow use of OA and/or OB forr.] .
(i) Make recognisable sketch in one diagram over the given rangé of
graphs, e.9. Y = sin2xand y =X
State or imply link between intersections and root
[Allow a single graph and its intersection with y =

(iii) Use the iterative formula correctly at least once

two suitable

s and justify the given answer )
0 to earn full marks.]

Obtain final answer 0.95 . .
Show sufficient iterations to justify its accuracy 1o 2d.p., or show there is a sign
change in (0.945, 0.955) ‘ ' 3
[SR: Allow the M mark if calculations are attempted in degree mode.]
56. M/J 04/P3/Q7
(i) Evaluate cubic when x = =1 and x=0
Justify given statement correctly 2
[If calculations are not given but justiﬁcation uses correct statements about signs, award B1.]
3 —_—
(i) State x= 2x2 : , or equivalent
3x° +1
Rearrange this in the form 3 +x+1=0 (or vice versa) 9, 2
(iii) Use the iterative formula correctly at least once ' %) %@))
Obtain final answer —0.68 o &7
Show sufficient iterations to justify its accuracy to 2d.p., or show there is a sign chan CE e
interval (-0.685, -0.675) % o¢
57. OIN 03/P3/Q5 % ©ﬁ§7
ble sketch of y=secx or y=3-x",for0<x< Lr ) .

(i) Make recogniza
Sketch the other graph correctly and justify the given statement @ &
rg\ﬁ @t sketch of y = c05¥ can

[Award Bl fora sketch with positive y-intercept and correct concayi
only earn Bl in the presence of 1/(3-x2). Allow a correct sin%

to earn full marks.]

- (i) Stateor imply equation = cos (1/(3- a?))orcosa=1/ a’
Rearrange this in the form given in part (i i ‘

[Or work vice versa.] part () 1e. 920" &

(iii) Use the iterative formula with 0 < xlgﬁ >

Obtain final answer 1.03 -
Show sufficient iterations to justify its accuracy to 2d.p. or show there is a sign il

change in the interval (1.025, 1.035)
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8
4P3IQ B
4 A Utale o imply W = €08 = 7 +lsin T 7 (allow decimals)

()

o tor and denominator of % b
; r and denominator of — by -1 - i ;
Multiply nurnerauo = by -1 -i+/3, or equivalent

optain answer 7 = \E - i (allow decimals)

now U on an Argand diagram correctly
(i) gﬁaw 4 and B n relatively correct positions

ve that AB = UA (or UB), or prove that angle AUB = angle ABU
(or angle BAU) or prove, for example, that AO = OB and angle

g = 120°, or prove that one angle of triangle UAB equals 60°
complete @ proof that triangle UAB is equilateral

oN 02/P31Q7 ‘
“ tate O obtain a relevant equation e.g. 2ra = 100
@ State OF obtain a second independent relevant equation e.g. 2r sin a=99
Derive the given equation in x (or ) correctly

Calculate ordinates at x =0.1 and x = 0.5 of a suitable function or pair of functions
Justify the given statement correctly

(If calculations are not given but t}le given statement is justified using correct statements
about the signs of a suitable function or the difference between a pair of suitable
functions, award Bl ]

(iii) State x = 50 s_in'x— 48.5x, or cqui_valcnt
Rearrange this in the form given in part (i) (or vice versa)

(iv) Use the method of iteration at least once with 0.1 < x, < 0.5
Obtain final answer 0.245, showing sufficient iterations to justify its accuracy to 3 d.p.,
or showing a sign change in the interval (0.2445, 0.2455)

[SR: both the M marks are available if calculations are attempted in degree mode. ]

60. MIJ 02/P3/Q4
(i) Use the formula correctly at least once
State o= 1.26 as final answer

Show sufficient iterations to justify @ = 1.26 to 2 d.p. or show there is a sign change in the
interval (1.255, 1.265) o

[”Elfj | ¢ «’;a*@

4in answer uw =- V3 -i(allow decimals)

()

(ii) State any suitable equation in one unknown e.g. x=

w2

2
State exact value of & (or x) is 2 or 2°

209 Unit 6: Answers Section
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1. M 18/P32/Q10
Two lines [ |
: . o ) ~ = h+ 3]+ 4k 4 ’
respectively, nd m have equations r = 2i - j + k-t s(21+ 3 k) and ¥ PRSI v )
5\1) Show that the lines arc skew. .
plane p is parallel to the lines / and . |
[

uation of p. Give your NSy ;)
T

4]

(ll) Filnd a vector that is normal to p. ,
(i) Given that p is equidistant from the lines / and m, find the ¢4
the form ax + by +cz=d.

2. M/J18/P31/Q10
'I-'he point P has position vector 3i — 2j
(i) Find the length of the perpendicular
answer in the formax + by + ¢z~ d[ﬁ]

figures. .
(ii) Find the equation of the plane containing [ and P, giving your
5]

+ k. The linc [ has equation ©' = 4i+ 2 + Sk +p(i+2 4 k),
our answer correct 1o 3 significapy

from P to 1, giving Y

ectively. The line [has equation

3. M/J 18/P33/Q10
+j+kresp

The points A and B have position vec
r = 4i+6j + (i +2j — 2K).

(i) Show that / does not intersect the line passing through A and B'. —
The point P, with parameter lies on [ and is such that angle PAB is equal {0 :
tion vector of P

(ii) Show that 342 + 8¢ +4 = 0. Hence find the posi
= 3 respectively.

4. O/N 17/P32/Q10
Two planes p and ¢ have equations X +y+ 37=8and 2x—2y + 2
the planes p and ¢. _ [4]
y-coordinate equal to 2. Find the equation

(i) Calculate the acute angle between il

ii int A on the line of intersection of p and g nas

e i dicular to both the planes p and g. Give
(7]

of the plane which contains the point A and is perpen

your answer in the form ax + by +¢Z = d.

/N 17/P33/Q10 ' .
: 2k + A(=i+j+4K) andr=4i+4j-3k +/£)@1+j-2k)

tors 2i +j + 3k and 4i

(5]

[6]

5. O/N 17/P31/Q10, o)

The equations of two Jines and marer=3i—] -

respectively. &S

(1) PShow that the lines do not intersect. 5@@} @{@‘5 3]

(i) Calculate the acute angle between the directions of the lines. ﬁ@ }§j-) 3]

(iii) Find the equation of the plane which passes through the point (3, =2, —lgal d{x{-\) h is parallel
to both / and m. Give your answer in the form ax + by +cz =d. @), @V [5]

D ®@

6. MW 17/P32/Q9
Relative to the origin O, the point
equationr.-:9i—j+ 8k + (31 —j + 2k). o ‘ﬁ?
(i) Find the position vector of the foot of the perpendiculgy {r0 1%@ . Hence find the posiﬁOﬂm

vector of the reflection of A in L
(i) Find the equation of the plane through the origin wh@@on ﬁgs 1. Give your answer in the form
i [3]

A has position vector given b)é@}: ésé@z‘] + 4k. The line [ has

ax+by+cz=d. @
(iii) Find the exact value of the perpendicular dista 0@% ;)(;gﬁom this plane. ]

S

<

7. M/J 17/P31/Q6
The plane with equation 2x +2y —z=15is denoted by m. Rel oints A and B

have coordinates (3, 4, 0) and (-1, 0, 2) respectively.

ative to the origin O, the p
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p’ ,
oW (hat the p}ane rln bisects AB at right angles, (5]
@ Scond planc p 18 pard lel to m and nearer to O. The perpendicular distance between the planes is 1.
!':)5 rind the cquation of p, giving your answer in the form ax + by+cz=d. [3]
(i
YA 171P33IQ10 o | -
8 o points A and B hfwr_ ])USILIOI'I vcc'tors given by 04 = i—2j+2kand OB = 3i +j+ k. The line !
o cquation ¥ = 2+g+ mk + p(i - 2j —4k), where m is a constant.
ha¥ <iven that the line intersects the line passing through A and B, find the value of m. 5]
Find the cquation of the plane which is parallel to i — 2j — 4k and contains the points A and B.
[5]

. (i) Give your answer in the form ax + by + cz = 4.

N 16/P32/Q8, O/N 16/P31/Q8

9. P Janes have equations 3x+y—z =2 and x -y+2z=3,
i) Show that the planqs are perpcr}di(:ular. [3]
(i) Find a vector equation for the line of intersection of the two planes. (el
10. oIN 16/P33/Q10 . ”
The line [ has vector equation r =1+ 2j + k + A(2i — j + k).
on vectors of the two points on the line whose distance from the origin is Y(10). 151

) Find the positi
) The plane p has equation ax +y + z = 5, where a is a constant. The acute angle between the line
[5]

] and the plane p is equal to sin“l(%). Find the possible values of a.

11. M/J 16/P32/Q3
. ‘. — .
The points A, B and C have position vectors, relative to the origin O, given by OA =1+ 2j + 3k,

O = 4j + k and 0C = 2i+ 5j —k. A fourth point D is such that the quadrilateral ABCD is a

parallclo gram.
(i) Find the position vector of D and verify that the parallelogram is a rhombus. [s]
giving your answer

(ii) The plane p is parallel to OA and the line BC lies in p. Find the equation of p,
in the form ax + by + cz = d. [5]

(ii

12, M/J 16/P31/Q9
With respect to the origin O, the points A, B, C, D have position vectors given by

e 4 : = — . . J—1 —
OA=i+3j+2k, OB=2i+j-k, OC=2i+4j+k, OD=-3i+j+2Kk.
(i) Find the equation of the plane containing A, B and C, giving your answer in the form
B

ax+by+cz=d.
(ii) The line through D parallel to OA meets the plane with equation x + 2y —z =7 “thed%_b}nt P.
2
& Bl
©

Find the position vector of P and show that the length of DP is 2y/(14). 88
2

(2
13. M/J 16/P33/Q8 w
The points A and B have position vectors, relative to the origin O, give &r é}?} =i+j+kand !
— |
OB = 2i + 3k. The line / has vector equation r = 2i — 2j — k + p(-i + 2}E&K). © '
[4]

() Show that the line passing through A and B does not intersect l.%@‘

—1‘\@?@ i 5]

(i) Show that the length of the perpendicular from A to [ is Qg

14, OIN 15/P32/Q7, O/N 15/P31/Q7 (@ o
on vectors, relative t(t}th oggin O, given by

The points A, B and C have positi 0
‘ 1 3\ & 1
OA=|2], 53:(0) ands®’ 0 =(1).
0 1 4

The plane m is perpendicular to AB and contains the point C.
() Find a vector equation for the line passing through A and B. 2]
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. by+cz=d
rmthcfoﬂﬂ“-x+ e
nswe e A Find the position vector o N[Q]

(h) Obtai the e v our &
n 1
qllatlon Of lhﬁ p]ﬂnc m, gi i"g y i
pOlﬂt .

(iii) The lin
e through A and B intersects the plane 7 at the

and show that CN =
W=y (5

15. O/N 15/P33/Q8 .
‘;ﬂ“e has equation 4x — y + 5z = 39. A straight lin® js parallel to 1 vector i = 3 + 4K and pag
ugh the point A (0, 2, —8). The line meets the plane at the point 2
(i) Find the coordinates of B. )
[4)

line and the plane-
that the distance bet

en C and B is twice the distan,
. ; .
f each of the posmblc posit an,

(i) Find the acute angle between the
(iii) The point C lies on the line and is such ions of the point C.
between A and B. Find the coordinates O B

‘-.—% - -
k and OB =1+] + 5K. The lipe

16. M/J 15/P32/Q10 ¢ .13
The points A and B have position vectors given bY 0A =2i-07
hasaquationr=i+j+2k+p(3i+j-'kJ- yA andB

: . : ssing throug A= . N
) Shope REE nutfltril]tgr;gr:;h;:::l;npii‘ig lthgci line [ and the point A. Give your answer in th[ ]
(6]

(ii) Find the equation 0
fOrI'l'laJC+by+cz:.~d,
17. MIJ 15/P31/Q6 ' ‘ _
The straight line [, passes through the points (0, L, 5) and (2, =2 1). The straight line I, has equation
k+p(i+2i+ 5Kk).
nd L, are skew. ‘
g ¢ direction © and the dircction of the x-axis. E%

r=T7i+j+
(i) Show that the lines /
(i) Find the acute angle between th

18. MIJ 15/P33/Q9
Tyso planes have €
[4]

line L
(i) Calculate the acute angle between the two plancs.
' (6]

(ii) Find a vector equation for the line L.

19, O/N 14/P32/Q10, o/N 14/P31/Q10
=4i-9j+9k+ AM~=2i+ - 2k). The point A has position veetor 3i + 8j + 5k,

f the linc I,

quations X + 3y-22=4 and 2x+y + 32 = 5. The plancs interscct in the straight

The line [ has equation r
(i) Show that the Jength of the perpendicular from A to [ is 15. 5]
(ii) The line [lics in the plane with cquation @x -+ by =3z 1 = 0, where @ and b are cun;.%;jms_ Find
the values of a and b. $ ’(,\@ 5
w3 ‘:.i .3'\ )
20. O/N 14/P33/Q7 ,?\\55% 6P
The cquations of two gtraight lincs arc “\’:‘5{/ r;‘\\gi
e § 44— 2k + Mi+3k) and r= al 2 — 2K i 2j fj:';‘;}\)]\k,%i{;l}.\»’
where a is a constant. oS ) Q g
((i) Show that the lines intersect for all values of a. ) ¢ © (4]
ii) Given that the point of intersection is at a distance of N N
o o po intersection is at a distance o9 uml\i\é‘@}n l}@n&‘lgm. find the possible
L A g
21. MIJ 14/P32/Q10 on, ) «,*‘“5'!'“
Referred to the origi « poinli ) WP >
ed to the E/{{yn 0, the points A, B and C have pu;ji_tjﬁh Vj',l';'t'})l'.'i given by
0 :i-- m d— _ ; , '_.[‘:’,J /-, .
& & - 2j + 3k, OJE =21+ 4j .m__(";fhul‘s.\;;h))(? = 3i - 5j - 3k
(i) Find the exact value of the cosine of & 7 & B
b ¢lllglc DA (,‘, "")S? [4]
(3l

E:;i)}:}u:[u,[ find the exact value of the area of triangle ABC

Zind the equation of the pl: b i g '

' ' plane which is paralle 3 '

and C. Give your answer in the form ax : by' ,IL,I-?‘IJ lll‘n, y-axis and contains the line through H[5]
+cz=d.

‘;4
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g MY 14/P31/Q7 ] hos equatl 1 |
2 eaight line 7 has equation v s Ak |20 1 A0 = 31 ay e
g h:ﬂ;i and is perpendicular to 2, (=301 6k). e plane p passes through the point
"yind the cquntinn.ul'p, p,?vinr, your nnswer in (he for 2 "
i ll;ill]il' the pcrpcll(llclillm' llmlllmco [rom the oripin Tut;,lm et by v ¢z m d, (2]
second plane ¢ is parallel to p and (he pey et 3]
: Ij’\ii:d the possible cquations of ¢, vetpendiculnr disnco between p and g is 14 units, 1§
. () I
M 14/P33/Q10 '

23. : o [ has cquation o= 2§ — ko A"

The line [ has cq kiRl sl I .2" k l. A3 -2} 4 2k) and the plane p has equation 2 -+ 3y—5z=18
;) Find the position vector of the poing ol intersection of |/ and :
i) Find the acutc angle between [ and P ' P

[3]

A second plane g is perpendicular (o the plane . . . [4]
(iu)giving your answer in the form ax 4. py -|'|:-;ll.u.15 Sk ennlatoe i ORI e | ':
o/N 13/P32/Q9 |

24‘ (o ‘
D
B
A
0
The diagram Showzs three poing A, Band C wgnlsu position vectors with respect to the origin O are \

. = G . = o :
given by OA = (—é ), OB = (?) and OC = ((:) Fhe point D lics on BC, between B and C, and is
such that CD = 2DB, @ |
(i) Find the equation of the planc ABC, giving your answer in the form ax -+ by + ¢z 15\9\\@ [6]
(i) Find the position vector of D, ' “\‘\ﬁ é%‘\ [ |

(iii)Show that the length of the perpendicular from A to OD is :!' V(65)., ‘\Q&\ \@Q\ [d] |~
25. OIN 13/P33/Q6 Q\ gﬁf@*\' !'1

N NS N :

Two planes have cquations 3x =y +2z =9 and x 4y = dz = =1, "‘?\ @Q? f

(i) Find the acute angle between (he planes, \4} 2 \@ [31 j

i 3 . » a1 i s i » " sre et B ": 4 '-."1‘

(ii) Find a vector equation of the line of intersection of the plm&h\\\@ %\). [6]
26. MIJ 13/P32/Q10 Gy O

E(llls {)f)inls A and B have position vectors 2i — 3j + 2k n};\:l}‘_ﬁi';},gq&\l. K respectively. The plane p has

ation x = o o
it el 7 > o
() Find the position vector of the point of interseciign u\(.;!.htx line through A and B and the plane p.

O
r . . o} Q)’ [4]
(A second plane ¢ has an equation of the form x -+ by 4 ¢z = d, where b, ¢ and d are constants.
Ihe plane ¢ contains the line AB, and the acute angle between the planes p and q is 60°, Find
the equation of q.

7
e




Ty

ﬂa i ™ F'- 1
s

Read & Wrile Publications

27. MIJ 13/P31/Q6

The poi :
points P and Q have position vectors, rel given by

ative to the origin O
—_) ' .
oP =7i+7j-5k and 0’Q’=—5:+J+k. |

The mid-point of PQ is the point A. The plane ITis pcrpcndiculnr o the line PQ and passes throllgh4

(i) Find the equation of IT, givi in the form &+ DY 20
Y - Cque , giving your answer 11 1e .+ B. Find ,
(i) The straight line through P par at the poin ind the distance AB,[4]

allel to the x-axis meets
correct to 3 significant figures.

28. M/J 13/P33/Q10
The line [ has equation r =
x +2y+2z=6. Find the value or
(i) The line [ is parallel to the plane p. : .
(ii) The line [ intersects the line passing through the points Wi

i +j - k i =1 2
(iii) The acute angle between the line [ and the plane? is tan &

5

a is a constant. The plane p has equgy;,
n

here
ing CcAases.

st k+A i1 2j+ k), W
e i ¢ the follow

values of a@ in each 0
th position vectors 3i+2j + k and[2]
[q)
[5]

29. O/N 12/P32/Q10,0/N 12/P31/Q10 ]
n vectors given by

With respect to the origin O, the points
3 2 1

Zﬂ:(—?.), E)_B’:(—I) and oc=1-5]
4 7 -3

—_—
OC and contains A and B.
giving your answer in the form ax + by+cz= d. 0

rpendicular from through A and B. 5]

A, Band C have positio

The plane m is parallel to
(i) Find the equation of m,
(i) Find the length of the pe

'30. O/N 12/P33/Q8
Two lines have equations

) = (-0

tant. It is given that the lines intersect.
dinates of the point of intersection. 5]

o lines, giving your answer in the form

[5]

C to the line

where p is a cons
(i) Find the value of p and determine the coor
(i) Find the equation of the plane containing the tw
, ax + by + cz =d, where a, b, ¢ and d are integers.
31. M/J 12/P32/Q10

Two planes, m and n, have equations x + 2y-2z=1 and 2x-2y+z="1 rcspect @ﬁ\%} line [ has

equationr=i+j—~k+i’L(2i+j+2k). 2@ «
55 oy [

(i) Show that/is parallel to m.
(ii) Find the position vector of the point of intersection of / and n. @@\) )

(i) A plo.int P lying on [ is such that its perpendicular distances ft m an@n are equal Find the
position vectors of the two possible positions for P and calculat d'ig}agnce betw em; them

plane

[The perpendicular distance of a poi i iti
point with posmo@tor i+ y,j + 2,k from the

Ia'x] +b}’1 +Czl —dl
V(@ +b+c?) @@
32. M/J 12/P31/Q8 @:
The point P has coordinates (-1, 4, 11) and the line / has equation ( ; ) A (f)
: r= + :

%

ax+by+cz.—_dis

4 3
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.
mﬂ
3 he pcrpcndicular distance from /7 to /. 4]

0] F':“‘{jj (he cquation of the plane which contains P and [, giving your answer in the form
i ;:;114_ py+€2=dh where a, b, ¢ and d arc integers. (5]
{

" 12"333)"09

15, i - os [ and m have equations r = 3i — 2 + k + A (=i + 2j 4+ k) and r = 4i + 4j + 2k + [t (ai + bj — K)
The hl:jvcl y, where @ and b are constants,
fc‘gpc?\rcn that [ and m intersect, show that
) Given also that [ and m are perpendicular, find the values of a and b. 4
?fi) when a and b have these values, find the position vector of the point of intersection of [ and m.
ii :
oIN 11/P32/Q7, O/N 11/P31/Q7 "
34.

With respect to the origin O, the position vectors of two points A and B are given by OA=i+ 2j+ 2k
s OB = 3i + 4j. The point P lies on the linc through A and B, and AP = AAB.

(i) Show that (—ﬁ; = (1 +_2)'-)i +(2+20)j+ (2 - 2A)k. | [2]

(ii) BY equating expressions for cos AOP and cos BOP in terms of A, find the value of A for which
0P bisects the angle AOB. [51

(iii) When A has this value, verify that AP : PB = QA : OB. [1]

45, OIN 11/P33/Q9

a 4
The line / has equation r = (1) 5 ?-,( 3), where a is a constant. The plane p has equation

4 2
QJC" 2}; L= 10
(i) Given that / does not lie in p, show that [ is parallel to p. [2]
(ii) Find the value of a for which [ lies in p. [21
(iii) It is now given that the distance between ! and p is 6. Find the possible values of a. [51

36, MIJ 11/P32/Q9
Two planes have equations x + 2y =2z = 7 and 2x+ y + 3z = 5.

(i) Calculate the acute angle between the planes. (4]
(ii) Find a vector equation for the line of intersection of the planes. [6]

37.MIJ 11/P31/Q3

Points A and B have coordinates (-1, 2, 5) and (2, -2, 11)
B and is perpendicular to AB.

.I_(ﬂ

(i) Find an equation of p, giving your answer in the form ax + by + ¢z = d. @ J@ [31
(ii) Find the acute angle between p and the y-axis. @%ﬁ 4
38. MIJ 11/P33/Q10 M

N
With respect to the origin O, the lines / and m have vector equations r :;%% 5«@%0 —j+2K) and
r=2j+6k+ u(i+ 2j — 2k) respectively. : @g

(i) Prove that / and m do not intersect. o) [4]

G
(i) Calculate the acute angle between the directions of / and . @ @ 3]
(iii) Find the equation of the plane which is parallel to / and ¢ fég?f'giving your answer in the
V%

respectively. The plane p passes through
A

o Sz

form ax + by + cz = d. @ 18]
39. O/N 10/P33/Q6 é ?
The straight line ! passes through the points with co@i?riat 4-5, 3, 6) and (5, 8, 1). The plane p
has equation 2x — y + 4z = 9.
() Find the coordinates of the point of intersection of i5ind p. [4]
(i) Find the acute angle between I and p. [4]
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40, %IIN 09/P32/Q10
ePlaIle has e(IuaLion 2x -3y + 6z = 16. The p}anc q is pa[’allcf top and contains the point with
p‘osmon vector i + 4j + 2k
i) Fi ; ; ¢
Eii)) fg:ld the equation of g, giving your answer in the fo
(iii) Th cu_l ae u."’ perpendicular distance between p and g
1 line / is parallel to the plane p and also parallel to the /
Given that [ passes through the origin, find a vector equation for &.

41. O/N 09/P31/Q6 - .
With respect to the origin O, the points 4, B and C have position yectors given by
OA =i-k, ﬁ=3i+2j—3k and 58=4i-'3j;.2]:-mh o i
The mid-point of AB is M. The point N lies on A A and C and 15 =2NC.

C between
(i) Find a vector equation of the line MN. ik P 4
(ii) It is given that MN intersects BC at the point p. Find the position vector of P. 4

42. OIN 08/P03/Q7
Two planes have equations 2x—y-3z=17 and x+ 2y +22= 0.
[4]

(i) Find the acute angle between the planes. _
(ii) Find a vector equation for their line of intersection. [6]

43. M/J 08/P03/Q10
The points A and B have positi

OA=i+2j+3k  and

The line [ has vector equation

z=d )

plane with equation x — 2y +2z = 5[3]

[5)

max+by+e

on vectors, relative to the origin 0, given by

OB =2i+j+3k

r=(1-20)i+ (5+0)j+ (2~ k.
intersect the line passing through A and B 4]

[ and is such that angle PAR is equal to 60°. Given that the position vector
that 32 + 7t +2 = 0. Hence find the only possible

[6]

(i) Show that ! does not
(ii) The point lies on
of Pis (1-2t)i+ 5+0j+ (2~ )k, show

position vector of P.

44. O/N 07/P03/Q10

The straight line /
(r—3i).(2i-—3j+6k

has equation r = i+6j—-3k+ s(i-2j+ 2k). The plane p has equation

) = 0. The line / intersects the plane p at the point A. ,
(3]

(i) Find the position vector of A.
(ii) Find the acute angle between [ and p. 4]
(iii) Find a vector equation for the line which lies in p, passes through A and is perpcnd'b‘g? ﬁ50 l.
45. M/J 07/P03/Q7 3 }& [5]
Let f____l @@ N
tl= dx. g
A=V N @fﬁ}
2 2 77) @©
(i) Use the substitution u = y/x to show that I = L S
 ud-u) df;\é%\,@ o
LL] I <
(ii) Hence show that/ = ;In3. QY (6]

46. O/N 06/P03/Q7 é
The line / has equation r = + k + (i - 2j + k). The plafiep
(i) Show that the line / lies in the plane p
i) A i i ;
(i) A second plane is perpendicular to the plane p, parglel to the line I and contains the poin

position vector 2i + j + 4k. Fi i .
ari-Bybox=d ind the equation of this plane, giving your answer in the g

O
,,.!-'?b ;
48 equation x + 2y + 3z = 5.

3

t with
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po3io . . i &
o Wl 0692"; and B have position vectors, rclative to the origin O, given by |
- ~3TLe & .
T -1 3 k.
04 = ( 3| and OB=|(-1). L
5 —4
:ag | PASSTS through A and is parallel to OB. The point N is the foot of the perpendicular from B :
T:}J_r LiEs = I
- ctor cquation for the linc /. -
@ 3‘:_; the position vector of N and show that BN = 3, (61 |
li-'ﬂ r : the equaton of the plane containing A, B and N, giving your answer in the form :
v =d 51 |
o 05P03/Q10 |
55-_&. sraicht line [ passes through the points A and B with position vectors ]‘
T 2042j+k  and  i+4j+2k "..
. —ecively. This line intersects the plane p with equation x — 2y + 2z = 6 at the point C. 1
':,]"-._—_,_,3 the positon vector of C. [4] .r
";ﬂ %.:2; the acute angle between [ and p. (4] |
t 57 Show that the perpendicular distance from A to p is equal to 2. (3] \

e respect 1o the origin O, the points A and B have position vectors given by

—_ - N —
OA=2i+2j+k and OB =i+4j + 3k.

Th= lize | has vector equation r = 4i — 2j + 2k + s(i + 2j + k).

(@ Prove that the line [ does not intersect the line through A and B.

(5]
@ Fnd the equztion of the plane containing [ and the point A, giving your answer in the form
ax+by+cz=d. (6]
50. O/N 04/P03/Q9 \
Th= lines [ and m have vector equations
r=2i—-j+4k+s(i+j—-k) and r=-2i+2j+k+1(-2i+j+k)
@ Show that [ and m do not intersect. [4]
The point P lies on [ and the point Q has position vector 2i — k.
(@) Given that the line PQ is perpendicular to /, find the position vector of P. (4]
(i) Verify that Q lies on m and that PQ is perpendicular to m. ﬁ [2]
51. MJ 04/P03/Q11 &

S
¥ &
With respect to the origin O, the points P, Q, R, S have position vectors giveno& $
OP=i-k OQ=-2i+4j, OR=4i+2j+k, 6§=3i4§>
U

> SN
\_GBS}
(i) Find the equation of the plane containing P, Q and R, givin@ @@swer in the form
ax+by+cz=d.

DO )
(if) The point N is the foot of the perpendicular from S to this &g@% Fl{y e position vector of N
and show that the length of SN is 7. & [6]

52.O/N 03/P03/Q10 % >
% E (o) (2
The lines / and m have vector equations 9

Z
r=i-2k+s(2i+j+3k) and 6i 9] + 4k + £(i — 2j + k)
IEspectively.

(f) Show that [ and m intersect, and find the position véetor of their point of intersection. (5]
(if) Find the equation of the plane containing / and m, giving your answer in the form ax + by + cz = d.

[6]

‘.‘ &,
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33. Ml 03/P03/Qg

Two planes have cquations x + 2y — 2z = 2 and 2x —

line /,

220
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3y + 62 = 3. The planes intersect i the

() Calculate the acute angle between the two plancs.
(ii) Find a vector cquation for the line .

54. OIN 02/P03/Q10

With respect to the origin O, the points A, B, C,

Od=4i+k, OB=5i-2j-2k,

—

oC =i+,

D, have position given by

OD = —i—4k.

(D Calculate the acute angle between the lines AB and CD.
(@ Prove that the lines AB and CD intersect.

the line AB is equal to '\/5 ‘
55. M/J 02/P03/Q8

The straight line [ passes through the points A and B whose positi

on vectors are i + k and 4i — j + Ik

Uniy Ty,

Sl[‘ai ght

® Given that /intersects p, find the position \{cctor
(@) Find the equation of the plane which contains [ an

respectively. The plane p has equation x + 3y — 2z = 3.

answer in the form ax +by +cz=1.

of the point of intersection.

d is perpendicular to p, giving your

b,

[4)
[6)

4
4]

0
6
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Answers Section

/1 B!P”fTﬂasl {wo pairs of components and solve for s or for ¢
0 MJ at :;orfﬂcl answer forls orf,c.g.s==0,1=—11
() Ob‘:'f‘; (nat all three cquations are not satisfied and the lincs fail
el
:;illll:fscm
state that i
i) Elrﬁffsc.alﬂf product to obtain a relevant
cquation in @, bandc,c.g.2a+3b—-c=0
Obtain a second equation, e.g.a +2b +c=(),
and solve for one ratio,e.g.a: b
Obtain a :  : ¢ and state correct answer, c.g.
5i—3j +k, or equivalent

¢ lines are not parallel

R:
= Attempt to calculate vector product of

relevant vectors, €.g. (2i + 3j— K)x(i+ 2j + k)
Obtain two correct components
Obtain correct answer, ¢.g. 5i—3j + k

i) EITHER: _
State position vector or coordinates of the

3 5
mid-point of a line segment joining points on / and m, e.g. 5i+j+5k
Use the result of (ii) and the mid-point to find d
Obtain answer 5x — 3y -+ z =17, or cquivalent

OR : e

Using the result of part (ii), form an equation
in dby equating perpendicular distances to
the plane of a point on / and a point on m

. 14-d| _|-d|
State a correct equation, ¢.g. =

Solve ford and obtain answer 5x — 3y -~z = 7, or equivalent 5
2 MIJ18/P31/Q10 ©
() EITHER RS @5@
Find PQ (or @3) for a general point Q on/, c.g. @g g

(1+p) i4(4422)j+(4+3p)k

—

Calculate the scalar product of PQ and a direction veg{or forz
and equate to zero

Solve and obtain correet solution C.g fl=—= §

2
Carry out method to calculate PQ
Obtain answer 1.22

B

| V35| |35

Unit 7: Answers Section

[4]
[3]
o&x@
X &2
@%@9
g8
[3]
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3. MM 18/P33/Q10 | @)
(i) Carry out a correct method for finding a vector equatic

Unit 7: Answ, '
Bry 8a |
o |
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OR1:
Find PQ (or QP) for a gencral point Q on [
Use a correct method to express PQ* (or PQ) in terms of 4

Obtain a correct expression in any form
Carry out a complete method for finding its minimum
Obtain answer 1.22

OR2:

Calling (4, 2, 5) 4, state PA (or AP) in component form, e.g. 1°+4j+ 4k
Use a scalar product to find the projection of PA (or AP)on !

Obtain correct answer 21/+/14 , or equivalent

Use Pythagoras to find the perpendicular
Obtain answer 1.22

OR3:

State P4 (or AP) in component form

Calculate vector product of P4 and a direction vector for /

Obtain correct answer, e.g. 4i + j — 2k

Divide modulus of the product by that of the dircction vector

Obtain answer 1.22 5

(i) EITHER

Use scalar product to obtain a relevant equation in a, b and c,
e.g.at2b+3c=0

Obtain a second relevant cquation; e.g. using PA a +4b+4c =0,
and solve for one ratio

Obtaina :b:c=4:1:-2, or equivalent

Substitute a relevant point and values ofa, b, ¢ in general equation

and find d

Obtain correct answer, 4x + y — 2z = 8, or equivalent

OR1:  Attempt to calculate vector product of relevant vectors, €.g.
(i+4j +4Kk) x (i+2j + 3k)
Obtain two correct components
Obtain correct answer, e.g. 4i +j — 2k
Substitute a relevant point and find d
Obtain correct answer, 4x +y — 2z = 8, or equivalent

OR2:  Using a relevant point and relevant vectors form a 2-parameter
equation for the plane
State a correct equation, €.g.
r=4i+2j + Sk + (i + 4j +4k) + pu(i+2j + 3Kk) @
State three correct equations in X, y, z, A and u

Eliminate A and g % i
Obtain correct answer 4x + y —2z =8, or equivalent

Obtain r = 2i +j +3k +A(2i — 2K), or equivalent

Equate pair(s) of components AB and / and solve fqi"A
Obtain correct answer for A or 4 :
Verify that all three component equations are not satisfied

9]
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‘/"‘d nply 3 direction vector for AP has components
ai302+2t’__3_20 " _ .
+1, ~imply that 005'120 cquals the scalar product of AP and AR divided by the
ctof their moduli '

prodll ut the correct processes for finding the scalar product and the product of the
i terms of £, and obtain an equation in terms of ¢

< given cquation correctly

jve the quadratic and use a root to find a position vector for P
So

p position veetor 2i + 2j + 4K from t=- 2, having rejected the root 1=

i

gtatc ©

[6]

wlv

oblai

5 ° tate OF imply a correct normal vcct(?r to cither plane, eg. i+ j+3k or 2i — 2j+k
Carry out correct process [;}r clV aluatin, the scalar product of two normal vectors
Using the correct process for the moduli, divide the scalar product of the two
normals by the product of their modu!l and evaluate the inverse cosine of the result
Obtain final answer 72.5° or 1.26 radians [4]

i 7R Substitute y = 2 in both plane equations and solve fi
(i) EITHER O‘il)lﬂi“ o Mg quations and solve for x or for z

oR: Find the cqualiop 0!’ the line of intersection of the planes
Substitute y = 2 in line equation and solve for
Obtainx=3 and z= |

EITHER: Usc scalar product to obtain an cquation in a, band ¢, e.g. a + b +3¢c=0
Form a sccond relevant cquation, e.g. 2a —2b+¢ =0, and solve for one
ratio, c.g. @ : D
Obtain final answera : b :e=7:5:-4
Use coordinates of A and values of a, b and ¢ in general equation and find

d
Obfain answer 7x 4 Sy — 4z = 27 | or cquivalent
OR1:  Caleulate the veetor product of relevant vectors, e.g.

(4§ 3k) % (2i--2j 1 k)
Obtain two correct components
Oblain correet answer, ¢.p. 7i +5j -4k
Substitute coordinales of A in plane equation with their normal and find 4
Obtain angwer 7x -5 y—4z =27 | or equivalent
OR: Using relevant vectors, form a two-parameter equation for the plane
State o correet equation, e v =31+ 2j+ Kk + A0+ j+3k) + u(2i-2j+k) - @

Stade 3 correct equations inx, v, z, A and « - (

Fliminate A and }f B v @Qﬂﬁb 5\\@@

Obtain answer 7y 5y —4z =27, or equivalent /@ @’
ORY: Use the direction veetor of the line of intersection of the two planes @ %§

normal vector to the plane Q g.n"FP?

Two correct components 5 ©

Three correct components Q\ ®

Substitute coordinates ofA in plane equation with their (@il fggﬁind d
Obtain answer 7x -+ Sy — 4z = 27, or equivalent 10
| \\g@ 7]

5 OIN17/P31/Q10, O/N 17/P33/Q10 20, vﬁ“&
() Lquate at least two paits of components of general pméﬁ m@‘ﬁld S
¢ .}E‘ *
W

or for g Qé@ .
b R . A e " X = 1 C = =1
({}hlulm LI:'IIILLI 1};1&-\\'0! for Aor g, ep 4=3 0\4;15 . 2@)& 0 or g=—3or
Arg O =—g \ \??
- Wil
Vorify that not all theee pairs of equations are sutiSfied and that the lines fail to 3]
intorseot
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n vectors for / and m

duct of directio
by the product of

r pro
pruducl

(i) Car
Ub.ry out correct process for evaluating scala
5
{1 ng the correct process for the moduli, divide the scalor
1e moduli and cvaluate the inverse cosine of the result
B3]

Obtain answer 45° or 17 (0.785) radians
pandc, €8

(iif) EITHER: Use scalar product to obtain a relevant equation in 4,
—a+ b+ 4C — 0
Obtain a second equation, €-&: 2a+b-2¢=0 and solve f0

r one ratio,

cg.a:b
Obtaina: b:c=2: and find d
Substitute (3, —2,—1) an
Obtain answer 2x —2y +Z = 9,
OR1:  Attempt to calculate yector product 0
(—i+j+4K)x (2i+]-2K)
Obtain two correct components
Obtain correct answer, €-&: _6i+6j-3k
Substitute (3, -2, =1) in —6%F 6y—3z=
Obtain answer —2% + 2y—z=-9,0" cquivalent
d relevant vectors; fo

e.g L o3i-2j—k+AC 4 j+4k) + 42
Aand 4

-2:1,0r equivalent . :
d values of @, pand ¢ 12 gcncral equation
or equivalent

f relevant vectors, €8

d,or equivalent, and find d

m a 2-parameter equation

Using the relevant point an
for the plane

State a correct equ
State three correct equa

OR2:
+j—2Kk)

ation,
tions in X, Y, Z»

Eliminate 4 and #
Obtain answer 2X -2y +tz
olevant point and relevant v

=9, or equivalent

ectors, form 2 determinant equation

OR3:  Using ther

for the plane
x-3 y+2 z+1
State a correct equation, €.8- -1 1 4 |=0
2 1 ~2
erminant

Attempt to expand the det
Obtain two correct cofactors

Obtain answer —2% +2y—z=-9,0r equivalent ﬁ [5
| o)
Y _©
© &
SN
P

]

6. M/J 17/P32/Q9
() EITHER:
int P on [ with parameter 4, eg(8+34-3-4 4 +

Find AP for a general po
Equate scalar product of AP and direction vector of I to zero and solve for &< é@
Obtain 4 = 2 i ir3j =
taind == and foot of perpendicular %l-}- '21 j+3k @ ©
of the%@ct' va fAinl 5]

Carry out a complete method for finding the position vector
Obtain answer 2i +j +2K @Q

OR: -

Find AP for a general pbint P on [ with parameter 4, e.g{ 2.3-A4,4+24

Differentiate ¥ pe ’ )
ifferentiate and solve for A at minimum @

Carry out :
a complete method for finding the position vector of the reflection of 4 in /

<

Obtain answer 2i+ j+ 2k
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o

HER: i o
@ 5?; scalar product to obtain an equation in @, b and ¢, e.g, 3¢ = b +2 ¢ =0

Form @ second relevant cquation, e.g. 9a — b + §¢ = 0 and solve for one ratio, e.g. a : b
obtaint finalanswera@:b:c=1:1:-1 and state plane equationx+y—z=0

R1:
glteml’t to calculate vector product of two relevant vectors, e.g, (3i— j+2k)x (91— j+8K)

obtain f¥0 COTTCCt components
Obtain correct answer, €.8. —6i—6j+6k , and state plane equation —x— y+2z =0

ORZ: ,
Using 2 relevant point and relevant vectors, attempt to form a 2-parameter equation for the

plane, e.g.r =06i+06K +5(3i—j+2k)+1(9i - j+8k)

State 3 correct equations inx, y, z, s and ¢ -
Eliminate s and ¢ and state plane equation x+ y—z =0, or equivalent
OR3:
Using a relevant point and relevant vectors, attempt to form a determinant cquation for the
x—3 y-1 z-4
plane, €.8. 3 -1 2 |=0
9 -1 8
Expand a correct determinant and obtain two correct cofactors
Obtain answer —6x —6y +6z =0, or equivalent 3]
(iii) EITHER:
Using the correct processes, divide the scalar product of OA and a normal to the plane by the
modulus of the normal or make a recognisable attempt to apply the perpendicular formula

1+ 2:4
Ja2 11212

Obtain a correct expression in any form, c.g,

, or equivalent

Obtain answer ]/J’aT , Or exact equivalent

ORI:
Obtain equation of the parallel plane through 4, ¢.g. x + y—z==] ,ﬁ@ S
[The f't. is on the plane found in part (ii).] w@'}a gg/\\
1 = m :‘S‘_J 5 ﬁfﬁ

Use correct method to find its distance from the origin /J/C_u} ®

- sialiit N\
Obtain answer ]/ " , Or exact equivalent /_gl“}
OR2: %) @2‘9
Form equation for the intersection of the perpendicular through 4 and _li‘ttﬁplx_\fﬂ
(T on their n] \@%ﬁ@ @‘@

Solve for 4 S\ %@‘

1

n] = & &
fal =2 N4 ;ﬁ - B3]
1. M 17, 2 &
W Tias 0@ S

) State or obtain coordinates (1, 2, 1) for the mid-pontt of x§t

+ Verify that the midpoint lics on m &
[ State or imply a correct normal vector to the plane, ¢.g.2i+2j—k

3
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State or i - v Ak
or imply a direction vector for the segment A5, e.g-Hi—-4i* 2k

C : i
. Confirm that m is perpendicular to AB s
|

. sl 1 5
Slat‘c or 'lmp]y that the perpendicular distance of m from the origin is3, 0T
unsimplified equivalent

State or imply that # has an equation of the

Obtain answer 2x+ 2y -z =2
B3]

n for4B

form 2x+2y-7-=k

Carry out a correct method for finding a vector cquatio

Obtain r=1i-2j+2k+ A(2i+3] —k),or equivalent
Equate two pairs of components of general points on ABand [ 2n

M
Obtain correct answer for A or 4, .8

d solve for A or for

;L:-E} or ,u=%
[5]

Obtainm =3

EITHER:
a-—2b —4¢=0

Use scalar product to obtain
evant equation, C-8.

c, e.g

an cquation in a, b and
0 and solve for on¢ rati

2a+3b-c=

0,€.8 a

Form a second rel
b

Obtain final answer a :
Use coordinates of 2 relevant point an
Obtain answer 14x— Ty+7z=42,0r equivalent

b:c=14:—7:'}'

d values of @ pand cand find d

OR I:
the vector product of relevant vectors, ¢-&:

Attempt to calculate
(i -2 —4k)x(2i+3j —k)
Obtain two correct components

Obtain correct answer, ¢.&: 14i—7j+ 7k

Substitute coordinates of a relevant point in 14x—Ty+7z=d, 01 cquivalent, and

findd
Obtain answer 14x— Ty+7z=42, 01 equivalent
OR 2: | ﬂ 9
Using a relevant point and relevant vectors, form a 2—parameter equation for the @0 A
plane ‘:ﬁ céogg@
State a correct equation, €.g. I'= j—2j+2k +s(i ~2j—4k)+t(2i+3] -k) \@\ égﬁi

o’ ©

State 3 correct equations in X y» 2» § and ¢ @

Eliminate s and ¢ @ @
&)

Obtain answer 2x—y +2=6, or equ ivalent

OR 3:
Using a relevant point and relevant vectors,

plane

x—1 y+2 z—1

State a correct equation, e.g. [ 1 -2 -4(=0
2 3 -1
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;' J"K (10 expand the determinant

Atter opt Cimply two correct cofactors
ptain ©

e
obtal '32108 OIN 16/P31/Q8

sh 0“'

nswcr 14x =Ty +7z =42 or equivalent

rimply 8 correct normal vector to cither plane, e. g 3i+j-K ori-j+2x
0 ate 0 - method to calculate their scalar product
valuc is zero and plancs are perpendicular

gITHER: Carry out a complete strategy for finding a point on / the line of intersectic

(il Obtain such a point, e.g. (0, 7, 5)

, (1,0, 1), (5/4, 774, 0)

EITHER: State two equations for a direction vector ai + bj+ ck for /,

e.g. Ja+b—c=0and a—b+2c
Solve for one ratio, e.g. a : b

=0

Obtaina:b:c=1:-7:—4 or equivalent
State a correct answer, e.g. r =7j+ 5k + A(i=T7j-4K)

ORl: Obtain a second point on /, e.g. (1,0, 1)

Subtract vectors and obtain a direction vector for
Obtain —i+7j+4k, or equivalent

State a correct answer, e.g. r= i+k+A(=i+7j+4k)

ORZ: Attempt to find the vector product of the two normal vectors
Obtain two correct components of the product

Obtain i—7j—4k , or equivalent

State a correct answer, e.g. r=7j+5k+A(i—-7j—4k)
ORL: Express one variable in terms of a second variable

Obtain a correct simplified expression, e.g. y =7 —Tx

Express the third variable in terms of the second

Obtain a correct simplified expression, e.g. z=3 — 4x
Form a vector equation for the line

Obtain a correct equation, €.g. r=7j+ 5k + A(i—7j—4Kk)

OR2: Express one variable in terms of a second variable
Obtain a correct simplified expression, e.g. z= 5 —4x

7
Express the same variable in terms of the third _;\:{\-f
Obtain a correct simplified expression e.g. z =(7+4y)/7 :‘g‘\\_ ' \\
Form a vector equation for the line \,‘ Q}@E

. : . NS
Obtain a correct equation, e.g. r=2i-Ij+A(-1i+Ij+K) oY &S5
10. 0N 16/P33/Q10 Q¥ ®@
@  Express general point of / in component form e.g. (1+24, 2 gh.@_fr A ) o)

Using the correct process for the modulus form an equatm@@‘ D @3
Reduce the equation to a quadratic, e.g. 61° +21-4= U
Solve for A (usual requirements for solution of a quadéﬁc g@“

| ' Obtain final answers —i +3jand i+ $j+ 1k

normal for p

Using the correct process for the moduh
of the moduli and equate the result to 2 ¢

\

Using the correct process, find the scalar pro

G hxdﬁ‘echon vector for /and a

divide th% scalar product by the product

UnE T: &rswars Sacfiom

B3]

(6]

B3]
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Statcaco 2a-1+1 =i£
rrect equation i
Quation in any form, e.g. e 1)-\@2 ) 3
Solve for 42
Obtain answerg=+2 [
b
1. M 16/P32/Q9 3 ]
(D)  Either state or imply 4B or BC in component form, or state position vector of
midpoint of AC
pp—— tor of D

Use a correct method for finding the position vec

Obtain answer 3i+3j+k , or equivalent _ :
EITHER: Using the cjurrcct process for the moduli, compare lengths of a pair of

adjacent sides,

e.g. AB and BC - i
Show that ABCD has a pair of adjacent sides that are equa

OR: Calculate scalar product AC.BD or equivalent
Show that ABCD has perpendicular diagonals
(i) EITHER: State a+2b+3c=00r 2a+b-2c¢=0
Obtain two relevant equations and solve for one ratio, e.g.a: b
Obtaina: b:ec=-7:8: -3, or cquivalent
Substitute coordinates of a relevant point in =7x + 8y -3z =d, and evaluate

Obtain answer —7x + 8y 3z = 29, or equivalent
OR1:Attempt to calculate vector product of relevant vectors,

e.g. (i+2j+3k)x(2i+j—2k)
Obtain two correct components of the product
Obtain correct product, ¢.g. —7i+ 8j—3k

Substitute coordinates of a relevant point in

Obtain answer —7x+ 8y —3z =29 or equivalent ‘
OR2:Attempt to form a 2-parameter equation with relevant vectors

State a correct equation, e.g. r=2i+5j—k+ AGi+2j+3k)+ p(2i+ ]~ 2k)

State 3 equations in x, , z, A and x

Eliminate A and g
Obtain answer —7x +8y —3z =29, or equivalent _
OR3:Using a relevant point and rclevant dircction vectors, form a determinant

—7x+8y —3z=d and evaluate d

equation for the plane

x-2 y=-5 z+l
State a correct equation, e.g. [ 1 2 3 [=0
2 1 -2

Attempt to expand the determinant
Obtain correct values of two cofactors
Obtain answer —7x+ 8y —3z =29, or equivalent

12. M/J 16/P31/Q9 \&\i‘é@s :
(i) EITHER: Obtain a vector parallel to the plane, e.g. AB=i- @\«3 qﬁf&k@
3 ,a

Use scalar product to obtain an equation in a, b, c e.g. a
or 3b+2¢=0

State two correct equations @
Solve to obtainratioa : b : ¢ @3

Obtaing:b:c=5:-2:3 ‘
Obtain equation5x—2y+3z =5, or equivalen
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P | .
ORY: Subsﬁ“““' for two points, ¢.g. 4 and B, and obtain a+3b +2c=d and
+b-€= : : .

abs stute for another point, e.g. C, to obtain a third equation and climinate one unknown
Su 2 ly from all three cqf.latlolns

l:llﬂi“ two correct cquz{lmns in three unknowns, eg.ina, b, c
gglvc {0 obtain their ratio ’
obtain =b3-c=5:"2:3’“:‘3:d=5_:3:S,ar:b:d*—=5:—2:5,0rb:c:d=-—2:3:5
obtait equation 5x —2y +3z= 5, or equivalent

QR2: Obtain @ vector parallel to the plane, e.g. AC=i+j-k

¢ d such vector and calculate thei
Obtain a secona st cir vector product, e.g.
(i.-zjff'k)"(i'*]—k) Lal
(Obtain tWO0 correct components of the product
Obtain correct answer c.g. 5i—2j-+3k
pstitute in 5x =2y +3z=dto find d

Su
Obtain equation 5x=2y+3z=5, or cquivalent

oR3: Obtain a vector paraliel to the plane, c.g. BC =3j+ 2k

Obtain a second such vector and form correctly a 2-parameter equation for the plane
Obtain a correct equation, e.g. ¥ =i-+3j+2k+ A(i-2j-3k)+ u(3j+ 2k)

State three correct equations in x, y, z, 4, u

Eliminate A and z
Obtain equation 3x -2 y+3z= 5, or equivalent

Correctly form an equation for the line through D parallel to O4
Obtain a correct equation e.g. r ==3i+ j+ 2k +A(i+3j+2K)
Substitute components in the equation of the plane and solve for A
Obtain A = 2 and position vector —i-+ 7]+ 6k for P

Obtain the given answer correctly

13, MJ 16/P33/Q8
(i) Statea correct equation for 4B in any form, e.g. r=i+j+k+ A(i—j+2k), or equivalent
Equate at lcast two pairs of components of AB and I and solve for A or for

Obtain correct answer for A or for 4, ¢.g. A=—1 or y=2
Show that not all three equations are not satisfied and that the lines do not intersect

(i)

- Calculate the scalar product of AP and a direction vector for / and equate to zero
Solve and obtain =73 |
Carry out a method to calculate AP when # =%

(i) EITHER: Find AP (orﬂ) for a general point P on ], e.g. (1- Wi+ (3 +2m)f+ (-2 + ) é@
,.‘\\

; ; 1
Obtain the given answer—= correctly
V2

OR 1:Find AP (orPA) for a general point P on /
Use correct method to express AP (or AP) in terms of 41
Obtain a correct expression in any form, .g. (1= Y+

Carry out a complete method for finding its mini u

Obtain the given answer correctly Oﬁ

| OR 2:Calling (2, -2, —1) C, state AC(or CA) in component form, e.g.i—3j-2k
Use a scalar product to find the projcctiug of E( or CA)onl

Obtain correct answer in any form, ¢.g. :/—E
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Use P E
Obt l_ Y"‘“Bn‘ms to find the perpendicular
ain the given answer correctly
OR 3: \ AC p—_—
3:State AC( or CA) in component form
Cale R \— ;
alculate vector product off AC and a direction ve

Optnm correct answer in any form, c.g. 1=K
Dl\'u‘ic modulus of the product by that of (he direction veetor
Obtain the given answer correctly

14. O/N 15/P32/Q7, O/N 15/P31/Q7

() Use correct method to form a veelor
Obtain a correct equation, ¢.g. r=i+

stor for 1, ¢.8. (1= 3] = 2K) X (<142 + k)

cquation for AB .
2j+A(2i- 2j+k)orr= 3+ ke + (21 = 2j+ k)

ant point, obtain an cquation for m in any form

(if) Usinga direction vector for AB and a relev
Obtain answer 2x —2y +z =4, 0f cquivalent
(iii) Express general point of 48 in component form, C.&: (1+24,2 —24,4)or

(G +2u,— 24,1+ 1)
Substitute in equation of m and solve for A or for £ )
li+%j+ vector of N, from A=3 or /i=

Obtain final answer 3 -%—k for the position
Carry out a correct method for finding CN

Obtain the given answer J13
[The f.t. is on the direction vector

1
3

for AB.]
15. O/N 15/P33/Q8
(i) Expressa general point on the line in single component form, €.8. (1,2-34,-8+ 4),
substitute in equation 0
Obtain A=3
Obtain (3,-7.4)
(i) State or imply norma
Carry out process for eva
Using the correct process
of the moduli and evaluate sin”

Obtain 54.8° or 0.956 radians
Find at least one position of C by translating by appropriate multiple

(iii) Either
of direction vector i — 3j + 4k from A or B

f plane and solve for A

—~j+ 35k
duct of two relevant vectors

| vector to planc is 4i
he scalar product by the product

Juating scalar pro
for the moduli, divide t

'or cos™* of the result.

L)

@6}?@

Obtain (-3,11,~20) A
Obtain (9, - 25, 28) @ s 3
Or Form quadratic equation in A by considering BC? =44B* ;7% p)“l—%
@‘?

Obtain 264> —1564—-702=0 or equivalent and hence 4 = —1%7 = f@

Obtain(=3,11, - 20) and (9,~25,28)
16. M/J 15/P32/Q10 @@ %@
b

(i) Carry out a correct method for finding a vector equation fo@

Obtain r=2i—j+3k+A(-i+2j+ 2k), or equivalent b
' &n B’and I and solve for A or

Equate at Jeast two pairs of components of general p ;; X0
@ &/ >

for 1
Obtain correct answer for Aor 4, e.g. A=1o0r £=0; /1@7-— —oru= L
or i=- 1:)r,u=—3 ’ :
4 2

Verify that not all three pairs of equations are satisfied and that the lines fail to intersect

4_-4
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EﬁHEfi ot parﬂ"d to the planc and not parallel to Legl-2)+k
I obtain® roduct to obtain an cquation in a, b and ¢, c.g, 3a+ b~ ¢ = 0
Use scasccon 4 relevant equation, ¢.g. a —2b -+ ¢ = 0 and solve for one ratio
. )

AN inal answer a: hig=1 4 :TAl
obl-"“; ordinates of a relevant point and valucs of a, b and ¢ in general equation

Use ¢

and f-l::[lnswcf x+4y+7z=19, or equivalent

0;1;’ Obtain a vector parallel to the plane and not parallel to /, e.g. i — 2j+ k
0 »

Obtain a second relevant vector parallel to the plane and attempt to calculate
their vector product, e.g. (i—2j+k)x Gi+ j-k)

Obtain two correct components

Obtain correct answer, .g. i+4j+7k

Substitute coordinates of a relevant point in x + 4y + 7z = d, or equivalent,
and ﬁnd d

Obtain answer x +4y + 7z =19, or equivalent
ORY: Obtain a vector parallel to the plane and not parallel to /, e.g.i~2j+k

Using a relevant point and second relevant vector, form a 2-parameter equation
for the plane

State a correct equation, e.g.r = 2i — j+ 3k +s(i— 2j + k) + 1(3i + j— k)
State 3 correct equations in x, y, z, s and ¢

Eliminate s and ¢

Obtain answer x + 4y + 7z = 19, or equivalent

OR3: Using the coordinates of 4 and two points on /, state three simultaneous

equations ina, b,candd,e.g.a+b+2c=d,2a-b+3c=dand4a+2b+c=d
Solve and find one ratio, e.g. a: b

State one correct ratio

Obtain a correct ratio of three of the unknowns, e.g.a:b:c=1:4:7,
or equivalent

Either use coordinates of a relevant point and the found ratio to find the fourth
unknown, e.g. d, or find theratioa: b:c:d

Obtain answer x + 4y + 7z =19, or equivalent
OR4: Obtain a vector parallel to the plane and not parallel to /, e.g.i—-2j+k

Using a relevant point and second relevant vector, form a determinant equatwjx@ ®
A\

for the plane NG
x-2 y+l z-3
State a correct equation,eg. [ 1 -2 1 |=0 NN @8
31 -l &
KX @

Attempt to expand the determinant

Obtain or imply two correct cofactors | § @
O

Obtain answer x + 4y +7z =19, or equivalent P (6]

11.Ml 15/P31/Q6
! 2
@) Obtain +| —3 | as direction vector of /, @
4 @'
State that two direction vectors are not parallel
Express general point of J, or I, in component form, e.g. (24,1-34,5-44)
OF (74 pa, 1+ 2,1+ 5 1)

E
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Equate at least two pairs of components and solve for A or for ¢

Obtain correct answers for A and u
Verify that all threc component cquations arc not satisfied (with no crrors secn)
1
: l6
oductof |2 [ and (0

(i) Carry out correct process for evaluating scalar pr
5 0

Use correct process for finding modulus and evaluating inverse cosine

Obtain 79.5° or 1.39 radians
3

18. M/J 15/P33/Q9
(i) State or imply a correct normal vector to either planc, €.g. i+3j—2k, or 21+ j+ 3k
Carry out correct process for evaluating the scalar product of two normal vectors
product of the two normals by

Using the correct process for the moduli, divide the scalar
li and evaluate the inverse cosine of the result

the product of their modu
Obtain answer 85.9° or 1.50 radians
(i) EITHER: Carryouta complete strategy for finding a point on /

Obtain such a point, e.g. (0, 2, 1)

EITHER: State two equations for a direction vector ai + bj +ck for/,
eg.a+3b-2c=0
and2a+b+3c=0
Solve for one ratio, e.g. a: b

Obtaina:b:c=11:-7:-5
State a correct answer, ¢.g. F=2j+k+ A(11i - 7j — 5K)

OR1: Obtain a second point on /, e.g. (—252—, 0, -%J

Subtract position vectors and obtain a direction v
Obtain 22i — 14j — 10k , or equivalent

State a correct answer, €.g. F=2j+ K+ A(22i—14j
Attempt to find the vector product of the two normal vectors

Obtain two correct components
Obtain 11i —7j — 5k , or equivalent

State a correct answer, e.g. r=2j+k+A(11i-7j- 5k)

OR3: Express one variable in terms of a second
Obtain a correct simplified expression, e.g. x=(22-11 y) 17

Express the same variable in terms of the third
Obtain a correct simplified expression, e.g. x=(11-1 1z)/5

Form a vector equation for the line M1

ector for /
—10k)

OR2:

State a correct answer, e.g. r=2j +k+4 [ /
1= 11

OR4: Expr:ess one variable in terms of a second
Obtain a correct simplified expression, e.g. y = @

Exprf:ss the third variable in terms of the sec
Obtain a correct simplified expression, e.g. %{l 18
o,

Form a vector equation for the line @ O
gf 6
State a correct answer, e.g. r = 2j +k i j-ﬁk)

[The  marks are dependent on all M marks being earned.]

[N
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pa2ia0, 0N 14/P31/a10
f ik

Find AP (or PA) for a point  on [ with paramcter A,

w’(ﬂ ;-:ITH!:‘H: e I = 1704 Ak + A(=21 4 | - 2k)

Unit 7: Answers Section

Caleulate sealar product of 4p and a direction vector for / and cquale to zero

Solye and obtain A =3

Carry out a complete method for finding the length of AP
Obtain the given answer 15 correct]y

Calling, (4, ~9,9) B, state J34 (or A1 ) in component form, ., i +17j— 4k

OR): s
Caleulate veetor product of B4 and « direction vector for !,
e (=14 17)~ Ak) « (=21 +- |- 2k)
Obtain correct answer, ¢.g. — 305 4 6]+ 33k
Divide the nfrulullm of the product by that of the dircction vector
Obtain the given answer correctly
R State B4 (or AB) in component form
Usie a sealar product (o find (he projection of B4 (or AB) on |
Obtain correcl answer in any form, ¢.p, £
9
Use Pythagoras (o find (e perpendicular
Obtain the given angwer correctly
(13 State B4 (or AB) in component form
Use a sealar produet 1o find the cosine of ABP
Obtain correct answer in any form, e.p, _-—;-!1_—.:
, V9306
Use trig, to find the perpendicular
Obtuin the given answer correctly
O State B4 (or AB) in component form
Find a second point € on /and use the cosine rule in triangle ARC to find the
cosine ol nngle A, B, or €, or use o veetor product to find the arca of ABC
Obtain correet inswer in any form
Use trig, or area Tormula to find the perpendicular
Obtain the piven answer correetly .
ORS: State correct AP (or PA) for o point 2 on 1 with pavameter A inany form )3 (,\@
Usie correct method to express AP (or AP) in terms of' A ' n@.‘n\

Obtain o correet expression in any form,

e (1= 24)" 4 (174 A) 4 (4-22)°

Corry out oomethod for finding its minimum (using caleulus;
"

or Pythagoras)

N
Obtain the given answer correctly ﬁ\ﬁ\?'

(W) EITIER:  Substitute coordinates of a peneral point ol [ in cqté‘i\\(\t‘.l\'\n %ifﬂ

equate constint terms or equate the coelficient ol
P \\"~' N

equation in aand b RO
Obtain n correct cquation, o.p, da -9 - -i!?)(lj.i' QQE
Obtain o second correct equation, ¢.p. oA 1 h\qt!}ﬁ\ =)
Solve loraor for b \ \\\\}?‘-'
Obtnin g = 2and b+ -2 &

t:.!

o

i

NP QY
B /l'.;:.r . \h}
(O ~f§

ar stk

)
®
(2 [5]

ne and either

i to ?g\\;, obtaining an
o -S\
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Ok Substitute coordinates of a point of [ and obtain a correct cquation,
c.g. da—9b=26

EITHER: Find a second p
Obtain a corrcet cquation
OR: Calculate scalar product 0
normal to the planc and cquat
Obtain a correct equation, ¢-B-

Solve for a or for b
Obtain a=2 and b = -2

20. O/N 14/P33/Q7
(i) State at least two of the cquations {+A=a+p,4=2+ 2u, -2+ 3L =-2+3au
Solve for A or for x
Obtain A=a (or A=a+p-1)and p=1
Confirm values satisfy third equation [4]
(i) State or imply point of intersection is (@ + 1,4,
Use correct method for the modulus of the posi
point of intersection
Solve a three-term quadratic equation in a (ﬂ‘ b= 0)
Obtain —2 and 3 [4]

21. M/J 14/P32/Q10
(i) EITHER: Stateor implyZB.and AC correctly in
Using the correct processes evaluate th
Using the correct process for the moduli

product of the moduli

: 20
Obtain answer o

Use correct method to find lengths of all sides of triangle ABC

oint on and obtain an equation inagand b

f a direction vector for [ and a vector

e to zero
._2a+b+6=0

5

3a- 2)
tion vector and equate to 9, following their

component form

e scalar product AB.AC , or equivalent
divide the scalar product by the

OR:
Apply cosine rule correctly to find the cosine of angle BAC
, Obtain answer—%% 4
| (ii) State an exact value for the sine of angle BAC, e.g. Ja1n1
Use correct area formula to find the area of triangle 4B &
3

Obtain answer 1«41, or exact equivalent S
[SR: Allow use of a vector product, e.g. ABx AC = —6i+ 2j-k B IV, Using ‘@@é”@

. . - )‘
process for the modulus, divide the modulus by 2 M1. Obtain answer %\/ﬁ Qg?}

(iiiy EITHER: State or obtain b =10
' Equate scalar product of normal vector and BC (or C_'B.) to z@
Obtaina+b—4c =0 (ora—4c=0) @ _@)@
> &
9

Subsfitute a relevant point in 4x + z = d and evaluate
Obtain answer 4x +2 =9, or equivalent Q@

OR1: Attempt to calculate vector product of rc[evané‘}%&) &:g
0

Obtain two correct components of the produ
Obtain correct product, e.g. —4i — k

Subs?irutc arelevant point in 4x + z = @
Obtain 4x +z =9, or equivalent

OR2: Attempt
mpt to form 2-parameter equation for the plane with relevant vectors

State a correct equation, g r=2i+j+k+ A%j) + i+ j —4Kk)
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f ~ State3 equations in x, y,z, A and p
[liminate 4
Obtain answer 4x +z =9, or cquivalent
OR: State or obtfz}iﬂ I;; =0
st B 2 104 C i s pse el hl 2+ = o
Solve for one ratio,c.g.a'd
Obtain a : ¢ : d, or equivalent
Obtain answer 4x +2 =9, or cquivalent
OR¥: Attempt to form a determinant equation for the planc with relevant vectors
x-2 y-4 z-1]

State a correct equation, e.g. | 0 1 0 =0
1 1 -4

Attempt to use a correct method to expand the determinant
Obtain two correct terms of a 3-term expansion, or equivalent
Obtain answer 4x+z=9, or equivalent

2. M 14/P31/Q7
) Obtain 2x =3y + 6z for LHS of equation
Obtain 2x—3y + 6z=123

(i) Either Use correct formula to find perpendicular distance
+23

Obtain unsimplified value
J 22 +(-

, following answer to (1)
3) +6°

Obtain %31 or equivalent

alar product of (4, -1, 2) and a vector normal to the plane

OR1 Usesc
Use unit normal to plane to obtain + B+3+] 2)
Vo
Obtain —27—3 or equivalent
OR2 Find parameter intersection of P and r= g (2i—3j+6K)
gg@ Q@

4 1 , O
Obtain p:% [and [?}%’_%’%J as foot of perpendicular] @

Obtain distance —272 or equivalent

)" ©
(i) Either ~Recognise that plane is 2x — 3y + 6z =kand attempt use of @‘mlz@@r

perpendicular distance 0 plane at least once ﬁ é@

= 7
Obtain I237 |=l4 or equivalent % 5@
Obtain2x~3y+6z=121and2x—3y+6z=53‘ ?E/‘

mgéf find at least one

OR Recognise that plane is 2x — 3y+6z=k anéi)

point on g using / with 1=12 @
Obtain 2x — 3y + 6z =121

Obtain 2x — 3y + 62==T3

o
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3]

(3]

3]

[3]

(3]
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(@  Bxpress ;
‘ S\ch‘sa general point of / in component form, C.&. (1+3
ubstitute in given equation of p and solve for 4

Obtain final answer - Li3j-2k, or equivalent, from A==y
+3) -9k

A, =24~ 1424)

(i) St il
) U{l.tc or imply a vector normal to the plang, ¢.g. 20
sing the correct process, evaluate the scalar prodt

normal for p
livide the scalar product by the product of e

Using .thc correet process for the moduli, ¢
moduli and find the inverse sine or cosine 0
Obtain answer 23,2° (or 0.404 radians)

(i) EITHER: Statc2a+3b—S¢=0or3a—2b+2c=0 .
Obtain two relevant equations and solve for onc ratio, e.g. a: b

f the result

lent

ict of a dircction veetor for [ apg
a

Obtaina:b:c=4:19:13,0r cquiva
it in 4x + 19y -+ 13z = d, and evaluate ¢

Substitute coordinates of a relevant pot
Obtain answer 4x + 19y +13z =29, or cquivalent
OR1: Attempt  to calculatc  veelor product  of
(2i + 3j — Sk)x(3i — 2 +2K)
Obtain two correct componeits of the product
Obtain correct product, e.g. —4i —19j -13k
Substitute coordinates of a relevant point in 4x -+ 19y -+ 13z2=d
Obtain answer 4x + 19y + 13z=29, or equivalent
OR2. Attempt to form a 2-parameter equation with relevant veclors

State a correct cquation, €.g. I = i+2j
State 3 equations in X, ¥, 2, Aand i

Eliminate A and u
Obtain answer 4x + 19y + 132 = 29, or cquivalent
OR3: Using a relevant point and relevant direction vectors,

equation for the plane
-1 y—-2 z+l!

2 3 -5(=0

State a correct equation, ¢.g.
3 -2 2

Attempt to expand the determinant

Obtain correct values of two cofactors

Obtain answer 4x+19y +13z=29, or equivalent

24. OIN 13/P32/QS L
() EITHER:Obtain a vector parallel to the plane, e.g. AB=-2i+4j-k

relevant  veclors,

jation in @, b, ¢, ¢.g. —2a+405 _'qi’g

Use scalar product to obtain an eqt
3a—3b+3c=0,0r a+b+2c=0
Obtain two correct equations in a, b, ¢ @ @(@
Solve to obtainatioa: b : ¢ CS‘J\\)@
Obtain a:b:c=3:1:-2, or equivalent @
Obtain equation 3x +y—2z=1, or equivalent ﬂf@

g:&b i 2a—b+2c=d

ORI: - Substitute for two points, eg. A and B, 3
and 3b+c=d &
Substitute for another point, e.g. C, to o
one @known entirely from the three eq
Obtain two correct equations in three unknowHs, e.g. ina, b, ¢
Solve to obtain their ratio,e.g.a: b: ¢ ’ o
Obtain a:b:c=3:1:-2, a:c:d=3:-2: :b:d=3:1
b:c:d=-1:-2:1 - 2L, wibid =L
Obtain equation 3x+ y—2z =1, or equivalent

or

e.g.

-k +/1(2i+3jﬂ5k)+y(3i—2j+2k)

forin a determinant

|
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Qbtain a veetor parallel to the planc, ¢.g. BC =3i-3 j+ 3Kk

obl'llﬂ a second such veetor and calculate their vector product
o, (20+4-K)x(1-3}+3K) ¥

oblam two correct components of the product
Obtain correct answcr, ¢.g. 9i + 3j — 6k

Substitute in 9x4+3y—-6z=d to find d
Obtain cquation 9x+3y—6z =3, or cquivalent

Obtain a vector parallel to the plane, e.g. AC =i+ j+2k

Obtain a second such vector and form correctly a 2-parameter equation for
the plane

Obtain a correct equation, e.g. r=3i+4k + ;{(— 2i+4j- k)+ ﬂ(i +j+ 2k)

State three correct equations in x, y,z,4, u

Eliminate A and p '

Obtain equation 3x+ y =2z =1, or equivalent ]

Obtain answer i+ 2j+ 2k, or equivalent ' o

04.0D o
EITHER:Use —l?)_Bl— to find projection ON of 04 onto OD

Obtain ON =%
Use Pythagoras in triangle OAN to find AN
Obtain the given answer

Calculate the vector product of 04 and OD
Obtain answer 6i + 2j — Sk

Divide the modulus of the vector product by the modulus of oD
Obtain the given answer

Taking general point P of OD to have position vector A(i +2j+ 2k) , form

an equation in A by either equating the scalar product of AP and OP to
zero, or using Pythagoras in triangle OP4, or setting the derivative of |m

to zero

.. 4
Sol d obtain A =— -
olve and obtain 5 (@&Q

Carry out method to calculate AP when A -

Obtain the given answer }ﬁ @@F"
Use a relevant scalar product to find the cosine of A0D or AQ S

Obtain cos AOD —% or cosADO=

J_- or cquwaleﬁgﬂ@’

 Use trig to find the length of the perpendicular

Obtain the given answer S
Use cosine formula in triangle A0D to find ¢ DET cos ADO
<

Obtain cos AOD = —1—8- or cos ADO =

Use trig to find the length of the perpendicylar
Obtain the given answer [4]
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(@) Fi
Em.d scalar product of the normals to the plancs
sing -thc correct process for the mod the scalar product by the product of
moduli and find cos™ of the result. the
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7 A
JI'II ' h
et

uli, divide

Obtain 67.8° (or 1.18 radians)
(i) EITHER Carry out complete method for finding point on line By
17 , 6
Obtain one such point, €.g. (2,—-3,0) or| = ’0-'77) or (0,-17.-4) or...

Either State 3a—b+2c=0 and

o
=

|

Q
[§¥]

|

‘O
=]
(W8]

OR 4 Express one variabl
Obitain a correct simpli

a+b—4c=0 0" equivalent

ne ratio, €.g. @
2 or equivalent
er, €.8. T~ [2,

the line
o obtain direction vector

Attempt to solve for o
Obtain a:b:c=1:7:
State a correct final answ
Obtain a second point on
Subtract position vectors t
Obtain [1, 7, 2] or equivalent

[2,-3,01+ A[L 7 2]

State a correct final answer, eg.r=
e vector product of two normals

-3,0]+ AN, 7,2]

Use correct method to calculat
Obtain two correct components
Obtain [2, 14, 4] or equivalent
State a correct final answer, e.g. r=1[2, —3,0]+ A[L 7, 2]
[V is dependent o1l both M marks in all three cases]

Express one variable in terms of a second variable

1

n, €.g8. X :5( 4+ z)

Obtain a correct simplified expressio

riable

simplified expression, €.8: X = :1;-( 17+ y)

Express the first variable in terms of third va

Obtain a correct

Form a vector equation for the line
State a correct final answer, e.g.r=[0, _17,-41+ A[L, 7,2]

e in terms of a second variable
fied expression, €.8. Z= 2x -4

fthe second variable

Express third variable in terms 0 ‘
-17

Obtain a correct simplified expression, €.8. ¥ = T

Form a vector equation for the line
State a correct final answer, €.8. T= [0,-17,-41+ 4[1,7,2] _0 I
&Y
®

26. M/J 13/P32/Q10
thod for finding a vector equation for 4B @ ©

@

(D)

r=pQi+3j+2k)+ (1- p)(51—2j +k),or equivalen
Substitute components in equation of p and solve for

Carry out a correct me
Obtain r=2i—3j +2k+ A@i+j-k)or @
L

g

. 3 1
Obtain A == or u=——and final answer :
2 2 2

Either equate scalar product of direction vec
substitute for 4 and B in the equation of g andSub

Ob.tain 3+ b—c=0, or equivalent &
Using the correct method for the moduli, divide the scalar p

expressions

roduct of the normals 10

orizontal

4

p and ¢ by the product of their moduli and equate to :l:-l— or form h
2 2
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-valent ‘ g
cqu"fal;n-ca cquation in any form, e.g. I+b ~3 Ll
Obiain ot el Jary 2
o sim multaneous equations for b or for ¢

Soll‘;m p=—4 and c=-1
ob o a relevant point and obtain final answer x —4y — z= 12, or equivalent (7}

s¢ o £t ison pandc.)

13 JP3'”Q

71 W state OF imply 4 s (1, 4,-2)
ly OP =12i + 6] — 6k or equivalent

Sta ale or lmp
use QP 3 normal and A as mid-point to find equation of plane
Obtain [2x+6y—6z=48 or equivalent (4]
- Gither State equation of PBisr =T7i+ 7j — Sk + Ai
(i) == Set up and solve a relevant equation for 1
Obtain A=-9 and hence B is (-2, 7, -5)
Use correct method to find distance between 4 and B
Obtain 5.20
Or Obtain 12 for result of scalar product of QP and i or equivalent
= Use correct method involving moduli, scalar product and cosine
to find angle APB

Obtain 35.26° or equivalent
Use relevant trigonometry to find AB

Obtain 5.20 | [51
28, MIJ 13/P33/Q10

(i) Equate scalar product of direction vector of / and p to zero
Solve for a and obtain a =6 2]

(i) Express general point of / correctly in parametric form, e.g. 3i +2j + k+ p#(2i+ j+2K)
or(1- p)Bi+2j+K)+ u(i+j-k)
Equate at least two pairs of corresponding components of / and the second line and solve
“for A or for p

1 2
Obtain either A4 =§'01’ﬂ=-; or A= oryz—l—l; or reach A(a—4)=0
a_

3 a-—1

or (1+ u)(a—4)=0 @g@
Obtain @ = 4 having ensured (if necessary) that all three component cquatlons are %\/ A [4]

(iii) Using the correct process for the moduli, divide scalar pmduct of direction vect OF /I
normal to p by the product of their moduli and equate to the sine of the gwen ﬁgg orm
an equivalent horizontal equation
Use % as sine of the angle

State equation in any form, e.g. 2L J‘ SSXXQ
J@+a+1)fU+4+4) ¥ cié“g}
Solve for a X
| 60 : ©Q &
Obtain answers for a = 0 and a = —, or equivalent @ rf)){/ 5]

31’ f%
[Allow use of the cosine of the angle to score Ml@f
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29. O/N 12/P32/Q10,0/N 12/P31/Q10
yectors, ot subtract point equations to form ty,
0

(i) EITHER

OR1

OR 2

(i) EITHER

OR 1

OR 2

OR 3

OR 4

Use scalar product of relevant
cquations in ab.c,cg a- 5h—3¢=0an
State two correct cquations in a,0,¢

Solve simultancous cquations and find one ratio, e.g. @ ¢, orb=0
Obtaina: b:e=3:0:1,0r equivalent
Substitute a relevant point in 3x +2= dand
Obtain equation 3x +2 = 13, or equivalent
Attempt to calculate vector product of relevant vectors,
c.g (i-5-3K) x (-] -3k)
Obtain 2 correct components of the product
Obtain correct product, .8 12i + 4k
Substitute a relevant point in 12x +4z=

Obtain 3x +z =13, or equivalent .
Attempt to form 2-parameter equation for the plane with relevant vectors

State a correct equation €.8. I'= 3i—2j + 4k + A~ 5j—3k) + p(i—j -3k)

State 3 equations inx, y, 2 Aand p

Eliminate A and pt
Obtain equation 3x + 2

Find CP for a point P on AB with
2B to zero and form an ¢qua

Either: Equate scalar product GP;
o zero and form an equation in

ve for CP* (or CP) t

angle CPA (or CPB) and form an equation in
lue of #, €.8- 1 =—2

d for finding the length of CP

la-b-3c=0

evaluate d

d and evaluate d

=13, or cquivalent "
meter £, e.g. 2i +3j + Tk+ (i +j+3Kk)

a para
tion in ¢

Or 1: Equate derivati

Or 2: Use Pythagoras in tri
Solve and obtain correct va

Carry out a complete metho

(Obtain answer 342 (4.24), or equivalent
State AC (or BC) and AB in component form
vant scalar product find the cosine of CAB (or CBA)

Using a rele
; 2 __3 .
Obtain cost CAB =— e or cos CBA i or equivalent

Use trig to find the length of the perpendicular
Obtain answer 34/2 (4.24), or equivalent
State AC (or BC) and AB in component form

ar product find the length of the projection AC (or BC) ()

Using a relevant scal

on 4B
Obtain answer 211 (or), 34/11 or equivalent

Use Pythagoras to find the length of the perpendicular
Obtain answer 3v2 (4.24), or equivalent

State AC (or E’f) and AB in component form
s

Calculate their vector product, e.g. (-2i — 3j—7k) X @-
Obtain correct product, e.g. —2i + 13j - 5k
Divide modulus of the product by the modulus of & :
Obtain answer 3v2 (4.24), or equivalent
State two of AB, BC) and AC in component fof
Use cosine formula in triangle ABC to § cos B
Obtain cos 4 = - 2 orcosB= =S

21162’ 2110

Use trig to find the length of the perpendicular
Obtain answer 3v2 (4.24), or equivalent

[The f.t is on ,ﬁ]

(51
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p O e r
SJ(I} Ur*'zr’.“ 1t
it S"““ . | VI I\ l' ‘ ¥

Solve 37 and ¢ = — 1 or equivalent in terms of p
obtott! e in third equation o find p=9

ly peneral point of either line has coordinates (5 t8,1~9,~4+38) or
5, = 2 A1)
weous equations and find s and ¢

slitu
oint ©

Use scalar product to obtain a relevant equation in a, b, ¢
'l whﬁ c.g.a- h+3c=00r2a+5b-4¢c=

o State two correct equations in a, b, ¢

Golve simultancous equations to obtain at lcast one ratio
obtaina:b:c==11:10:7 or ecquivalent

Obtain cquation ~11x + 10y + 7z = ~73 or equivalent with integer coefficients

gub

> point of sntersection s (7, - 1, 2) (5]
St

I 2
Calculate vector product of | 1| and | 5
orl

3 —4

Obtain two correct components of the product
=11
Obtain correct | 10 | or equivalent
7

Substitute coordinates of a relevant point in r.n = d to find d

Obtain equation —11x + 10y + 7z =73 or equivalent with integer coefficients

Or2 Using relevant vectors, form correctly a two-parameter equation for the plane

5 1 2
Obtainr=| 1 | +A|-1| + x| 5 | or equivalent
—4 3 -4

State three equations inx, y,z, A, u

Eliminate 1 and gz

Obtain 11x — 10y — 7z = 73 or equivalent with integer coefficients [5]
1. MU 12/P32/Q10

() EITHER: Substitute coordinates of a general point of / in given equation of plane m ,@
Obtain equation in A in any correct form ' A 4\@
W)

Verify that the equation is not satisfied for any value of A 3

%

s

ORI: Substitute for r in the vector equation of plane m and expand scalar (;@1
Obtain equation in A in any correct form @%
Verify that the equation is not satisfied for any value of 4 5@ @@5

OR2: Expand scalar product of a normal to m and a direction VEC@ of I
Verify scalar product is zero d%@
Verify that one point of / does not lie in the plane Q%

@
OR3: Use correct method to find perpendicular distance® gen%gl p
from m /

oint of /

Show that the perpendicular distance is 4/3(40t eqifivalent, for all 1

Obtain a correct unsimplified expression ;?(tg;@us ofS
Use correct method to find the perpen@_ @a;&‘f’ance of a particular point of /

OR4:

from m
Obtain answer 4/3, or equivalent

Show that the perpendicular distance of a second point is also 4/3, or
equivalent [3]
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(i) EITHER: Express gclncr:.ll point of I in ctt_)mpogz;;t[ ‘{zr;g; ; g (1+24 1 e
Substitute in given cquation 0 nan 2
Obtain position vector 5i + 3j + 3k from A=2 ‘
OR: State or imply plane 7 has veclor equation 1.(2i=2j +k) =7 o,
| Substitute for 1, expand scalar product and solve for 4
+3k fromA=2

Obtain position vector 5i+3j
1 in A by equating perpendicular distances of a general poin o ; f_ro
M m

quiVa]em

[1]

(iii) Form an equatio

and n - P
Obtain a correct modular or non-modular equation in A in any lorm

Solve for A and obtain point, €.g. 7i + 4j + Sk from A = 3
Obtain a second point, €.8- 3i 4 2j + k from A=1 '
Use a correct method to find the distance between the two points

Obtain answer 6 |
[The £t. is on the components of 1] ’
32. M/J 12/P31/Q8
(i) Either Obtain *| —1 |for vector PA (where A is point on line) or equivalent

-15

Use scalar product to find cosine of angle between P4 and line

Obtain i
V14x230

Use trigonometry to obtain m or 10.2 or cquivalent
2n+2
rl Obtain +| n-1
3n-15
Equate scalar product of PN and line direction to zero

Or equate derivative of PN 2 to zero
Or use Pythagoras’ theorem in triangle PNA to form equation in n

Solve equation and obtain 7 =3
Obtain +/104 or 10.2 or equivalent

2 \
Or2  Obtain | —1 | for vector PA (where 4 is point on line) (9
QO

or equivalent

for PN (where N is foot of perpendicular)

o

|

o0
- \
Evaluate vector product of P4 and line direction 0(@@ @D
N
P
O%

-15) ®o" A

12 )
Obtain x| -36
~4) o
el

@ 2
obtai @%04 or 10.2 or

Divide modulus of this by modulus of line direction

equivalent
| 2 ®
. Or3  Obtain +| —1 [ for vector P4 (where 4 is p?ge\on li
¢

-15 @
Evaluate scal %
alar product of P4 and line ditkctigirto obtain distance AN

Obtain 3w/1_4 or equivalent

Use Pythagoras’ theorem in tri ;
iivaleit rem in triangle PNA and obtain +/104 or 10.2 or




ol P-3 Toplcal o
s Read & Wiitg Publications

2

- Obtain | —1 | for vector PA (where 4 i8 point on linc)

e -15
Use a sccond point B on line and yge cosine rule {
or angle B or use vector product to find areq of triangle
Obtain correct answer (angle 4 = 42.25..))
Use trigonometry (o obtain /104 of 10.2 or equivalent

. Use scalar product to obtain reley i
' e ant cquation
(il) Bither 2a-b—-15¢=0 |

State two correct equations in a, b ang c
Solve simultaneous equations to
Obtaina:b:c=-3:9:-1¢r¢
Obtain equation

obtain one ratio
quivalent
—3x+9y—z=28 or equivalent

2 2 8
orl Calculate vector product of two of | 1

3) (-15 -6
Obtain two correct components of the product
-3
Obtain correct | 9
-1
Substitute in —3x + 9y — z = 7 tq find
Obtain equation —3x + 9y — 7 =

or equivalent

d or equivalent
28 or equivalent

or2 Form a two-parameter equation of the plane
1 2 2
Obtainr=| 3 |+s| 1|+ =1 | or equivalent
-4 3 -15

State three equations in x, y, z, s, t
Eliminate s and ¢

Obtain equation 3x — 9y +z = —28 or equivalent
33. MIJ 12/P33/Q8

() Express general point of / or m in component form, ie. 3
@+au,4+bu,2 - p)

Equate components and eliminate either A or x from a pair of equations
Eliminate the other parameter and obtain an equation in @ and b
Obtain the given answer

(i) Using the correct process equate the scalar product of the direction vec
Obtain —a+2b—1=0, or equivalent

Solve simultaneous equations for a or for b @
Obtaina=3, b =2
(iif) Substitute found values in component equations and solve b r
Obtain answer i + 2j + 3k from either A = 2 or from ,u
%.0IN 11/P32/Q7, OIN 11/P31/Q7 @

Te— g
@ Use a correct method to express OP in terms of
Obtain the given answer

in terms of 4

n triangle ABP to find angle A

ina,b,c,eg 2a+b+3c=0or

=1 |and | 2 | orequiv

—1,—2+2A,1+A)o

() EITHER. Use correct method to express scalar product of O4 and OP, or OB and OP

Using the correct method for the moduli, divide scalar_products by products of

Unit 7: Answers Section

(4]

[3]

[4]

[4]
[2]

[2]
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Obtain a correct simplified cxpression, ¢.8Y = (31=T)117
Express the third variable in terms of the second
Obtain a correct simplificd expression; ¢ z=(3-3%)/8

Form a vector cquation of the line
Elj + .3.k+).(— 8i+ 7j + 3Kk)

State a correct final answer, €8 ¥~ "4 © 8
[The f.t. is dependent on all M marks having been carned.] b

37. M/J 11/P31/Q3

3
(i) Obtain %|—4 | as normal to plane
6
Form equation of p as 3x —4y+6z= kor-3x+t 4y —62= J and use relevant point to find k
Obtain 3x—4y +6z=80 or -3x + 4y - 6z=-80 "

(ii) State the direction vector

Carry out correct process
Use correct complete proce

0
1 |or equivalent

0
for finding scalar product of two relevant vectors
d evaluate sin™ or cos™

¢s with moduli and scalar product an

of result
Obtain 30.8°r 0.538 radians )
38. M/J 11/P33/Q10
(i) EITHER: Express general point of / or in component form, €& (2+A, -4 1 +23)or
. (;1,2+2p,6~2,u)
Equate at least two pairs of components and solve for A or for #
Obtain correct answer for A or u (possible answers for A are -2, %, 7 and for
1 1
pare 0, 2 3 4 7 )
Verify that all three component equations are not satisfied
OR: State a relevant scalar triple product, €.8.
Qi—2j—5K). (- +2K) (i+2j —2K)
Attempt to use the correct method of evaluation
Obtain at least WO correct simplified terms of the three terms of th%"g
expansion of the triple product or of the corresponding determinant, Q©
e.g.—4,-8, -15 £ S
—27, and state that the lines &
[4]

(ii) Carry out the correc
Using the correct pr

moduli and evaluate the inverse cosine of the result @.
&,
@é& :

Obtain answer 47.1° or 0.822 radians

(ili) EITHER:

Obtain correct non-zero value, €.8.

ocess for the moduli, divide the scalar product b

[}

intersect NI
t process for evaluating scalar product of direction vec§§? f%gﬁ@%d m
)@ prgguct of the

Use scalar product to obtain a— & +2¢ = 0
Obtain @ + 2b — 2¢ = 0, or equivalentE

sut_ﬂracting two point equations obtained frop» poi
ratio, e.g.a: b

Obtail.la: b:c=-2:4:3,orequiv

Substitute coordinates of a point orf\in s alues for a, b and ¢ 10

equat‘;ion and evaluate 4
Obtain answer —2x + 4y + 3z = 26, or equivalent

gcncral
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Attempt to caleulate vector product of direction vectors of / and m
ORI Obtain two correct components

Obtain —2i + 4j + 3Kk, or cquivalent

Form a plane equation and use coordinates of a relevant point to evaluate d
Obtain answer =2x + dy + 3z = 26, or equivalent

Form a two-parameter plane equation using relevant vectors

State a correct cquation e.g. r = 2j + 6k + s(i— j + 2K) + (i + 2j — 2k)
State three correct equations in x, y, z, 5 and ¢

Eliminate s and ¢

Obtain answer —2x +4y + 3z = 26, or equivalent (5]

/P33/Q6 . o
(J)R'[ ;t:te general vector for point on line, e.g.
@i

si+3j+ 6k +5(10i + 5] = 5K) or 5i+ 8j +k + #(10i + 5§ — 5k) or equiv
gubsﬁmte their line into equation of plane and solve for parameter
Obtain correct value, s =% or t=—-2 or equivalent

Obtain (=1, 5,4) o.c. .
State OF imply normal vector to p is 2i — j + 4k
: Carry Out proces” for evaluating scalar product of two relevant vectors

Using correct process for moduli, divide scalar product by the product of the moduli and
{ evaluate arcsin(..) or arccos(..) of the result.

Obtain 5.1° or 0.089 rads (4]
40. OIN 09/P32/Q10
‘ Substitute coordinates (1, 4, 2) in 2x — 3y + 6z=d
Obtain plane equation 2x — 3y + 6z = 2, or equivalent [2]

ORZ:

»

3.

@

(ii) EITHER: Attempt to use plane perpendicular formula to find perpendicular from (1, 4, 2)
top

|2-3(4)+6(2) - 16|
{22 +(=3)? +62)

Obtain a correct unsimplified expression, e.g.

Obtain answer 2
ORI: State or imply perpendicular from O to pis X*, or from O'to g is % , OT

equivalent
Find difference in perpendiculars
Obtain answer 2

-_ OR2: Obtain correct parameler value, or position vector or coordinates of foot-8 6@%&@
' perpendicular from (1, 4, 2) to p (;:=:¥::::;(%,%1,3$-)) ) ,;-\\@
] Calculate the Jength of the perpendicular &é)ﬂqyg
[ Obtain answer 2 ©
; OR3: Carry out correct method for finding the projection onto a normal Yebtor of a
| line segment joining a point on p, ¢.g. (8,0, 0) anda p . (1,4,2)
2(8

Obtain a correct unsimplified expression, e.g.

E)

Obtain answer 2

é 4
o
() Erryeg, Calling the direction vector ai -+ bj + gly@¥o sea ﬁproduct to obtain a relevant
] % it

¢quation in a, b and ¢

. : Oy
Obtain two correct equations, e.g. 2a — 308 6c = 0, a—2b + 2¢ =0
Solve for one ratio, e.g. a1 b

Obtaina:b:ec=6:2:-1, or equivalent
State answer r = A(61 -+ 2j — k) or equivalent
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‘ Att ;
i _cglpt to calculate vector product of (WO normals, €6
o j + 2K) x (21 - 3] + 6K)
Oblﬂ}u two correct components
Stattz;m —6i -2j + k, or cquivalent
answer r = A(=6i — 2j + k), of cquivalcnt
41. O/N 09/P31/Q6 o 2
2i+j—2k oF equivalent
ctor of N

i) EITHER:
(i) HER: State that the position vector of Mis K,
Carry out a correct method for finding he position Y€

Obtain answer 3i —2j + k, 0f equivalent
Obtain vector equation of MN in any correct form;
eg.r=2it]j _ 2k +AGi-3i +3K)
OR: State that the position vector of Mis 2i i -2k o
Carry out a correct method for finding 2 direction V¢
Obtain answer, e.g. 1=3J * 3k, or equiva ent
Obtain vector equation of MN in any correct form;
egr=2itj- j+3K)
0, but AN'=AC/2 £°t5 MOAO.] 4]
5§ + 5K)

2k + A% =3I
[SR: The use of AN = AC/3 can earn M1A
= 3i42j- 3Kt HI-

n any correct form, €5

equivalent
ctor for MN

(i) State equation of BCi
Solve for A or for ¢
Obtain correct value of 2, 0T 4 e.g A=3, 0047 2
Obtain position vector 5i—8j + 7k

42. O/N 08/P03/Q7
(i) State or imply 2 correc
Carry out correct process
Using the correct process
and evaluate the inverse cosine of the result
(Obtain answer 57.7° (or 1.01 radians)
Jete method for finding a point on the line

(i) ET THER: Carry outa comp
Obtain such 2 point, -8 2,0, -1)
ons for a direction vector 0

EITHER: State tWo correct equati
anda+2b+2c= 0

Solve for oné ratio, €.
Obtaina:b:c=4:—

to either plane, €& 2i—j -3k, 0r i+2j+2k
scalar product of the two normals
the scalar product by the product of the moduli
[4]

t normal vector
for evaluating the
for the moduli, divide

f the line, c.g. 24 -b-3c=0

ga:b

705,01 equivalent
c.g. r=2i—k+AM4i-T] + 5Kk)

State a correct answek,
OR: Obtain a second point on the line, e.g (0% -7)
Subtract position vectors to obtain a direction veetor - R
Obtain 4i - 7j + 5k , of equivalent g 4?’
State a correct answer, ¢-&: r=2i-k+A@i-7j+ 5k) 2 Q(’
OR: Attcr.npt to calculate the vector product of two normals @
Obtain two correct components » &ﬁig
Obtain 4i—7j + 3k, or equivalent y @>
State a correct answer, €.8. T'= 2i— k+ A@di-7j + 3k X ®
ORI: Express one variable in terms of 2 second 3@@ @S@
. T

Obtain a correct simplified expression, €.g.

Form a vector equation for the line
State a correct ans

WﬁI‘, e.g. = l i ,__l = (] .

B k=gl +A(i-3j+5k), or equivalent

R
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Express one variable in terms of a second |

Obtain a correct simplified cxpression, e.g. y = 1-1x

. ) 4
Express the third variable in terms of the second

Obtain a correct simplificd expression, e.g. z = 5x—14

Form a vector equation for the line
State a cc-}rrect answer, e.g.r = %j—%k +A1 -1+ %k), or equivalent (6]
[The £.t. is dependent on all M marks having been obtained.]

o 06/P03/A1E

 gate a vector equalitlljl for the line through 4 and B, e.g.r=i+2j+3k+s(i—j)
¢ Equate at least two pairs of components of general points on 4B and I, and solve for

btain corTect answer forsort, e.g. s =—6,2, -2 when ¢t = 3, -1, -1 respectively
Verify that 2l three component equations are not satisfied

(4]
@ State Of imply a direction vector for AP has components (-2¢, 3 -+ 1, —1-f), or
equivalent

- o AP.AB
State or imply cos 60° equals -
lA |4B

Carry out correct processes for expanding the scalar product and expressing the
product of the moduli in terms of ¢, in order to obtain an cquation in ¢ in any form
Obtﬁﬂl th': giVE‘.ﬂ equation 312 + T+ 2= () c(}[n;c[]y

Solve the quadratic and use a root to find a position vector for P

Obtain position vector 5i -+ 3j 4 4k from ¢ = -2, having rejected the root £ = —% for
a valid reason

44, 0N 07/P03/Q10

i) Substitute for r and expand the given scalar product, or correct equivalent, (o obtain an cquation in s
Solve a linear equation formed from a sealar product for

Obtain s = 2 and position vector 3i -+ 2§+ k for 4

(6]

Bl
(ii) State or imply a normal vector of p is 28 -3 4 6k, or cquivalent

Use the correct process for cvaluating a relevant sealar product, ., (- 2J -+ 21).(21 -3 + 6k)

Using the correct process for caleulating the moduli, divide the scalar product by the product uflhg\“;e})

moduli and evaluate the inverse sine or cosine of the result (53 : @))

Obtain final answer 72.2° or 1.26 radiany ?;: g (%;9 41
ale equation 2a ~3b gB‘E = bg

% ( (\%:

(it EITHER: Taking the dircction vector of the line (o be ab - bj 1 ¢k, st
State equation a —20 -+ 2¢ < ()

Q 3

Solve to find one ratio, c.p. a2 b %Cjb (:?:f)§
Obtain ratio @ : b ;¢ = 6:2: 1, or equivalent Q))‘Q) @‘}QS)
State answer r = 3i -+ 2j - k -+ A(GE 4 2 - k), or equivalent ; 5

OR1:  Attempt to calculate the vector product of a direclion vector Ii:ri%(tgﬁ,ncbf;}ﬁm a normal
vecetor of the planc g, c.p.(1 -2 - 2k)#(21 - 3] 4 6k) &\\\g .EL@U'
Obtain two correct components of the product ¢ = o
Obtain answer —61 -2 -+ k, or equivalent C&) & 7

5 State answer r = 30 2] + K+ A(-61-2) 1 k), or cqu'}/ﬁlcul "35

2

Obtain the equation of the plane containing A :uu}, ¢l ch"nﬂllur to the line
State answer x -2y + 2z = |, or equivalent «(’3,‘1;;’) \SS})

Find position vector of a second point £ on the 'Iing_\}'ﬂ interseetion of this plane with

the plane p, e.g. 9i + 4] hd

Obtain a direction vector Tor this line of intersection, e.g. 61 + 2 —~ k

State answer r = 31+ 2§ -+ k + A(61 -+ 2] — k), or equivalent [5]
[The £t is on /.

e
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1) Sta :
@ te or imply du = _l. dx , or 2u du—dx,, oF _f_f_li _ ___!__,’ o cquivnl!mt
" odx z.f,;

Substi 2x .
Obt;:iltl;tc fo'r x and dx throughout the integral '
n the given form of indefinite integral correctly with n° crrors S€CN 3
hod to find either AorB

B
, usc a correcl met

e o —"

(i) Attempting to express the integrand as 4
u 4-u

Obtain A = .1_ aIldBI-—I—'
2 2

Integrate and obtain -;:Inu - %’-ln (4 -u) ,0r cquiv

alent
¢ form ¢ Inu* din(4 )

1 an integral of th

alent, 1t
rking.

correctly, of equiv
and exact WO

Use limits u=1andu = 2
lowing full

Obtain given answer correctly fol

46. OIN 06/P03/Q7

(@ EITHER: Stateor imply general poi
Substitute in LHS of plane equation

Verify that the equation is satisfied o
OR: State or imply the plane has equation r.(it+32
Substitute for rin LHS and expand the scalar product

Verify that the equation

nt of [ has coordinates (xil— 2%, 11s), O equivalent

+3k)=5,0T equivalent

jes on the lane 5
; o nates in the equation of P

OR: Verfy that a point of !l ,
Find a second pointon J and substitute 1tS coordl
Verify second point, €.£. (1,—1,2) lieson the plane
OR:  Verfy thata point of / lies on the plane
£] with a vector normal to P
3]

f a direction yector 0
nd | is parallel to P

Form scalar product 0
vectors to form an equatio

Verify scalar product is zeTo @
Use scalar product of relevant

opq+Ai+t3e=0

State two correct equations ina,b, ¢

Solve simultancous equations and find one ratio, ¢.ga: b
]:-2,0r equivalent

Obtaina:b:c=%:

Substitute correctly indx+y—-2z=dto findd

Obtain equation 4x +Y — 94 =1, or equivalent. _ ‘1&
2+ k)@@ ;-’\9

Attempt t0 calculate vector product of relevant vectors, €& (1-
@
Q
N
&
O

nina b, ¢ €8 @ 2b+c=0

() EITHER:

OR:
Obtain 2 correct components of the product

Obtain correct product, €.g. — 8i—2j +4k
Qubstitute correctly in 4x +y-2z=dto findd Qg}

Obtain equation 4x +¥ = 27 =1 or equivalent R
outcome of the vector product is the negative 0@)&% t answer allow the
[/
s
@,

[SR: If the
final marks to be available, i.e M2A0AOMIAL is po;ggm
hﬁ*ﬁ%am yectors

OR: Attempt to form 2—parameter equation for the pl
State a correct equation, €.8. T= 2i+j+4k +%— i W) p (142§ +3K)

State 3 equations in X, ¥, Z, 4
Eliminate A and 4 . b
Obtain equation 4x +y —2Z= 1, or equiygtent
47. M1J 06/PO3/Q10 %,’—" : ©
-1 3
(i) Stater=| 3 |+ A | =11, or equivalent 1
. P (1
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-

-1+434 3
| Express BN intermsof 4,eg. | 3=4 |- ~11, or cquivalent
' @ 5-47 —4
3
gquate its scalar product with | —1 |to zero and solve for A
—4
Obtain 4= 2
5
Obtain -@HV =| 1 [, or equivalent
-3
Carry out method for calculating BN, i.c. |[2i+2j + kl
Obtain the given answer BN =3 correctly (6]
(iji)EfrHER: Use scalar product to obtain a relevant equation ina, band ¢, e.g 3a — b —dec=0or
2a+2b+c=0

State two correct equations in a, b, ¢
Solve simultaneous equations to obtain one ratio, e.g. a: b
Obtaina:b:c=7:-11:8, or equivalent
Obtain equation 7x—11y + 8z =0, or equivalent
OR: Substitute for A, Band N in equation of plane and state 3 equations ina, b, c,d

Eliminate one unknown, e.g. d, entirely and obtain 2 equations in 3 unknowns
Solve to obtain one ratioe.g.a: b

Obtain a:b:c=7:-11: 8§, or equivalent
Obtain equation 7x—11y + 8z =0, or equivalent
OR: Calculate vector product of two vectors parallel to the plane, e.g.( 31— j—4k)=(2i +2j+k)
Obtain 2 correct components of the product
Obtain correct product e.g. 7i — 11j + 8k, or equivalent
Substitute equation 7x —11y + 8z =d and find d, or equivalent
Obtain equation 7x — 11y + 8z =0, or equivalent
OR; Form correctly a 2-parameter cquation for the plane
Obtain equation in any correct form e.g. r=—i +3j +5k +4 (3i—j — k) + u (21 + 25+ k)
State 3 equations inXx, y,z, 4, and u ,gg
Eliminate A and p ) @
Obtain equation 7x — 11y + 8z = 0 or equivalent. @') (_@gz) [5]
4. 0IN 05/P03/Q10 2 E
()  State or imply a direction vector of AB is —i +2j +l¢, or equivalent @ A
State equation of AB is r=2i +2j + k+ A(-i + 2j + k) , or equivalent 5
Substitute in equation of p and solve for 4 \S &
Obtain 4i —2j —k as position vector of C J‘:&;@ F@@ [4]
@@  State or imply a normal vector of p is i —2j + 2k, or equivalent @
Carry out correct process for evaluating the scalar product of two F epCtors,
€.8. (=i +2j + K).(i -2j + 2k) '
Using the correct process for calculating the moduli, divyx arproduct by the product of the
7

moduli and evaluate the inverse cosine or inverse sine of theyésulp

Obtain answer 24.1° <E [4]

W) EITHER:  Obtain AC (=424 ) in any correct form
Use trig to obtain length of perpendicular from 4 to p
Obtain given answer correctly

B
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OX:

> S ) —

tate or imply AC is 2i —4j -2k, or equivalent '
Use scalar product of C and a unit normal of P o caleulate the pcrpcmhculur

OR: Sbtam given answer correctly fom 4107

' sc plane i erpendicular rom )

perpendicular formula to find perp I2- 22)+2() ”’(’l_.

49. M/J 05/P03/Q10

(i)
EITHER:

OR:

OR:

(ii)

EITHER:

OR:

numerical cxpression: & a2 +(-2) 2 42%)

Obtain a correct unsimplified
Obtain given answer correctly i3]
; e ivalent
State or imply a direction vector for ABis—i*4 + 2k, oF eql'lx:r\alent
State equation of ABisr=2i*+2* k(2T 2K) » d :;TI:; o
Equate at least two pairs of components of ABand /an
sorfort _sgrt=—t
Obtain correct answer for § 0 fort egd-S= gort=-257=73 3
ors=50rt=3 . . it the
Verify that all three pairs of equations aré not satisfied an a
lines fail to intersect 5 gl
Gl Yk for /,

State a Cartesian equation for ABe9-—7 = 2 ,and fo
e.g._-—x;d' :____y;-Z =_._—Z;2
Solve a pair of equalions, e.g. in X and y, for one unknown
Obtain one unknown, &-9- w=4ory=-2 —
Obtain corresponding remaining values, &-5: of z, and show
do not intersect
Form a relevant triple scalar product,
e.g. (24t K).((-i+ 20" 2k)x(i+ 2 * k))
Attempt lo use correct melhod of evaluation )
Obtain at least two correcl simplified terms of the three terms 01 the
complete expansion of the lriple product of of the corresponding
determinant -

_ 20, and state that the lines

5

Obtain correct non-zero value, €.9.

do not intersecl
~4j + @ ,@@3

\ot parallel to 1, 8-8- 2i

Oblain a vector parallel (0 (he plane and
Use scalar product {o obtain an equation in 4, pandc,eg.at 2b + 65 @g,
ation, e.g. 2a - Ap + ¢ = 0 and solv TN

{

Form a second relevant equ
one ralio, e.g. a: b ,@\g
Obtain final answer @ b:c=6:1:-8 r)y @5@
Use coordinates of a relevant point and values of @, b and {%n o
general equation and find d %’@ ég@
Obtain answer 6x + ¥ = 8z = 6, or equivalent @?@ &

I'to /5€:9. 2i—4j +k

Obtain a vector parallel to the plane and not par te
Obtain a second relevant vector parallel to thgxﬁlgén d attempt to

calculate their vector product, e.g. (i+2) %@g@ %fﬁj +K)

Obtain two correct components of the {
Obtain correct answer, €.8. 6i+j—8k %CL o 4
Substitute coordinates 0 int ind

ey f a relevant point irgbx + y — 82 = d, or equivalent,
Obtain answer 6x + y—8z =6, or equivalent
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Obtain a vector parallel to the plane and not parallel to /, e.g. 2i - 4j + K

Obtain a second relevant vector parallel to the plane and correctly form
a 2-parameter equation for the plane,

e.g. 1= 21 +2) + K+ A(2i - 4j +k) +u(i + 2j + k)
state 3 correct equations in x, y, z, 1 and U
Eliminate 4 and u

Obtain equation in any correct form

Obtain answer 6x+ y -8z =6, or equivalent

Using the coordinates of A and two points on 7, state three simultaneous
equationsin a, b, cand d,

©0.2a+2b+c=d,4a-2b+2c=d
and 5a+3c=d .
Solve and find one ratio, e.g. a:p
State one correct ratio

Obtain a ratio of three unknowns, e.g. a:b:c = 6:1 -8, or equivalent

Either use coordinates of a relevant point and found ratio to find fourth

unknown, e.g. d, or find the ratio of all four unknowns
Obtain answer b6x +

y—8z=8, or equivalent 6
50 0IN 04/P03/Q9

(i

)

EITHER: Express general point of I or m in component form

OR:

OR:

EITHER: Express PQor (O—'PJ in terms of s in any correct._'f

OR:

€g.(2+5,-1+s,4—g)or (2

21,2+t 1+¢t)
Equate at least two pairs of co

mponents and solve for s or for ¢

Obtain correct answer for s or t (possible answers arc-;'- ,10,0or3 for s
7

and e —7,0r 0 for t)

Verify that all three component equations are not satisfied
State a Cartesian equation for 1 or for m, e.g. };_2 3’}1) e '1-4= for |

Solve a pair of equations for a pair of values, e.g. x and y

Obtain a pair of correct answers, ed. x= %and y =

Find corresponding remaining values, e.qg. of z, and show lines
do not intersect

Form a relevant triple scalar product, e.g.
(41 3] + 3K).((i + ] —k)x(-2i +] + k) )
Attempt to use correct method of evaluation @Y

Obtain at least two correct simplified terms of the three terms,of @) ,@”T_:S 5
the complete expansion of the triple product or of the corres

determinant @@, 5
Obtain correct non-zero value, e.g.14, and state that t}ggyh?g@fﬁa’mm
intersect 0‘)‘;)) ,-F‘})// 4

5 i,
e,

-si+(1-98)j+(-5+s)k WS P @

Equate its scalar product with a direction vecior fgefo zero, obtzining

a linear equation in s @{g) ( f,;;,ﬂ

Solve for s P
Obtain s = 2 and OPis 4i + + 21(@@%5
Take a point Aon [, e.g. (2, -1, ngiirse scalar product to calculzte
AP, the length of the projection o @%jr‘:o l

Obtain answer AP = 243, or equivalent

Carry out method for finding OP
Obtain answer 4i + j + 2k
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. :IS how thal @ s h point on m with parameter { = _2, or that (2,0, A satishion

1@ Cartoslan oquation of m

Show that PQ is perpendicular to m e.g. by verifying fulty tht

(21 -] ~3K).(~21 +] + k) =0 7
51, M) 04/P03/Q11
Y EITHER: . i ,

() EITHER: Obtain a vector in the plane e.g. PQ=-31* 4j *k_ o344+ C =00
Use scalar product to obtain a relevant equation i 2 By B
Ba-2b+c=00r3a+2b+2c=0
State two correct equations in a, b, c . -

Solve simultaneous equations fo obtain one ratio €.9- 2 -
8btaln a:b:c=2:3:-6orequivalent
btain equation 2x + 3y - 6z . value and 3 of b is found
[The second M1 is alsoygiven if say cis given 0 arbr‘ﬁ'?i'f'gai;‘g: ;nfj 5] ' ‘
The following A1 is then given for finding the correct v2luss ]
£ j 5 r Wy My y
OR: Substitute for P, Q, R in equation of plane and state 3 equations N 2
Ellrni_nate one unknown, e.g. d, entirely
Obtain 2 equations in 3 unknowns
Solve to obtain one ratioe.g. a: b
Obtaina:b:c=2:3:-6 orequivalent
Obtain equation 2x + 3y -6z =8 or equivalent o bio equations in
[The first M1 is also given if say dis giq_ren an arnr:rar*{r \IBI‘.IJE.EJ‘::.:I L:(..r -;jidg:_:i!", 210
two unknowns, e.g. a and b, are obtained. The following f‘r'{_‘s, ‘,"ir;;':? ‘_r;'”f: Sorifing
equations. Solving to obtain one unknown r—::arns the second ral alild B TR iiis
A1 is for finding the correct values of & and b.]
OR.  Obtain a vector in the plane e.g. OR=61-2j * K N
Find a second vector in the plane and form correcily a 2-parameter 8quatuli o
the plane e aema s g mEoc A ado
Obtain equation in any correct form e.g. 1 = 4{—2175] +k) + Aol -2j*K)Fi-
State 3 equations in X, ¥, Z, 4 and u
Eliminate 4 and u
Obtain equation 2x + 3y -6z =8 or equivalent
OR: Obtain a vector in the plane e.0. PR=35i+2j +2k
Obtain a second vector in the plane and calculate the vector product of the two
vectors, e.q. (~3i + 4j + K)x(3i + 2] + 2k)
Obtain 2 correct components of the product
Obtain correct product e.g. 81 + 8j -8k er equivalent
Substitute in 2x +3y — 6z = d and find ¢ or equivalant
Obtain equation 2x + 3y -8z = 8 or equivalent /;@f 8
o
(ify EITHER:  State equation of SN'is r = 3i + 5] -6k + A(2i + 3] - 6k) or equivalent @) 4.7
Express x, y, zin terms of i e.q. (3 + 24, 5 3.4, -6 -61) R o
Substitute in the equation of the plane and solve for A ~ _,;-0‘ cﬂ_.‘f:;J
Obtain ON =1 + 2j, or equivalent V_;‘;/ £€”
Carry out method for finding SN N 4
Show that SN = 7 correctly {:“-'Q:'/ Q@J
OR: Letting ONfi +yj + 2K, Olia.irﬁ'rajquaﬁans inx,y, g‘.?_f‘éq _'ﬂt\g scalar
product of NS with two of PO, 0%, RPtozero IV __\_'@,3"
Usmg the plane equation as third equation, scly_ej%rx y<and z
Obtain ON =i +2j, or equivalent © y\x:}“/
correctly AT < &
OR: Use Cartesian formula or scalar prod S8
Obtain SN =7 procu 0@‘_?&' with a normal vector to find SN

State a unit normal 1 to the plane
Use ON=0S+7d
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A
./ﬁ‘oﬁ Obtaln an unslmpllﬁed expresﬁlon e.q. 3| + 5’ -6k i?(lli-l j—--ﬁ-k)
Obtaln fﬂs} =1 +2}, or equivalent, only % Wi 6
03;;:03!01“ .
) 0 pxpress general point of  or m in component form e.g (1+2s,5,—2-+35) or
) (6.}-{,—-5"2!‘,4‘1“)
Equate at le

I()[SO'['f
obtains=1lor{=-3

Verify that all three component equations are satisfied

Obtain position vector 3i+§ + k of intersection point, or equivalent

7R: Use scalar product to obtain 24 + p +3,. — z _
) BITHER ‘Sjom el gt v bb Je=0anda-2h+c=0
State one correct ratio
Obtainanswera:b:c=7:1._ 5, or equivalent
Substitute coordinates of a relevant point and values of a, b and ¢ in general
equation of plane and calculate 4 ’
Obtain answer 7x +y — 5=

ast two corresponding pairs of components and attempt to solve

51

17, or equivalent
OR: Using two points on / and one on

el (or vice versa) state three simultaneous
equations ina, b, cand d c.g, da¥b+e=d q-Se=d and 6u-5h+de=4d
Solve and find one ratio ega:b

State one correct ratio

Obtain a ratio of three unknowns e
Use coordinates of a relevant
Obtain answer 7x+y—5z=

e.g.a:bic=7:1:-5,orequivalent
point and found ratio to find fourth unknown e.g. d
17, or equivalent

Form a correct 2-parameter equation for the plane,
e.g. r=i-2k+ AQ2i+ + 3K) + (i 2j + k)

State 3 equations in x, ¥;2,Aand y

State 3 correct equations

Eliminate A and p

OR:

Obtain equation in any correct unsimplified form
Obtain 7x + y -5z = 17, or equivalent
OR: Attempt to calculate vector product of vectors parallel to / and m

Obtain two correct components of the product
Obtain correct product, e.g. 7i +j -5z

State that the plane has equation of the form 7x + y-5z=d

()
Substitute coordinates of a relevant point and calculate d
Obtain answer 7x +y -5z =17, or equivalent

¥ A
6]

[The follow through is on 3i + j + k only.] @ @@@/”
3. MIJ 03/P03/Q9 4

&P &
(i) State or imply a correct normal vector to either pla&ri\ié% ; ©
e.g.i+2j- 2k or 2i - 3j + 6k

@
Carry out correct process for evaluating the §§@1%r :Qﬁ‘ﬁgt}of both
the normal vectors 0

Using the correct process for the moduli /'fi’de
of the two normals by the product of thgir
inverse cosine of the result

Obtain answer 40.4° (or 40.3°) or 0.705 (or 0.704) radians [4]
[Allow the obtuse answer 139.6° or 2.44 radians]

M

(%
tﬁ(é scalar product
ill and evaluate the
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ITHER
8ab:ry out a complete strategy for finding 3 point o7 f
ain such a point e.g. (0, 3, 2)

OR

OR

Find a directio

EITHER Set up two equations for 2 direction
ai + bj + ck of [, &.g- o+ 2h-260

and 2a=3b +6c=0
t

o, e.9- 3P .
requival®l . ; (6i- 10j - 7K)

Solve for one ra -
Obtain a:b:c = 6 -10:-7,9 . 2K
State a correct answer eg.-r= ?16 g
s Obtain a se°27 point on ” e-g- " directio” yector for I
Subtract position vectors © 0?\;'{"
Obtain 6i - 10] - K, or equVe o 4 2K L2 (61-101" 7K)
State a corre answer, e9- Juct of the 4l vectors
OR Atternpt to find the vector Pr°
Obtain WO correc
Obtain 61101 7% & equivalent oy 2(61- 100" 7Kk)
State @ correct answer e.d p
¢ n
Express one variable in té 50 co ©- 3y)/5
Obtain @ correct sim ified xpreSSIO &3 ird an 4 form
Express the same va able in té -
term € uation i x= 12 - 62
Ianglnrrepirate a gorrect sirnpliﬂed express:on. e.g (
in this equation _
Form a vector equation for the line 1
‘ = ore uivalent
State a correct answer, €9- | 7 _|3[+[-573 A,ored
z 0 B N 716
Express one yariable In terms of @ _secon s
Ob?ain a correct simplified expression: = 59 5x)/3
Express the third variabl terms 'of the secon -
Obtain @ correct simplified exprgssmn, e =(12-7X)
Form a vector equation for the liné
X 0 1
State a correct answer, eg. | V|~ 3|+ A ~5/3|,0r equivalent
) ) T N
0 :
S

"\\S
e

process for evaluating the sca

54, OIN 02!'P03f010 -
n vector for AB 0f CDeg AB= j—2j -3k or CD =-2i—] 7 iz iy
()
lar prodyg c@ vant vectors in
®
(4]

EITHER: Carry out the correct

OR:

Obtain final answer 45.6 ° or0.796 radians %ne -
Calculate the sides of a relevant tri i 3
_ angle usl
Use the cosine rule to calculate a rcle%ant ) é(ﬁg Rslios
S
ctly

Oblai.n final answer 45.6 °, or 0.796 radians
[SR: if a vector is incorrectly stated with all S:I%SS reverse

BOMIMIAL]
[SR: if45.6 ° is followed by 44.4 ° as final answer award A0.]

B

component form

ABCD | .
using the correct metig for th@noduli

Evaluate cos™
AB|.|CD

dand 45.6 ° is obtained, award

[4]
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gtate both line cquations e.g, 4i + k + A (12j-3K) and i+ + u(2i +] + 4K)
Equate components and solve for A or for 4
Obtain value A ==l or g =1

Verify that all cquations are satisfied, 3o that the lines do intersect, or equivalent
[SR: if both lines have the same parameter, award B1M1 if the equations are inconsistent
and BIMIAL if the cquations are consistent and shown to be 50.]

State both line equations in Cartesian form

Solve simultancous equations for a pair of unknowns c.g. x and y

Obtain a correct pair e.g. x =3, y =2

Obtain the third unknown ¢.g, 2= 4 and verify the lines intersect
Find one ofa,ﬁ,m,bﬁ, ....... , G FA =3i-j+k

Carry out correct process for evaluating a relevant scalar triple product e.g. CA,(AB=CD)
Show the value is zero !

State that (a) this result implies the lines are coplanar, (b) the lines are not parallel, and thus the
lines intersect ( condone omission of one of (a) and (b))

Carry out correct method for finding a normal to the plane through three of the points
Obtain a correct normal vector

Obtain a correct equation e.g. X + 2y — z = 3 for the plane of A, B, C
Verify that the fourth point lies in the plane and conclude that the lines intersect

State a relevant plane equation e.g. r=4i+ k + A (i-2j-3k)+ g (-3i +j—k) for the
Planc of A, B, C

Set up equations in A and £, using components of the fourth point, and solve for A or
Obtain value A=1or y=2

Verify that all equations are satisfied and conclude that the lines intersect [4]

() EITHER : Find PQ for a general point Q on AB e.g. 3i - 5j -5k + 4 (i—2j =3K)

Calculate P_Q .AB correctly and equate to zero
Solve for A obtaining A=-2

Show correctly that PQ = \5 , the given answer

State AP (or Eo)and AB in component form
Carry out correct method for finding their vector product ’%@‘
Obtain correct answc_ri;, g AP x AB=-5i- 4j+k - N@@ Q"‘g);‘b’.
Divide modulus by ‘ABI and obtain the given answer /3 @ @9

N

T _— _ o) A7
State AP (or BP)and AB in component form Q¢
O

i ] 72)
Carry out correct method for finding the projection of 1&@%@) oﬁ% i.e.

o
o (@ )
Obtain correct answer e.g. AN = o8 or BN = iz— ’Z&&
o)
i

i &
7
Show correctly that PN = /3 , the given af y

State two of AP ,Eﬁ ,E in component fo

«);,;
Q)

AP.AB

Use the cosine rule in triangle ABP, or scalar product, to find the cosine of A,B,orP

|
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Obtain correct answer ¢.g. COSA = -—jL
1459

P to AB is ‘J?:s the given angwer

Deduce the exact length of the perpendicular from

4
55. M/J 02/P03/Q8 .
@ State or imply a simplified direction vector oflis3i—j+ 2k, or equivalent
x—1 z—1 ;

State cquation of /is T =17 K+ AGi—j 20,00 T3 = ‘_% ==—— , or cquivalent

Substitute in equation of P and solve for A, oronc of X, ¥, OF Z

Obtain point of ;ntersection —2i +J -~ k-

[Any notation is acceptable.] 4

 yector of p IS i+3j-2k ]

State or imply a norma

roduct to obtain a +

EITHER : Use scalar p
Use points on /0 obtain two equ
s, obtaining onc u

Solve simultaneous equation
-2
ne correct unknowns cg.a= ,_3,

d, gl
3

3b—23=0
b+3c=1

ations in @,

)

b, ¢ e.g.a+c=1, 4a
nknown

Obtain 0
r unknowns €.g. b= 5 c=
ina+3b- 2¢=0

a-b+2c=0
ain one ratio €.g. b

Obtain the othe

duct to obta
duct to obtain 3

Solve simultaneous equations to obt
Obtaina:b:c=2! _4: -5, or equivalent
Obtaina= :—?1 D= i, g= !
3 3
transfer from the EITHER to OR s¢
o EITHER by finding one of t

OR:  Use scalar pro
Use scalar pro

heme by subtracting the two “point”

- candidates may
equations, Or transfer from OR he “point” equation.]

OR: Calculate the vector product ( 31 —j+2k)x( i+3j—2Kk)

Obtain answer _4i + 8j + 10k, or equivalent ' . 4}©
Substitute in —4X + gy +10z=d 1o find d, or equivalent Y ©

Obtaind =6, 0r equivalent _ @

2 NN
Obtaina= — » =-4-,c=§ 5% &
3 3’ 3 DR
® . . .
1+3]—2k)+1+k

OR; State or impl.y a c:;vrrccl equation of the plance.g. T =1 (‘3\@‘] +20e)t H (
State 3 equations In X, Y, z,A,and {1, C8.X= JA+ &@ y,@—/‘t-r 3,2
Eliminate A and A Qy eﬁ%@

Obtain equation —4x + gy + 10z =6, or equive le§@ g&
2 4 _5 @2@ gé}’
(6]

=—,c=.—

Obtaina=-7">,
3 3 3 @
[SR : condone the use of xi + yj + zk for ai -+ bj % Q@?ﬁ? EITHER scheme and the first OR schem®

2424+

]

B
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1. MU 18/P32/Q3 y

-
%(x. y)

—
L -

0 T N
a curve at the point P with coordinates (x, y) meets the x-axis at T. Ty,
€

point & is the foot of the puqmuhgular from P to the x-axis. The curve is such that, for all values of
0

x, the gradient of the curve is positive and TN =2.
d
at the differential equation satisfied by x and y is Exz = %y. ]

In the diagram, the tangent to

(i) Show th
The point with coordinates (4, 3) lics on the curve.

(ii) Solve the differential equation to obtain the equation of the curve, expressing y in terms of x, [5]

2. MJ 1BIP31IQ6
the amount, x grams, of a substance is decreasing. The differential

In a certain chemical reaction
the time in seconds since the reaction started, is
= —kxy/t,

equation relating x and 7,
dx
dt .
iven that x = 100 at the start of the reaction.
ween x, f and k. 5]

where k is a positive constant. Itis g
btaining a relation bet

(i) Solvethe differential equation, 0
(ij) Given that?= 25 when x = 80, find the value of ¢ when x = 40. 3]

3. M/J 18/P33/Q6 '
(2]

1 . ; ;
(i) Express P in partial fractions. g
fferential equation jb \0

(i) The variables x and y satisfy the di
dy N
x L =4-" g\\\ @%
andy=1whenx=1. Solve the differential cquation, ol}! ining an 1,~q:v1:5\13 ‘Eﬁl Rq\' in terms ol X,
4. OIN 17/P32/Q5 ¥ & L6
The variables x and y satisfy the differential equation <»’)‘ @
d
(x+ g = y(x+2), &\@ @
and it is given that y = 2 when x = 1. Solve the difTerential ¢ Ifﬂ\li\(\)gi% L{[*blmnu an expression for y in
terms of x. (36\ »SJ [7]
D D

5. O/N 17/P31/Q8, O/N 17/P33/Q6
The variables x and y satisfy the differential equation @’é g&j

dy 9

= )

g =4 cos tun ;395\

for 0 < x < 3m, and x = 0 when y = 4. Solve this differential cquation and find the value of X WI";;
|

y=in.

4“
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b M’ﬂ :cnnln chemical process a substance A reacts with and reduces a substance B. '}'he masses of A
- . ( 2
B (ime 7 after the start of the process are x and y respectively. It is given that Il)::. = —0.2xy and
i ’_lf_l_-)_?_ At the beginning of the process y = 100,
x® (140"
Form & differential equation in y and 1, and golve this differential equation. [6]
" fiind the exact value approached by the mags of B as ¢ becomes large. State what happens to t[};j

mass of A as / becomes large,

1J 17!P33!QGIIII
The cquation col.x = | —x hag onc root in the interval 0 < x < x, denoted by ¢.
Use this iterative formula to determine o correct to 3 decimal places. Give the result of each
[3]

i .
( jteration (0 5 decimal places.

M 17/P33/1Q8 .
n a certain chemical reaction, a compound A is formed from a compound B. The masses of A and
B at time after the start (I)f' the reaction are x and y respectively and the sum of the masses is equal
0 50 throughout the reaction. At any time the rate of increase of the mass of A is proportional to the

mass of B at that time.

. dx
@) Explain why »Tha k(50 — x), where k is a constant. 1]
Jtis given that xl=-0 wh_cn 1 =0, and x = 25 when t = 10.
(i) Solve the differential equation in part (i) and express x in terms of £. [8]

9. O/N 16/P32/Q10 , O/N 16/P31/Q10

A large field of arca 4 km? is becoming infected with a soil disease. At time ¢ years the area infected is
xkm? and the rate of growth of the infected arca is given by the differential equation %—T = kx(4 = x),

where k is a positive constant. It is given that when ¢ = 0, x = 0.4 and that when = 2, x = p.3

(i) Solve the differential equation and show that k = % In 3. [9]
(ii) Find the value of £ when 90% of the area of the ficld is infected. [2]
10. O/N 16/P33/Q5
¥
a P(x,y)
D
I —_— 2 e = ‘::.&‘@
. 0 e e > @@

The diagram shows a variable point P with coordinates (x, y) and the point NQwdiic e foot of the

perpel}dicular from P to the x-axis. P moves on a curve such that, for all@ Q\Q:‘t}{"e gradient of the
curve is equal in value to the area of the triangle OPN, where O is the @@in @Q

() State a differential equation satisfied by x and y
. F : ) ' 0 2, 1
'(I:h)e point with coordinates (0, 2) lies on the curve. ‘ u°§@ OQ [1]
ii) Solve the differential equation to obtain the equation of thaxurv Nos 3 :
é Apressing y in t -
(iii) Sketch the curve. Qﬁk\f\ gé%i ¥ temms of x. [5]
1. MIJ 16/P32/Q6 : Q@' [1]

PN
The variables x and 6 satisfy the differential equation 7@( ' @‘
dx 6‘1&.{') x"\.\\)?%
(3 + cos 29@%} ig@ge,
and it is given that x = 3 when 0 = %n. \)J

'El) Solve the differential equation and obtain an expression for x in terms of 6. 7
) State the least value taken by x. [1]
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12. MU 16/P31/Q5
The curve with equation y = sinxcos 2x has onc stationary point in the interval 0 < x < % AT
ect to 3 significant figures. 0d the
[6)

x~coordinate of this point, giving your answer COTT

5. 3 WJ 16/P31/Q6 _
(i) By sketching a suitable pair of graphs, show that the equation
5e7F =yx
has one root. _ _
() Show that, if a sequence of values given by the iterative formula 2]
25
O Lol
fo'I - Eln xn )
converges, then it converges to the root of the equation in part (i). 2]
with initial value x, =1, t0 calculate the root correct to 2 decimy |

(i) Use this jterative formula,
B

places. Give the result of each iteration to 4 decimal places.

14. M/J 16/P33/Q5 : )
satisfy the differential equation

The variables x and y
EX = e"zy tanzx,

for0<x< %x, and it is given thaty =0 when x = 0. Solve the differential equation and calculate the

valoe of y when x = %zr. [8]
415. O/N 15/P32/Q8, O/N 15/P31/Q8

The variables x and 8 satisfy the differential equation

% = (x+2) sin*26,
and it is given thatx = 0 when 6 = 0. Solve the differential equation and calculate the value of x when
8= %;:, giving your answer correct to 3 significant figures. [9]
|dlife reserve to increase the number of plants of a rare species. The
ted as a continuous variable.

denoted by N, where N is trea
of N with respect to 7 is proportional to (N —150). Write
[1]

N, t and a constant of proportionality.
ts was 650. It was noted that, at a time when there were
f 60 per year. Express N in terms of 1.

50 to 2000 withjn 15 }’ea[r7s:.|

16. O/N 15/P33/Q10
Naturalists are manag
gumber of plants at time £ years is
(i) Itis given that the ratc of increase

down a differential equation relating

(if) Initially, when t = 0, the number of plan
ber of plants was increasing at a rate o

ing a wi

900 plants, the num
(iii) The naturalists had a target of increasing the number of plants from 6
Will this target be met? : O [2]
W@ A
17. MIJ 15/P32/Q9 | &
The number of organisms in a population at time is denoted by x. Treating x as tc/’Sn&@\ms variable,
the differential equation satisfied by x and 7 is N 0@0
dr xe™ 9 @@)
dt k+e’’ @
where k is a positive constant. @ &
(i) Given thatx = 10 when ¢ = 0, solve the differential equau@ ﬁ%ﬁtaixﬁﬁg a relation between x, ¥
and 1, "\& $ [6]
(i) Given also thatx =20 when f = 1, show thatk = 1 — —2-@@ [2]
(iif) Show that the number of organisms never rcache% ﬁ ever large  becomes. [21
18, MIJ 15/P31/Q7 Q5 g§/
Given that y = 1 when x = 0, solve the differential equation
d
d—i = 4x(3y* + 10y +3),
[9]

obtaining an expression for y in terms of x.
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Psar of micro-organisma fn a population at time ¢ is denoted by M, At any time the variatio
u.“ ,,gumlwd (o ntisly the differentinl equation
M 18T

in M

- = k(JM) con(0.021),

45 n constant and M is taken to be a continuous variable, It is given that whent=0,M= “[)gj
""hcnénl"" (he differentinl equation, obtaining a relation between M, k and . ['2]
‘Givcn also that M = l!}ﬁ when 1 = 50, find the value of k. : AniEms

b Obtain an CXpression for M in terms of £ and find the least possible number of micro-organ [2]

(i
N 14/P31/Q7
14/p321Q7, O —
g certain country the government charges tax on cach litre of petrol sold to motorists. ['he IFJ]cnuii
1".. ear is R million dollars when the rate of tax is x dollarg per litre. The variation of R with X I

l v s dilferential equati
mudcllul by the differential equation - |
i .:‘r(m _(}457) ,

dx

X
where R and x arc taken (o be continuous variables. When x = 0.5, R = 16.8. 6]
j Solve the differential equation and oblain an expression for R in terms of x. [3
@) This model predicts that R cannot exceed a certain amount. Find this maximum valuc of R. [3]
21. OIN 14/P33/Q8
The variables x and y are related by the differential equation
dy |1,
e sxy? sm(:jx).
@) Find the general solution, giving y in terms of x. Q
(ii) Given that y = 100 when x = 0, find the value of y when x = 25. 3]
22, MIJ 14/P32/Q4

The parametric cquations of a curve are
x=(—tant, y=In(cos?),

for =y <t < ym.
: dy
(i) Show that — = cot/, [5]
dx
(i) Hence find the x-coordinate of the point on the curve at which the gradient is equal to 2. Give
your answer correct to 3 significant figures. [2]

23. MIJ 14/P32/Q9 | 2 &
The population of a country at time / years is N millions. Atany time, N is assu g{}% 5{5&%&5& ata
rate proportional to the product of N and (1 = 0.01N). When =0, N =20 und&{%‘ %()gﬁ 2

(i) ‘Treating N and 1 as continuous variables, show that they satisfy the diffe “-m‘iﬁ} equation

%’:f = 0.02N(1 - 0.01N). @ | ®® [1]
(1) Solve the differential equation, obtaining an expression f()l‘f‘?@i@'l]}é@ﬁ’. [8]
(i) Find the time at which the population will be double its v\"ﬂ \3%@90. [1]
24, M 14/P31/Q4 (%@ ) 4
The varinbles x and y are related by the differential Gfl“&}f’ L ({f‘

&y _ P
dx 24 &% &
Given that y = 36 when x = 0, find an expression for y in terms of x. [6]
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25, M/J 14/P31/Q10
b 4
A
T
T3
QUL—N
0]
. T4
T,

The diagram shows the curve y = 105"%’ sin 4x for x > 0. The stationary points are labelled Tl. Tz ‘
T3, ... as shown.
(i) Find the x-coordinates of 7; and T,

(ii) Itis given that the x-coordinate of T, is
26. M/J 14/P33/Q5 _
The variables x and 8 satisfy the differential equation

dx
200529——d9 = y(2x+ 1),
obtain an expression for x in terms of ¢,

x-coordinate correct to 3 decimal places. 6]

giving cach
5. Find the least possible value of p, [4]

greater than 2

and x = 0 when 0 = %:r. Solve the differential equation and
27. MIJ 14/P33/Q6 y (7]
4 M
> X
0

- yz) and one of its maximum points M. Find the

The diagram shows the curve (2 +y2)2 =2(
[7]

A curve has equation 3¢~y +¢

29. O/N 13/P33/Q10 y @ ‘@g
! 2

coordinates of M.
28. O/N 13/P33/Q4 | i w@ﬁz A9
2%, + ¢*y* = 14. Find the gradient of the curve at the ?ﬁ [5]
2 O
N
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. .ylar solution of the differential equation
arti d
SyZEx'! =4(y* + 1) cos’x

p thaty = 2 whenx = 0. The diagram shows a sketch of the graph of this solution for 0 < x <
is $° h has stationary points at A and B. Find the y-coordinates of A and B, giving each coordi
1 decimal place.

AP

< 2m,
nate
10]
rrcct. to [
p32/Q9, O/N 12""31"??
0. 0 cguplex number 1 + (v2)i is denoted by w. The polynomial x* + x* + 2x + 6 is denoted by P(J‘](-l
: Showing your working, verify that u is a root of the equation p(x) = 0, and write down @ sccor; ]
@ complex root of the equation, [
Find the other two roots of the equation p(x) = 0. [6]

p32/Q4, O/N 11/P31/Q4
ables x and 6 are related by the differential equation

(ii)

oN 11/

1. The varl
i dx

sin 29d—é- = (x+ 1) cos 20,

where 0 < 8 <37 When 0 =, x = 0. Solve the differential cquation, obtaining an expression E%.
»in terms of 6, and simplifying your answer as far as possible.
N 11/P33/Q4 -
* giﬁng an experiment, the number of organisms present at time ¢ days is denoted by N, where N is
ireated as a continuous variable. It is given that

ﬂ - 1_2c-0.02£N0.5

de '
When ¢ = 0, the number of organisms present is 100.
() Find an expression for N in terms of . [6]
(i) State what happens to the number of organisms present after a long time. [1]

33, MIJ 11/P32/Q6 -
A certain curve is such that its gradient at a point (x, y) is proportional to xy. At the point (1, 2) the

gradient is 4.
(i) By setting up and solving a differential equation, show that the equation of the curve is y = 2e¥-1,
[7]
(ii) State the gradient of the curve at the point (-1, 2) and skelch the curve. 5 [2]
’ Q
34 MIJ 11/P31/Q10 @ A
'The number of birds of a certain species in a forested region is recorded over sevg 5. At time
t years, the number of birds is NV, where &V is treated as a continuous variak lation in the
number of birds is modelled by N0 @ﬁ}
dN  N(1800 - N) ®)
1 Ol @ ©
dt 3600 @ 6
Itis given that N = 300 when ¢ = 0. é@
() Find an expression for N in terms of . [9]
(i) According to the model, how many birds will there be@cr g time? [1]

35. MIJ 11/P33/Q9
In a chemical reaction, a compound X is formed
grams of X, Y and Z present at time ¢ seconds afte

Icspectively. At any time the rate of formation of X is

dx

and Z present at the time. When ¢ = 0, x = 0 and dar %

9 -’3‘ of the reaction are x, 10 — x and 20 — x

groportional to the product of the masses of ¥
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10W that x an ¢ satisfy the differential equation
) g :—: =0.0l(10-x][20-'1)- ) 1
(“l) g:::::l‘:f;ls diﬂ-'CI'cn[ial cqua[ion and obtain 2n eXpTCSSiUn forx in terms Ol 7. :;:
36. O/N 10/ 1at happens to the value of x when f becomes large. fi]
ccnqirr:iﬁll:?: 1+ OMN 10/P31/Q10 mass of substance formed 1 seongd
€ & s . F 3 . S TS , 2 . 4 _d‘:‘h
the start of 1 ance is formed in a chemical reaction- Th?formaﬁon S e ubatien 6 G ,.i;_:_“

¢ reaction is x grams. At any time the rate ©
to (20"1). Whent:O,x:Oand%: 1.

i ;
()  Show that x and ¢ satisfy the differential equation
ig =0.05(20 - x)- 2
(") F?"d! in any form, the solution of this differential equation. 3]
((l ) Find x when ¢ = 10, giving your answer correct to 1 decimal place. |
1v)  State what happens to the value of x as f becomes Very large- B

37. OIN 10/P33/Q9 . -
biologist is investigating the spread of a weed in 2 particular re<ion. s .

Start of the investigation, the area covered by the weed is Am°. The biologist claims that the ma o

increase of A is proportional to V(24 - 5)-

(f) Write down a differential equation representing

(i) At the start of the investigation, the area covered by
area covered was 27 m? . Assuming that the biologist’s
20 weeks after the start of the investigation. w?

38. M/J 10/P32/Q7
The variables x and ¢ are related by the differential equation

g dv .
gt — = COS§ Xy

dr

¢+ rasale 258 .
@ MLS AN AT e
i 1=

the biologist’s claim.
the weed was 7m” and, 10 weaks larer 3a
claim is correct, find the area coversg

where ¢ > 0. Whent=0,x=0.
(i) Solve the differential equation, obtaining
(ii) State what happens to the value of x when 7 becomes ve

an expression forvin erms of 1. Q
ry large. [

(iii) Explain why x increases as f increases. [
39. M/J 10/P31/Q5 _ 2
Given that y = 0 when x = 1, solve the differential equation Q-;\e &
iy a N & .‘\\.\}‘
.\‘_\'LL =) +4 ‘\\S &
(v (e WO
. S S— BN N
obtaining an expression for y* n terms of x. \\\g A
\\ n\] '{\‘il b
40. M/J 10/P33/Q4 SO
Given that x = 1 when ¢ =0, solve the differential cquation AR
dv 1w Mm@ WD
v iy N >
I.If X ‘1 \_I\ N i \\,\"
i : . : g P
obtaining an expression for A% in terms of £, . \\-\ WO M
20 S

RUAIIR
41, O/N 09/P32/Q9 \\ ‘.\3, |
The temperature of a qmmlily of Tiquid at time ¢ iy “.‘@1&_‘ lgl‘“d is cooling in an atmosphere whose

temperature is constant and equal to A, The rate \\;;){g(-_l-(-?g Yol 0 is proportional to the t¢ mperate
n

difference (0 = A). Thus 0 and  sutisty the diflere \ihlﬁ\g\xﬁ ation
do g
— = =k(0-A

where k is n positive constant,
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(i Find, in any form, the solution of (his differcntial equation, given that 6 = 4A when t =0.  [5]
(i) Given also that 6 = 3A when ¢ = 1, show that k = In 3E : ]
(iii) Find 0 in terms of A when f = 2, expressing your answer in its simplest form. [3] |
42.0N 09/P31/Q10 |

[n a model of thf_’ expansion of a sphere of radius rcm, it is assumed that, at time ¢ seconds after the
start, the rate of increase of the surface area of the sphere is proportional to its volume. When 7 = 0,

r
- —=2.
r= 5 ﬂnd ar
() Show that r satisfies the differential equation
dr
— =0.08/7, [4]
dt
[The surface area A and volume V of a sphere of radius r are given by the formulac A = 4mr?,
V= %TE?B.]
(i) Solve this differential equation, obtaining an expression for r in terms of . [5]
(iii) Deduce from your answer to part (ii) the set of values that 7 can take. according to this model.
1
43. M/J 09/P03/Q8 6 1] |
(i) Express m in partial fractions. [4] i

(ii) Given that x = 1 when t = 0, solve the differential equation
dx

—~ 1 2010 +
TR (10 - x),
obtaining an expression for f in terms of x. (6]

44. O/N 08/P03/Q8

ith liqui & |
: An underground storage tank is being filled with liquid as show x@"?)‘ gram. Initially the tank is |

empty. At time t hours after filling begins, the volume of H% V 18¥and the depth of liquid is / m.
Itis given that V = h°. S

: D .
j The liquid is poured in at a rate of 20 m> per hour.(@@ BE to leakage, liquid is lost at a rate |
dh ;
roporti 2 =1, — =4.95.
proportional to A>. When h = 1, = @3 o)o)'
() Show that & satisfies the differential equation &
dh 5 1
it K 20 [4]
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s . 2
(ii) Verify that 1020!1 = =20 + 2000 &
0-h? '
h (10 =1)(10+ h) 1o for ¢ in terms of h. [5]

45,

46.

47.

(iii) H . »
) Hence solve the differential equation in part (i), obtaining a
M/J 08/P03/Q8
y
1
/ rr
o T "
: : meets the x-axis atT.
In the diagram the tangent to a curve ata gencral point P with cc:onczllj?jastf:fr j(uz'cjfj)rvc o oh that, o all
e axis i such {28 PV perperlldl'GUIa;)t;;‘ fsJ:quallto tanx, where X is in radians.
values of x in the interval 0 <X < 17, the area of manglepN h
g —— that
(i) Using the fact that the gradient of the curve at P i8 show
dy 1,2 [3]
& = Ey cotXx. ‘
(ii) Given thaty= 2 when x = 1z solve this differential equation L0 find the equation of the ullrrg]‘
= T
expressing ¥ in terms of X. .
OIN 07/P03/Q7 . — s
The number of insects in 2 population ? days after the start of obe:rvanons is denoted by N. The
variation in the number of insects is modelled by 2 differential equation of the form
dN
e kN cos(0.022), %
. z ’ /” .
constant and N is taken to be @ continuous variable. It is given that N 3'.:('(,’*55%.‘-5\(“8" t=0.
between N, k and /. Ry @7 (5]
9 2 QOS"" 2]
7 & 2

where k is 2
obtaining a relation

(i) Solve the differential equation,
(i) Given also that N = 166 when # = 30, find the value of k. 7
Al
(iii) Obtain an expression for V in terms of ¢, and find the least value of P :;jcf.i@?l' by this model.
@ @7) (3]
‘ %ﬁbcinglphmlcd
1o (9~ h)3. Ttis given that

assumces

M/J 07/P03/Q10
A model for the height, /2 metres, of a certain type of tree at time /

that, while the tree i growing,
wh&n!:(],a‘z:l1=.u1d:jl—-iI =02
@) Show that & and ¢ satisfy the differential equation_(2

dh G &
t_ 0160’

the rate of increase in height is

o

2]

1
—— 3
v e a S
i) Solve this differential equation, and obtain an expression for A in terms of ¢ (71
me taken to reach this height after planting. (2]
[1]

(iii) Find the maximum height of the tree and the ti
(iv) Calculate the time taken to reach half the maximum height
ght.

_4
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: in chemien! renc 3
b In certain chomienl ren Il:mIht.nnmunl,xp,rmn.-;, of

i Off‘ Jhat Y’

P P [oploa w4
A M“ Tingd & Yyritg Piications Urit ; Diflsrentiol aquations

-n:‘fﬁl“
S o0lP 20 when ¥ = 0, w0lve the differenja eounton

I“Wf' Pd 9
dy L4y,

—
i expresslon for y= in termes of y,

nhlniﬂm}" (6]

0“"“‘1“ st sl process, n substanees fy 1ye

i \ . I” "“{Il e " s
lrrnnlnlluw ¢ bnntes after the mtan of the -4 ‘ced in n container, The mass of the substance

‘ ]lltntlt’.ﬂll I8 x grama. At any time, the rate of formation
i 10, throughout the process, the substance is removed

o the B L LS l_'l‘{)"'i BEAMA per minute, When £ = 0, x = 1000 and de =75,
ghow that X and 7 antinty the differentinl equagion ' dt

n*
¢

|,;|1 qubtnce i proportonal (o s magg, A
{

(dx
a7 0= 250), (2]

(N olve thin differentinl equation, obtaining an expression for x in terms of 1. (6]

N 05/P03/Q0

a substance present is decreasing. The rate of

ol v proportic s 1 a4 ol i
Jocrenso OF X 18 Proj i "".'.I (o the product of x and the lime, f seconds, since the start of the reaction.
and 1 satinly the differential equation

Thus A
(x '
N (” P2 x['
where k is 1 positive constant, At the start of (he reaction, when £ =0, x = 100,
() Solve this differentinl equation, oblaining a relation between x, & and . [5])
() 20 geconds nfter the Mart of the reaction the amount of substance present is 90 grams. Find the
imo after the start of the reaction at which the amount of substance present is 50 grams. — [3]
51, MIJ 05/P03/Q8
(1) Using partial fractions, find
I
W [4]
.[ Yd=J)
(if) Given thaty = 1 when x = 0, solve the differential equation
dy
— = Y4~ y),
T ==y | &
obtaining an expression for y in terms of x. 9(555 @ﬁ%@ [4]
(iif) State what happens to the value of y if x becomes very large and positive. b&&i@ﬁ (L]
N
52, OIN 04/P03/Q10 @@ oD
A rectangular reservoir has a horizontal base of arca 1000 m®. At time ¢ &0, it empty and water
begins to flow into it at & constant rate of 30 m? ! At the same tim@& c@j&% rins to flow out at a
. . ; A dh
rate proportional (o /i, where /imiis the depth of the water at timy !é@wgéﬁh i W G 0.02.
(i) Show that /i satisfics the differential equation QY\X %
1l '
5—: = 0.01(3 — vh) N 3]

Itis given that, after making the substitution x =3 — xg)!@Efc;liﬁ on in part (i) becomes
7
x O
(x = 3)}.._ :{12605&#\)
dr .;\ﬁ*"

N : . 3 :

(if) Using the fact that x = 3 when ¢ = 0, solve this differential equation, obtaining an expression for
rin terms of x., e

(i) Find the time at which the depth of water reaches 4 m. (2]

d b%ﬁéﬁ
¢ at
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53. M/J 04/P03/Q6
Given that y = 1 when x = 0, solve the differential equation
dy_r+l
= 7 .

obtaini .
taining an expression for y in terms of X.
ontainer 4t time 1 is P,

54. O/N 03/P03/Q9 sigin th
Compressed air is cscaping from a container. The pressure of - t(; et i5 A ¢ rate of decreass of
and the constant atmospheric pressure of the air oY ide the €2 ). Thus the differential equation
P is proportional to the square root of the pressure difference (
connecting P and 1 is
dP _ (P =A)
dr
where k is a positive constant. ation. []
: he general solut™ i diﬂ::n ;iIZﬁI;mW that £ = A [4]
e 2]
[2]

(i) Find, in any form,
(i) Given that pP=5Awhent=

(iii) Find the value of £ when P = A.
(iv) Obtain an expression for P in terms of A and ¢

0, and that P=

in grams of X and
The sum of the
rmation of Xis

The masses
res pccti vely.

dXis formed from 2 u::u:)mptmnand y
,ction ar¢ *
e ¢ any timeé the rate of fo

55. M/J 03/P03/Q7
ction a compoun
the start of

In a chemical rea
Y present at time t seconds after o
two masses is equal {0 100 grams throughout the reaction. "
: = = d—~= 1-9
proportional to the mass of Y at that ume- When t = 0,x 5 and 4
(i) Show thatx gatisfies the gifferential equation
g—: — 0.02(100 —~X). [2]
erms of 1. (6]
(1]

ng an expression for x in t

(i) Solve this differential equation, obtaini
t happens (o the value of x a8 ¢ becomes Very Jarge.

fﬁffegtion. In

(iii) State wha
56, O/N 02/P03/Q9 e i OSe
In an experiment to study he spread of a soil discasS an area of 10 mf of :"01] was L-XPOf’Ld e
a simple model, it is assumed that the infected area grows at a rate which 18 proportmng’l?}_@ e ()jrgﬂuct of
the infected arca and the uninfected area. Initially, 5 m? was infected and the rate of gl;g/\;h}j (%in;f’f'c
infected area was 0.1 m? per day. At time ¢ days after the start of the experiment, #{l@cddcl(rﬂ is infected
m? is uninfected, é@’ ,;(ZI,V;\'
) "(:_/ “©
© [2]

and an arca (10—2)

() Show that 9 0.004a(10 — a).
Z @
7 % 2
" - ) . > . .
ctions, solve thisdi él%‘ 1‘.9’ equation, obtaining [6]

@) By first expressing ——1——— in partial fra
a(10—-a)
@

>
an expression for ¢ in terms of a. §
(@) Find the time t ken for 907 i @ "é

aken for 90% of the soil area to beco/ Nt fepfed, according to this model.

|
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start of the process

ozﬂ’ ch

cal process A substance {8 being formed, and / minutes after the

'ni
! 7‘4:‘ accﬁﬁm gt ms of the aubstance pregent. In the procesa the rate of increase of mia prr;pfmirmﬂi to
e 07 dm
iher® , whent™ 0,m=0 and —==35,
- ||l dt
(50 that M gatisfics the differential equation )|
5110
dm_ 0,002(50 —m)y’
d: ”
e the dif erential cquation, and show that the solution can be expressed in the form
500
m=50- ——.
+10 @
Ca\mﬂ ate the mMass of the SUb'itdncc when t = 10, and find the time taken for the mass 10
i1

g¢ from 0 t0 45 grams.
to the mass of the substance as t becomes very large.
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1. MU 18/P32/Q3

(i)
(if)

2. M/J 18/P31/Q6 ;
d integrate at Jeast on€

gully justify the given statement ‘
cparate variables and attemptintegration of at least 01° side

Obtain terms In y and 1 ¥
2 .
na golution

Uscx=4,y= 3 to evaluate a constant or 5 Jimits i
with terms @ In y and bx, where ab#0
5

Obtain correct solution in any form
1

. ==-1 5
Obtain answer y=3¢? ,0r equivalent

side

(i) Separate variables correctly an

(ii)

3. M/J 18/P33/Q6

(i)

(ii) Separate vari

4. OIN 17/P32/Q5
Separate variables and obtain I—Idy = j —dx
y x+1

Obtain term Iny
7

Use

Obtain term In X
Obtain term _%w;, or
Evaluate a constant, O us€ limits x
terms a In x and b1f
Obtain correct solution in any

Substitute x= 80 andt=2510 form eq
Substitute x = 40 and eliminate k

Obtain answer /= 64.1

equivalent | N
—100and /= 0,ina solutiont containing

form, ¢.8- 10 ¥= —%krﬁ +1n100 5

yation in k
3

Carry out relevant method t0 find A and B such that
1

A B
R +,_—-—-
2

4-y* "4y 2-Y

n one of the terms
2

Obtain A=8= 4i
grate at least 00¢ side to obtai
O

ables correctly and inte
glnx, bln(2+y)or cln(2-y)
Obtain term In x _ |
1 Y _©
Integrate and obtain terms %lu(2+y)—zln (Z—y) ; o
2
Usex=1andy= 1 to evaluate 2 constant, or as limits, in @ solution contaiqipc'r?i 7
Inx,bln(2+y)andch1(2—y) {‘y )
e

Jeast two terms of the form a

Obtain a correct solution in any form, €.g.
Y
S

1 1 1
Inx=—In(2+y)--In(2-7 ~—In3 _
4 ( ) 4 ( ) 4 (-“‘g‘,\\) :1/0
Sl
»)

2(3x‘ -1)

Rearrange as or equivalent
(3x*+1 #HE > 8

x+2

an appropriate method to integrate (x+2)/(x + )]
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rﬂn“"' >

pteprt! X! In(x 1), or equivalent, o, Inx 1)+ x + 1
[}hlull Landp =210 ovalnate n constant, or au limils
P et olution i x and y in any Iu:m(,; Iy e x -t In(x+1)~1
8 5 -
pwer ) (x+ o

p31/Qs, OIN 17/P33/Q6

b of o  varinbles correctly and attempt integration of ono sido

st ain term ln y, or equivalent
n

{j term of the form kIncos x, or equivalent
[}

]l} 11 Wi ferm ~Alncosx, or Lquwu]u,[

Il

{Jso ¥ a0 and ye L"r in solution containing atany and hlncosx to evaluate o
constant Of ns limits

obiain Lnuul solution in any form, e.g. tan y =4lnsecx - |

gubstitute )™ L in solution containing terms aton y and bincosx, and use correct

me J(hod 10 lnul X

i}
Obtnin amswer x = 0, 587

M!J 17!?312."0.1 '
P S —
(i) Stote _l?,. m r)! , or equivalent

Separate var ibles correctly and attempt integration of one side
Obtain term Iny, or cquivalent

4
Obtain term ———, or equivalent
(141)

Usey = 100 and £ 0 to evaluate a constant, or as limits in an expression containing terms ol
b

the form alny and 1——
It

T )
Obtuin correet solution in any form, e.g, Iny =-——=2+In100 0
RN

pr.a 100 ,
() State that the mass o B approaches —=, or exnet equivalent
B
State or imply that the mass ol A tends to zero =

7, M ATIP33/QG/IIT
(I) Use the iterative formula correctly at least once ' M \@«
Obtain final answer 2,576 only w1 ‘ﬁ!
Show suflicient iterations o 5 dup. to justify 2.576 to 3 d.p., ov show there s a \lgﬂ A \
chango in the interval (2,5755, 2.57035) \._.3\‘{5 _ -"\‘\‘ i 3
B MU 17/P33/Q8 A G
(1) Justity the given differential equation ,f;‘\\ ©
() Sepurate variables correctly and attempt to integrate one side .‘&\\\‘"" e
© o Obtain term At or equivalent Q& > ﬂ'\-"}"
Obtain term —In( 50~ \‘} or equivalent \’\l\ N
Bvalunto o constant, or use limits x+ 0, ¢0 i snlu!mlk\nhyﬁlhp tetniy
aln(S0-x) wnd br (/)k \\S‘
Obtain solution (50 x) = At =In S0, or ulm\\‘\h‘hl \\‘\
Uso v =25, 1= 10 to determine & Y
Obtain correct solution in nny form, o 150 = lu (50 ~x)=4(n2)
Obtain answer & -t."\n(l-- vxp( -(}.untl_lr)}. ot equivalent 3

f
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9.
0(13! 1S lZ!P:!?qu, O/N 16/P31/Q10
= tpnlr:ntc variables correctly and integrate at last 0 side
cgrate and obtain term 4, or equivalent i 4 B '
Carry out a relevant method to obtain 4 and B such that m ¥ ;+3——_;’ or equivalent

; 1
Obtain A= B= L or equivalent
r cqujvalcrll

taining p10% gin(4 —x) and rt

Integrate and obtain tcrms-};ln ¥ __cli In(4-x),©

EITHER: Usc a pair of limits in an cxpression con
and evaluate a constant 4
Obtain correct answer in any form, e.g. 0¥~ In(4 -

or m[—i—] — 4kt - 8k

) = 4kt —In9,

4-x
Use a second pair of limits
Obtain the given exact answe
airs of limits in a definitc i
act answer correctly

limits in @
constant

and determine k
r correctly
OR: Use both p ntegral

Obtain the given €X
Substitute & and either pair of

plnx, gln(4 —%) and ¢ and evaluate
in n——=tIn3-In9 Or equivalent

n expression containing

9]

Obta
[2]

(i) Substitute x= 3.6 and solve for ¢
Obtain answer =4
10. O/N 16/P33/Q5

(i) State equation &%.: Lxy
es correctly and attempts to integratc onc side of equation

alny and bx’
Juate a constant, or as limits, in expression cont

[1]

(i) Separate variabl
Obtain terms of the form
Use x=0and y=2tocva

=Lt §ing

alnyorbx

Obtain correct solution in any form, ¢.g. Iny=qy

w 5]
7

4

aining

Obtain correct expression fory, €.8. J =2¢

rough (0, 2) and rapidly increasing o @
X %} 50
o

(iii) Show correct sketch for x > 0. Needs th
positive gradicnt.
\%w

rati 2as ide -
ation of al lcast onc side &> p)
©)°

11. M/J 16/P32/Q6
bles correctly and attempl integ
R
N

(i) Separate varia

Obtain term In x
Obtain term of the form k In(3+c0s26) , or cquivalent :

. v %
Obtain term —5In(3+cos 26), or equivalent . ﬁg&f)" @'{@
Usex =3, 0 ==L to evaluate a constant oras limits in a solutfony g@v
with terms alnxand bIn(3+cos20) ,where ab#0 ) o *;'5
State correct solution in any form, €.8. Inx=-7In(3+¢ E.&0) - ,4??113

& &

Rearrange in a correct form, ¢.g. X= (l—@@ 93")(3( 7
3+c0s26 Qﬁ‘ 2

State answer x =343/2, or exact cquivalent (accept decimal answer in [2.59
[1]

2.60])

(1)
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10 aot UI° _ ive in any form, c.g o~
use ! et Jerivative 1 any , C.8. COSXxC082x —25in xsin2x

gbii'-i“ ivative t0 zero and use doublc'anglc formulae

Equatc faclor of cos X and reduce cquation to one in a single trig function
Rcm*‘J ii1x:1,ﬁcoslx=50r5tan2x=1

O™ 4 obtain X = 0.421

Soi‘t""’nﬂwc: Use double angle formula M1.Use chain rule to differentiate M1. Obtain correct
Alte

- alive
dcﬂ":::g_ gsin’ 0cos@ Al then as above.]
(2

16/P31/Q6
\ Make recognizable sketch of a relevant graph
(i Sketch the other relevant graph and justify the given statement

1
[il) State x.-.Eln(ZS;’x)

Rearrange this in the form 5¢™ = Jx

(ifi) Use {he iterative formula correctly at least once
QObtain final answer 1.43
Show sufficient iterations to 4 d.p. to justify 1.43 to 2 d.p., or show there is a sign change

in the
interval (1 425, 1.435)

14.MN 16/P33/Q5
Separate variables and make reasonable attempt at integration of either integral
Obtain term 1e
Use Pythagoras
Obtain terms tanx—x
Evaluate a constant or use x =0, y = 0 as limits in a solution containing terms
¢ and btanx ( ab #0) :
Obtain correct solution in any form, e.g. Le¥” =tanx—x+7}
Set x =+ and use correct method to solve an equation of the form ¢’ =q ore™ =a, where
a>0
Obtain answer y = 0.179
15. O/N 15/P32/Q8, O/N 15/P31/Q8 @@
Separate variables and integrate one side @ ﬁ
Obtain term In(x +2) %@/f O
Use cos 24 formula to express sin? 20 in the form a+ bcos48 y @@
Obtain correct form (1 — cos 48)/2, or equivalent @ ®©

Integrate and obtain term% 0- % sin 48 , or equivalent @ L
o,
Evaluate a constant, or use §=0,x=0as limits in a solution contaif tq%ﬁs"
cln(x +2),d sin(46),e6 £ /@»
Obtain correct solution in any form, e.g. In(x+2)=%60—%s QEH 9
y form, e.g. In(x+2)=%6—¢ ?} ﬂ%éi}*l
&

Use correct method for solving an equation of the fom&ii;l/
%)

Obtain answer x = 0.962

A9

275 Unit 8: Answers Section

[6]

[2]

[2]

(3]

[8]

[9]
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16. OIN 15/P33/Q10
v
i) Stale— = k(N -
(i) ate—== k(N ~150) 1

(ii) Substitute %N; =60 and N =900 to find valuc of &

Obtain £=0.08
Separate variables and obtain general solution involving In(N - 150)

Obtain In(N ~150) =0.08¢ + ¢ (following their & ) or In(N = 150)=kt+c

Substitute 1=0 and N =650 to find ¢
Obtain In(N =150)= 0,08+ In500 or equivalent

Obtain N =500c"™ 4150 |
(iii) Either ~ Substitute =15 to find N ot solve for ¢ with V' =2000
Obtain  Either N =1810 or 7=16.4 and conclude target not met 12]

17. M/J 15/P32/Q9
(i) Separate variables correctly and attempt integration of one side

Obtain term In x
Obtain term of the form aln(k-+¢™)

Obtain term —In(k +¢™")
Evaluate a constant or use limits x = 10, #= 0 in a solution containing terms aln(k +e” ")

and blnx ' .
Obtain correct solution in any form, ¢.g. lny=In10=-In(-+c )+In(k +1) (6]
(ii) Substitute x =20, #= 1 and solve for &
Obtain the given answer 2]
(i) Using e™ — 0 and the given value of' &, lind the limiting value o'y
Justify the given answer 2]
18. M/J 15/P31/Q7 s _
Separate variables and factorise to obtain ——-=———2= 4y dv or equivalent
P 7
State or imply the form ELI + --!— .lml use o mlu.mt method to find A or B
J!-*. ,]!
1
Obtain A=2> and B=— - )
8 § {,_\
Integrate to obtain form &; ln('iv--l) +&,In(y+3) PN ‘&@
\\5\§\ :-;?
Obtain correct — ln(3v+l) - Ill(}' =3) =2x" or equivalent L‘R}\ @
8 8 N Nl
ZI\
Substitute x =0 and y =1 in equation of form & In(3y-+1)+4&ln(y+3) =4, T ‘&\ {&\
to find a value of ¢ (D&\ Q 7
Obtﬁil'l c= 0 3 @
Use correct process to obtain equation without natural logarithm prc*:cutk@- )
3¢ -1 i \) '/"1"5;‘}
Obtain y = — or equivalent X\ N [9]
3 _elﬁx ) \\&.\
19. M/J 15/P33/Q7 \‘:\ 5‘5\‘
(i) Separate variables correctly and integrate one side A G\aL
Obtain term 2¢/A , or equivalent ’\}_&’ ; }_“
&

Obtain term 50k sin(0.02r) , or equivalent
Evaluate a constant of integration, or use limits M= 100 ¢ =0 in a solution with terms of

the form av/M and bsin(0.02r)
Obtain correct solution in any form, ¢.g. 2J/M = 50k sin(0.02¢) + 20 5
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v
L U fpanser k=010 2
b2 i cxpression for Min lerms of 4, e.g. M =(4,755in(0.02¢) + 10)*
(|i“ gtate at the Jeast possible number of micro-organisms is 28 or 27.5 or 27.6 (27.5625) 2
51310

7, OIN 14/P31/Q7 _
o 14JPT3[6 variables correctly and atlempt to integrate at least one gide

.

0 obtain ™

pyaluate 2 constant or use limits x=0.5, R = 16.8, in a solution containing terms of the form
y

gbwiﬂ correct solution in any form
Obtain 2 correct expression for R, e.g. R = o(3-80-0.57x) R=44.7xe 05T% or

i ,33.6xe(°'285 ~0.57x) - -

Equate -t-i—Kito zero and solve for x
® gtate OF imply x = 0.57™, or cquivalent, e.g. 1.75
Obtain R = 28.8 (allow 28.9) al

N1 4/P33/Q8 _ | | | |
2" 0 gensibly separate variables and attempt integration of at least one side
1
Obtain ?.y% =... or equivalent

. & 1
Correct integration by parts of xsin Ex as far as axcos%xi I b cosgxdx

1
Obtain —3% cDS-% x+ IS cosgxdx or equivalent
1 1 .
Obtain —3x cos—j—x+ 9 sm-_J—'x or equivalent

_ 3 1..9.1 ¥ .
Obtain y = —ﬁxcos§x+ﬁsm§x+c or equivalent [6]

(i) Use x=0 and y =100 to [ind constant
Substitute 25 and calculate value of y

Obtain 203
22.MJ 14/P32/Q4
dx ;
() State PPl l-sec” f, or equivalent 5 (i) State or imply ¢ 2
Use chain rule Obtain answer
. dy  sinf ; @
Obtain —=——— or equivalent
dt  cost 3 S\&Q @3@
Use »dl =—dl i i‘:\f- QXS ‘%{g}e
dc dr dr @
Obtain the given answer correctly. /& X
%) g
3. MIJ 14/P32/Q9 NS
i : dv
) State or imply == = kN(1 - 0.01N) and obtain the givgiinswer k= 0.02 1
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(fi) Separzte varizbles and attempt integration of at least one side
Integrate and obtain term 0.02¢, or equivalent ’ y 3
T CF = | g =—+4 =S
Can‘.' out a relevant me‘hﬁd fo obtamAarBSUCh tha N(l—'OOIN) N I_O.OIN"Ur
equivalent :

Obtain 4 =1 and B =0.01, or equivalent

Integrate and obtain termsIn N —In(1- 0.01

Evaluate 2 constant or use limits 7 = 0, ¥

bin(l—0.01N),ab =0

Obtain correct answer in any fo

Rearrange and obtain/ = 501n(4N /(100 - N)),ore
(iif) Substitute N =40 and obtain 1= 49.0 g

N),or equivalent
— 70 in a solution with terms aln & apd

rm, e.g. InN - In(1-0.01¥)= 0.02¢ +1n25
quivalent

24. MIJ 14/P31/Q4 , ,
Separate variables correctly and recognisable attempt at integration of at least one side

Obtzin Iny, or equivalent
Obtzin kln(2,+c3x)

Use 3(0) = 36 to find constant in y= A(2+ e}‘f or Iny = kIn(Z + ch)+ ¢ or equivalent

Obtzin equation correctly without logarithms from Iny= In[/f (2 + e3x y(]
Obtain y= 4(2+ 33‘)2 (6]
25. M/J 14/P31/Q10
(i) Use of product or quotient rule
Obtain —5(’:_%Jr sin4x+ 408_]? cos4x

Equate EJi to zero and obtain tan4z = kor R cos(4x + @)

Obtain tan4x =8 or«ﬁig cos[4x +tan”" %]
Obtain 0.362 or 20.7°

Obtain 1.147 or 65.7° | [6]
r 45° .@%‘\@

(i) State or imply that x-coordinates of 7, are increasing by—z 0
4 0-@) PN

Attempt solution of inequality (or equation) of form x, + (n — k. 25 é@ ,§@ga

Obtain n> i(25r- 0.362)+1, following through on their value of x; %Q)C A
@ © [4]

n=33

26. M/J 14/P33/Q5
Separate variables correctly and attempt integration of at least one %ﬁfﬁé& @55’

Obtain term in the form a,J(2x+1) @ Q

Express 1/(cos 0) as sec’ 0 55
(&

Obtain term of the form ktand o (g
Ryaluate a constant, or use limits x = 0,6 =lrina s:%ﬁl@& /’ terms a+/(2x + 1) and k tan [

ak #0
Obtain correct solution in any form, e.g./(2x +1) =1 tan@ +1

Rearrange and oblain x =4 (tan&+1 ?—1, or equivalent

e,

e
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4/p33/Q6
91 ) 1 correct derivative of RHS in any form
Obta‘: correct derivative of LHS in any form
QObtai
i dy 9 equal to zero and obtain a horizontal equation
St 4x

in a correct equation, ¢.g. x*+ y =1, from correct work
iy pstitution in the curve cquation, or othcrwise, obtain an equation in x*ory?
By sU

Obtain X = %'ﬁ .

Obtain Yy =7

4
28. 0IN 13/P33/Q iy
piffercntiate y' to obtain 3 yr= ™

Use correct product rule at least once

Obtain 6y + 3¢ % +e*y’ +3e*yt = dy as derivative of LHS

dy
Equate derivative of LHS to zcro, substitute x = 0 and y =2 and find value of -

' (5
Obtain — 3 or equivalent as final answer
29. OIN 13IP33IQ10
Use 2cos” x=1+cos2x or equivalent
Separate variables and integrate at least one side
Obtain ln( y +1 ): ... Or equivalent
Obtain ...=2x+sin2x or equivalent
Use x=0,y =2 to find constant of integration (or as limits) in an expression containing
at least two terms of the form « ln(y3 +1 ), bx or ¢ sin 2x
Obtain ln( ¥ +1 )= 2x +sin2x+1n9 or equivalent e.g. implicd by correct constant
Identify at least one of %ﬂ' and %rr as x-coordinate at stationary point
Use correct process to find y-coordinate for at least one x-coordinate
Obtain 5.9 2
Obtain 48.1 | ) Q){f; e [10]
r ( oy
30, O/N 12/P32/Q9 , O/N 12/P31/Q9 /0 5§ i
(i) EITHER ‘Subbtltulb x=1++2iand attempt the expansions of the £ and x* tujﬁlbl o
Use i* =1 correctly at least once ‘__//’ Z Yy
Complete the verification /OZ:’) ({,;_'y {|
State second root 1 =2 i . @-;" ;5,); :
s |
OR ] State second root 1 —+/2 i '512--/ @ |
Carry out a complete method for finding a quadrah}x[gct( With zeros 142 i ol |
Obtain x* — 2x -+ 3, or equivalent (
Show that the dlvmmn of p(x) by x* — 2x + 3 _’yu; d erdlIldl..r and
complete the verification { 3}
OR 2 Substitute x = 1 ++v2 i and use correc@ethod st (.:':pr(,stnc2 and x* in polar form
Obtain ¥* and x* in any correct polar form gz uw decimaly here)
Complete an exact verification
State second root 1 —v2 i, or its polar equivalent (allow decimalg here) [4]
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37. O/N 10/P33/Qg
i a4
() State —=4/24-5 [1]

(ii) ScpaTate variables correctly and attempt integration of cach side
Obtain (24 —5)* = ... or cquivalent
Obtain = k¢ or equivalent
Use t=0and4="7to find valuc of arbitrary constant
Obtain C =3 or equivalent
Use t=10and A =27 to find
(2]

Obtaifl k= 0.4 or equivalent
Substitute ¢ = 20 and values for C and k to find value of 4

Obtain 63

- 38. M/J 10/P32/Q7 _ .
(i) Separate variables correctly and attempt integration of both sides
Obtain term tan x
Obtain term ——;‘c"z" il tan xand be™
Evaluate a constant or use limitsx=0,1=0 ina so]utior;’contammg terms d ¢
Obtain correct solution in any form, .. (an¥ = 1e (6]
Rearrange as x=tan" (337 ¢2'), or equivalent 0
(i) State thatx approaches tan”'(3) P ]
does the inverse tangent, OF state that e~ €0S~ % a8
(1]

(iii) State that 1 — ¢ increases and SO

positive

39, M/J 10/P31/Q5
Separate variables correctly

Integrate and obtain term In X
Integrate and obtain term LIn(y” +4)

Evaluate a constant 01 use limits y=0,x= | in a solution containing aln x and bIn(y* +4)
Obtain correct solution in any form, ¢.8: -;—ln(_y2 +4)=lnx+7ln4 8
Rearrange as yi= 4(x* -1),0r equivalent

40. M/J 10/P33/Q4
Separate variables correctly
erms & In2-x) + ky In(2 + ) ' ;g///
t e

Obtain term & In(4 —x%), ort |
Obtain term —2 In(4—x"), or 2 In(2-x)-2 In(2 +x), Of equivalent A
Obtain term /, OT equivalent _ ) «1\\:,./ K,
Evaluate a constant or use limitsx=1,1= 0 in a solution containing terms @ In(4 - }{;gn%\._‘;
NP

,dIn(2 +x) and bt

on in any form, €.8. 2 In(4-x)=1-2 In3 &
2 _4_3exp(-31),0r equivalent (allow use of 2 ln@g?.%gﬁ [7]
& 42

I g

or terms ¢ In(2 - )
Obtain correct solutl

Rearrange and obtain X

41. O/N 09/P32/Q83
(i) Separate vari
Integratc and
Integrate and 0

-1

ables correctly
obtain term In(d —A), of equivalent

btain term —k?, or equivalent
Use §=44,1=010 determine a constant, or as limits
Obtain correct answer in any form, e.g. In(@—4) =~

(ii) Substitute =34, t=1and justify the given stat

(ili) Substitute /= 2 and solve for 8 in terms of A
Remove logarithms

Obtain answer 8 = %A, or equiva
[The M marks are only available if the solution to part

[5]
[1]

[3]

lent, with no errors seen
(i) contains terms aln(f—4) and bt.]
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dr =
L.c‘:__d}_z?_,r 5[06\'31“3:2;’:
0____[:] gTven answer
,te variables correctly and integrate both sides
(i Separais

(4]

Obtzin terms —-1— and 0.08¢, or equivalent

E\ Jluzte 2 constam or use limits t=0, 7 =5 with a solution containing terms of the form
2 nd bt
r ; _ 5 .
Obzin solution 7 = (T:OTf) , Or equivalent

(i) Stzte the set of values 0 < 1 <25, or equivalent (1]
(allow 1<2520d 0<7<2.5t0 eam B1.]

(5]

3. M1 09/P03/Q8 e A B C
y the form —+ —+

(M) State or imply 5 —

Use any relevant method to determine a constant

Obtzin one of the values A =1, B=10, C=1

Obtain the remaining two values

: Dx+E £ .

[The form T acceptable and leadsto D=1, E=10, C=1] 4
(i) Separate varizbles and attempt integration of both sides

Obtain terms In x, —10/x, —In (10 — x), or equivalent

Evaluate a constant or use limits x = 1, = 0 with a solution containing

3 of the terms kIn x, I/x, mln (10 —x) and ¢, or equivalent

Obtain any correct expression for 7, e.g. t= ln[1 e ]*E +10
—x
adx

6
X
= bdt is essential for the M1. The fit. is on ~I B, C]
x°(10-x)

[IfA or B (D or E) omlttcd from the form of fractions, give BOM1AOAQ n (1)
MI1AIY A1VM1AO in (ii)]

44, OIN 08/P03/Q8

{¢7 (‘§‘H
(i) State or obtain % =4h? e , 0T % =4h?, or equivalent N\ AN

[A separation of the form

2

oY Q7
State or implyﬂ =20-kh* % ©
dt @

Use the given values to evaluate k @

Show that k= 0.2, or equivalent, and obtain the given equation L(%f

[The M1 is dependent on at least one B mark having been eame% {5}3 [4]
(ii) Fully justify the given identity

4
(iif) Separate variables correctly and attempt integration of bo &@ es a
Obtain terms —204 and f, or equivalent ¢

)
Obtain terms aln(10 + &) + bIn(10 — k), where ab = 0 b3 ')

10-h
Obtain correct terms, i.e. with a= 100 and b =100, or k£ =2000/20, or equivalent

Evaluate a constant and obtain a correct expression for f in terms of &

(5]
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45. M/J 08/P03/Qg

i y _dy
(i) State TN = 2o OF cquivalent

EXPTCSS darea {)fPTN in terms Ory ﬂl]d ﬂ}i' ﬂ”{l c-q”ﬂ'.c 'ﬂ l“” ) 4

i Obtain given relation correctly
i) Separate variables correctly

Integrate and obtain term i , or equivalent

Integrate and obtain term ln();in x), or equivalent -
Evaluate a constant or use limits y =2, x = % in a solution contamin
form aly or bin(sin x)

Obtain correct solution in any form, e.g. o

Rearrange as y = 2/(1~In(2sinx)), or equivalent _
[Allow decimals, e.g. as in a solution y = 2/(0.3~ Insin %))l

46. O/N 07/P03/Q7 f both sides
oth si

(i) Separate variables correctly and attempt integration 0
Obtain term In N, or equivalent

y 1 b Of 1he

= In(2in x)~]

Obtain term ﬁz-sin(o.om , or equivalent
- ing terms af the S alin I/

Use 1= 0, N =125 to evaluate a constant, or as limits, in a solution contain
and bsin(0.021), or equivalent
Obtain any correct form of solution, ¢.g. In V=3
(ii) Substituting N =166 and ¢ = 30, evaluate &
Obtain k = 0.0100479...(accept k= 0.01)
(iii) Rearrange and obtain N = 125exp(0.502sin(0.021)), o equivalent
Set sin(0.02f) =1 in the expression for N, or equivalent
Obtain least value 75.6 (accept answers in the interval [73, 76]) _
[For the B1, accept 0.5 following k=0.01, and allow 4.8 or better for In 125.]

Oksin(0.024) + In 125

47. M/J 07/P03/Q10
1
@ State %= k©—h)

Show that £=0.1 ‘
@) Scparate variables correctly and attempt integration of al least one side //{f}/x -
3 3 . f’,l‘;," /4‘ -
Obtain terms -5(9-—11)3 and 0.1 t, or equivalent / A 4 &
i oy
0, h = 1 with a solution containing terms ulfliﬁﬁ‘;’/fry;_ﬁﬂ(‘J -h)*

Evaluate a constant, or use limits t =
and bt, where p > 0

f//','.:’/ ’/7
v y
r‘l/ f_//?/

. 3 2 YA
Obtain solution in any form e.g. —>(9—4)3 = 0.1~6 Y7 e
O/
Rearrange and make / the subject . \\":5';; @”, %
3 'f“’ ;;K/fq
A57

1 )2
Obtain answer #=9 -—(4-1—51J , or equivalent

(i) State that the maximum height is /-9 %)
State that the time taken is 60 years @
(iv) Substitute & — /2 and obtain £ = 19.1 (accept 19, lg%5 )

i o bty

[4)

[£)

[%)
(7]

(2

[7]

(]
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4 ;
Oengg‘L glcs correctly and attempt to integrate one side
v

(1 + y’) and x, or equivalent

tant or usc limits x = 0, y = 2 with a solutjon containing terms k In (1+ y’)and 2.

: 1
rrect form of solution c.g. i In (1 + y:) b lElns
ge and obtain y* = 5¢** — 1, or equivalent [6]
ran

49 0 State OF imply that T =kx-25

show that k= 0.1 and justify the given statement 2]
cparate variables and attempt integration

@ ?)liam In(x — 250), or equivalent
Obtain 0.11, OT equivalent
Byl RangRi ar e limits 1= 0, x = 1000 with a solution containing terms aln( x — 250) and bf

Obtain any correct form of solution, ¢.g. In (x—250)=0.1t + In750 6]
Rearrange and obtain x = 250(3¢*" + 1), or equivalent

50. ONN 05/P03/Q8
(i) Separatc variables correctly and attempt to integrate both sides
Obtain term In x, or equivalent

Obtain term —Ekfz , Or equivalent
Use =0, x =100 to evaluate a constant, or as limits
Obtain solution in any correct form, ¢.g, Inx=— w-h +1n100 (3]
(i) User=20,x= 90 to obtain an equation in k 5
Substitute x = 50 and attempt to obtain an unsimplified numerical expression for #°, such as
t? =400(In 100 — In 50)/(In 100 — In 90) 3]
Obtain answer t=51.3

51. M/J 05/P03/Q8
(i) Attempt to express integrand in partial fractions,

. A B | @ A0
e.g.obtain AorBin —+
9 y  4—y 3 S 2
Obtain 1(14- 7 y) , or equivalent ’\?&;‘?ﬁ
)
Integrate and obtain tIny —2In(4 - y) or equwalent Q O (4]
(i) Separate variables correctly, mtegrate — 4 y and obtai S))rthqﬁQ
term x, or equivalent \'@
Use y = 1 and x = 0 to evaluate a constant, or as li
Obtain answer in any correct form b 4
Obtain final answer y = 4/(3e™** +1), or equi { i
1

(iii) State that y approaches 4 as x becomes very. 53@
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52. O/N 04/P03/Q10

(i)

(i)

(iii) Substitute x

53. M/J 04/P03/Q6
Separate variable
Obtain terms +In(y
Evaluate a constant
or equivalent
Obtain any correct form 0

Rearrange and obtain y = (2 e

[f.t.

54. O/N 03/P03/Q9
t to integrate \——/;———-—'
(P-4)

State or imply % -100092

dt
State or imply %/ 30 ~Kkyh or % _0.03-m¥h
Show that k= 10 or m =0.01 and justify the given equation 3
[Allow the first B1 for the statement that 0.03 = 30/1000.]

x-3 yith respect to X

Separate variables and attempt integration of ——

Obtain x -3 In x, or equivalent
Obtain 0.005f, or e uivalent ; ' i
Usex=3,t=0in t?w evalua t or as limits in @n answer involving

In x and kt

Obtain answer in any correct form eg.1=2

[To qualify for the first M mark, an attempt to S0
n of varl

in h and t must involve correct separatio
such as +h =u,and an attempt to integrate the result
2

=1 and calculate
t=259 correctly

tion of a constan

3Inx+3 In 3)
er differential equation

se of a substitution

00(x -3 ;
olve the earli

ables, the U
ing function of u]

Obtain answer

s and attempt to integrate

3 4+1)and x, or equivalent
or use limits X = 0,y=1 with a solution containing terms

kln(y3 +1)and x,

f solution e.g- %ln(y3 +])=x+3In2

1l i
=1)* ,0r equivalent

is on k#0.]
1

(i) Separate variables and attemp

(i)

(iii) Substitute P = A and attempt to calculate ¢

(iv)

[For the M1, /(P - 4) must be treated correctly.]
@

Obtain term 2J(P-4)

Obtain term — Af
Use limits P=54,1=0 and attempt tO

Obtain ¢ = 44J4 , or equivalent

Use limits P=24,1=2 and attempt to find & o0
Obtain given answer k= JA4 correctly 55 @Sﬂf [4]
©
®

& [3]
P

find constant ¢ o
R _©F

Obtain answer =4
Using answers to part

Aandt
Obtain P=1A4(4+(4- 1)?), or equivalent, having squ g@
>

(i), attempt to rearrange solution to gi &of 2]

o 2]
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03/Q7

! )0 hat Z = k(100-

| 55":; giate of MPYY 12 (100=x
'i ( k=0.02

E

|

_jusﬁf'f ) i
cap arate yariables and attempt to integrate 100
) o term — In (100 - x), or equivalent o

optain term 0.02t, or equivalent

Use X = 9 t = 0 to evaluate a constant, or as limits

obtain correct answer in any form, e.g. -In(100 - x) = 0.02¢ - In 95

Rearrange to give x in terms of { in any correct form,

o] 0 100 - 95exp(-0.021)

oR: In (100 - x) for —{n. (100 - x). If no other error and x = 100 - 95exp(0.02f) or
equivalent obtained, give M1AOATM1A0A1]

tate that x tends to 100 as f becomes very large

i
( obtai

(ifi) S
» o 02/P03/Q9 )
) §tate OT imply that E = ka(10 —a)

Justify k= 0.004
1 , ; . A |
into partial fractions —+ and obtain values A=B= —
@ Resolve Zg g T a 10-a 10

& :Ik dt and attempt to integrate both sides
a(10—a)

Separate variables obtaining I

I 1 -
Obtain ﬁ]—]na— Eln (10 —a)

Obtain 0.004¢, or equivalent
Evaluate a constant, or use limitst=0,a=5

Obtain answer ¢ =25 In (

RS

() Substitute a= 9 and calculate ¢
Obtain answer ¢t = 54.9 or 55
[Substitution of a = 0.9 scores M0]

57. MJ 02/P03/Q7
d v
@ State that ?;—‘ = K50 — m)* 5 S

, or equivalent
10—a

Justify k= 0.002 AP A8

1
() Separate variables and attempt to integrate —————
(50—m)? N

Obtain +

1
and 0.002¢, or equivalent G &7
50—m) = S 0

TN
Evaluate a constant or use limits f=0,m =0 - ‘*@ 2 (\'.SJ

Obtain any correct form of solution e.g.

Obtain given answer correctly

(i) Obtai.n answer m = 25 when £ = 10 &
@) Obtain answer ¢ = 90 when m = 45
State that m approaches 50
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1. MU 18/P32/Q7 by i and ¥ rgspectjvely. .
The complex numbers _3/3 +iand J3+2iarc deno it the complex pumbers ¥ and 5 [5]
exact _
(i) Find, in the form x + iy, where xand y 2¢ T o the points A and B representing the
(if) On a sketch of an Argand diagram with {O;nsglz AOB = -32-11,' (3]
complex numbers 4 and v respectively- prove th2
2. M1 18/P31/Q7 oive the equatio” 2+ (2/6)2+8=0,
(i) Showing all working and without USinE a Ca[cumwr,arc real and exact: [3]
giving your answers in the form x + iy, Wh?re i ssenting the roots- (1]
(if) Sketch an Argand diagram showing the points 7" 0 is the origin. Find angle AOB. [3]
(iif) The points representing the roots are A and g,and 0! i
(iv) Prove that triangle AOB is equilateral-
3. M/J 18/P33/Q9 )
(a) Find the complex number z satisfying the equation
3z-iz' =1+ 51, 0
y ' fz.
where z* denotes the compljcx coujuiﬁ;’me region whose points represent complex numbers z
(b) On asketch of an Argand dlagram,lsz ¢ 2, where Imz denotes the imag.inary e
ion. Give your answer in radians

h the inequalities
t value 0

[3]

which satisfy bot i
Y nts in this regl

of z. Calculate the greates
correct to 2 decimal places.

4. O/N 17/P32/Q7
The complex number 1-
(i) Find the modulus and arg
(ii) Show that w’ +8=0-
(iii) Ona sketch of an Argand

satisfying both the inequalities |z — 1

f arg z for poi

(y/3)i is denoted by u.
ument of ¥. 2]
[2]

present complex numbers z

n whose points I¢
> 2, where Rez denotes the real part of z.
(4]

9

5. O/N 17/P31/Q7, OIN 17/P33/Q7
Showing all necessary Workin: ’n@he two

(a) The complex number & is given by # = 8 — 15i.
form a + ib, where the numbers a and biae re_<—?and exact.

square roots of u. Give answers in the
A‘I’L‘\*‘
. . 57 &Y
shade the region whose points represent oM q}lf_tﬁ%crs satisfying
x4 (4]

(b) On an Argand diagram,
both the inequalities |z-2 —i| <2 and 0 < arg(z - 1) < 57 >
&

6. M/J 17/P32/Q6
The complex number 2 — i is denoted by u. L@ @)
(i) Itis given that u is a root of the equation X+ ax -3x+ @é : egf the constants @ and b are

real. Find the values of a and b. %?
e

(ii) On'a sl.(ctch of an Argand diagram, shade the region who
satisfying both the inequalities |z—u| < 1 and|z| gih i

@

mbers % and w are defined by u = =0 + 7dand w = 3 + 41

diagram, shade the regio
| <2 and Rez

Pnts represent complex numbers 2
4]

(%)

7. MU 17/P31/Q7
The complex nu

i) Showi ; A
(i) Showing all your working, find in the form x + iy, where x and y are real, the complex numbers

4]

]
u—2wand —.
w

|



|
p-3 ToPI? 291 '
ovel Read & Write Publications Unit 8: Complex Numbers

. oram with origin O ‘
Ngand d'mg gin O, the points A, B and C represcnt the complex aumbers #, w and
g 20 rc,-,pcctwcly.

W
(?[l) alc fully the geomctrical relation between the line segments OB and CA. [2]
gy 7P
b, (1 The complex numbers z and'w satisfy the equations
{ . Z+(1+1)W=i and (1—i)z+iw=1.
golve the cquations for z and w, giving your answers in the form x + iy, where X and y aré real.
(6]

) The complex numbers u and v are given by u =1+ (2y3)iandv =2+ 2i. Tn an Argand diagram
u and v arc represented by the points A and B. A third point C lies in the first quadrant and is
uch that BC =2AB and angle ABC = 90°. Find the complex number 2 represented by C: giving

your answer 1n the form x + iy, where x and y are real and exact. 4]

N 16/P32/Q9, O/N 16/P31/Q9

9, . g ;
(@) golve the equation (1+ 21)w2 + 4w — (1 —2i) = 0, giving your answers in the form X +1Y» where
xand y arc real. (5]
() Ona sketch of an Argand diagram, shade the region whose points represent complex numbe;s
[5]

catisfying the incqualities |z —1 - i[ <2 and ~ir<agz < 1z,

10, OIN 16/P33/Q7

The complex number z is defined by z = (v2) - (V6)i. The complex conjugate of z is denoted by z*.

(i) Find the modulus and argument of z. &
(i) Express cach of the following in the form x + iy, where x and y arc real and exact:
(a) z+22";
24'
) (4]
iz
(iii) On a sketch of an Argand diagram with origin O, show the points A and B reprosenting {1
complex numbers z* and iz respectively. Prove that angle AOB is cqual to %“' ]

11. M/J 16/P32/Q10

(a) Showing all nccessary working, solve the equation iz +2z-31= 0, giving your answers in the

form x + iy, where x and y are real and exact. (5]
(h) (i) Ona sketch of an Argand diagram, show the locus representing complex numbcers satisfying
the equation |z = |z —4 - 3il. {é“(?) (2]
(i) Find the complex number represented by the point on the locus where lz\]g’(s_i/ a J&@ind the
modulus and argument of this complex number, giving the argument c;;-r ct‘k_.@@ decimal
. plaCUS. C’tq; ‘@J [3]
NN
12, MIJ 16/P31/Q10 NG _J-_?,DV

(a) Showing all your working and without the use of a calculator, find O $ bots of the complex
number 7 — (6¥2)i. Give your answers in the form X + iy, WilC}%@IIM pire real and exact,  [5]
ey -~ '\
(b) (i) On an Argand diagram, sketch the loci of points rcp,r‘qg@\ll’ing‘ omplex numbers w and z
=\ ,lfé\-\,)/

such that |w -1 -2i| = { and arg(z—1) = %rc. ~3 95 [4]
25;1. 2]

13. MIJ 16/P33/Q9 ({4(
The complex numbers —1 + 3iand 2 —1iare dcnow%lg #ﬁd y respectively. In an Argand diagram
with origin O, the points A, B and C represent the n ml@?»:s u, v and u + v respectively.

(i) Sketch this diagram and state fully the gcomctriczfl relationship between OB and AC. 4]
u

(i) Calculate the least value of |w — z| for points on %GL&}.
(2
Ji)é :
%
u

(i) Find, in the form x + iy, where X and y are real, the complex number —. 3]
(ifi) Prove that angle AOB = %n. Y 2]
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14. O/N
I :05!!::)3;:1(19_ SN AKPaTIGn denoted by u”
: number 3 — " ‘upate is denoted DY .
i is denoted by u. Its complex €O g B and C representing the coppy
ex

(1) On at
an Argand dia : . ints /4,
gram with origin O, show (6 PR ipyieral is OABC? [4]
*

" humbers u, 1* and u* - u respectively. What type u
(i) Showing your working and without using 2 calculator, express - in the form x + iy, where »
and y are real, .
(i) By considering the argument of £. prove that
u [3]

tan~'(3) = 2 tan™"(5)-

15. OIN 15/P3
3/
- ary working, prove that the exact valye of

(@) Itis given that (1 +3i)w = 2.+ 4i. Showing all necess
[W?|is 2 and find arg(w?) correct to 3 significant figures- 2 (6]
|z]. Hence determine the complex

(b) Onasin : i1z =5and[2=5]=
gle Argand diagram sketch the locl |z]= 5an . i i0
numbers represented by points common (0 both loci, giVing each answer in the form re.  [4]

16. M/J 15/P32/Q7
The complex number u is given by 4 = -1+ (43)i.
(i) Without using a calculator and showing all your W

he two square roots of u. Give

orking, find t
arc exact. 5]

bers a and b

your answers in the form a + ib, where the real nurm ) 1 b :
(ii) On an Argand diagram, sketch the locus of points representing compiex Slfml CIS Z satisfying
the relation |z — 1| = 1. Determine the greatest value of arg z for points on this ocus. (4]
17. M/J 15/P31/Q8 22 + 4i
The complex number w is defined by w = a—:Jg' .
(i) Without using a calculator, show that w = 2 + 4. 3. i —_— ) (3]
(ii) Itis given that p is a real number such that 37 < arg(w +p) S 77 Find the st of possible values
obp: (3]
(iii) The complex conjugate of w is denoted by w". The complex T“_”“h*f” w and w" are represented
in an Argand diagram by the points 5 and T respectively. Find, in the form |2~ a| = &, the
equation of the circle passing through S, T' and the origin. [3]
18. M/J 15/P33/Q8
The complex number 1 —1is denoted by . (/
(i) Showing your working and without using a calculator, €Xpress « G ®
u > &
7

in the form x + iy, where x and y are real. @ 255
senting complex numberse salisfgidg the equatio
g comp @3} }5/31, g Juations

(ii) On an Argand diagram, sketch the loci repre _
|z—u|=|z| and |z -] = 2. @uﬁiﬁf@ [4]
(iii) Find the argument of each of the complex numbers rcprcscnlcgl&y “.‘}250”“5 of intersection of
the two loci in part (ii). q A& & 3]
S
3y 55&

19. O/N 14/P32/Q5, O/N 14/P31/Q5
The complex numbers w and z satisfy the relation @ §/
z+1
@

(7

W= -

iz + zln
(i) Giventhatz=1+1i, find w, giving your answ %l orm x + iy, where x and y arc real.

(ii) Given instead thatw =z and the real part of z is negative,
x + iy, where x and y are real.

[4]

find z, giving your answer in the for:;;
[

4_-‘
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0'“ | 16X pumbers W and =z are defined by w= S+ Mandz = d 4 |,
L.o!‘l i i“‘ . - 1 o '
4 A B‘pmss e tka the form X+ iy, showing all your working and giving the exaot values of x and y.
@ ) ™
g WE and hence, by considering arguents, show that
m mn =
@l tan”™ () + tan"' (1) = 4=, (4)
14“’ SﬂQT s x 3
# M given that =1 + (¥5)i is a root of the equation =™ + 22+ a = 0, where a is real, Showing your
@ m}ﬁl‘l g, find the value of @, and write down the other cotaplex root of this equation, Q)|
] ;
) w1
The complex aumber w has modulus 1 and argument 26 radians. Show that T itan 0. (4
® '
4p311Q5
zg_hu'“ ) X __”_9\"34-91 P S y
o complex qumber Z is defined by =z = B Find, showing all your working,
@ o expression for 2 in the form re¥, where r>0and —x < B <, 5]
1

(i) the tvO square roots of z, giving your answers in the form re'®, where r >0 and —x < 0 < 7. ()
2. M 14/P331Q7

3-51. : . .
lex number — 1§ denoted by w. Showing your working, express 1 in the form
(a) The comp 1+4i )

+ +iy, where x and y are real. (3]

® @@ Onaz sketch of an Argand diagram, shade the region whose points represent complex
qumbers satisfying the inequalities |z -2 - i|<land|z-i|<]|z- 2|. 4]

(i) Calculate the maximum value of arg z for points lying in the shaded region. 2]

24. OIN 13/P32/Q8
(@) The complex numbers 1z and v satisfy the equations
w+2v=21 and iu+v=3.
Solve the equations for 1 and v, giving both answers in the form x + iy, where x and y are real.

(3]
(b) On an Argand diagram, sketch the locus representing complex numbers z satisfying |z +i| = 1
and the locus representing complex numbers W satisfying arg(w —2) = %rr. Find theseast value
of |z = w/| for points on these loci.
jz-wlfor p @& B
25, O/N 13/P33/Q9 > &
(a) Without using a calculator, use the formula for the solution of a quadrat uAon to solve
2-i)2+2z+2+i=0. 7 &
. . : OIS
Give your answers in the form a + bi. © (5]
l .
(b) The complex number w is defined by w = 2¢*". In an Arg di:{ﬁ?'n, the points A, B and
C represent the complex numbers W, w® and w* respecti ( -\u" w* denotes the complex

conjugate of w). Draw the Argand diagram showing point®A, B and C, and calculate the

area of triangle ABC. (5]

26. MIJ 13/P32/Q9 &
(a) The complex number w is such that Rew > 0 @w * = iw?, where w* denotes the complex
conjugate of w. Find w, giving your answer in theg®fm x + iy, where x and y are real. [5]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers
z which satisfy both the inequalities |z — 2i| €2 and 0 < arg(z +2) < %n. Calculate the greatest
value of |z| for points in this region, giving your answer correct to 2 decimal places. [6]
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27. MIJ 13/P31/Q7

(a) With
out usi
sing a calculator, solve the equation
I + 21" = 17 + 8i, . a+bi.
& ;thrc w* denotes the complex conjugate of w. Give your answer 10 the form i 4]
n an Argand diagram, the loci 3l
_|z-31
) arg(z—-Zi)-_-l;c and IZ"3|'|" ; T
intersect at the point P. Express theﬁcomplcx pumber repf"scnwd by £ in the REIRIS S E00ER
rrect to 3 51 & cant figures: (5]

the exact value of 6 and the value of rco

28. M/J 13/P33/Q7
‘.Thc complex number z is defined by Z =
is denoted by z*.
(i) Show that |z|* = zz" and that (z-k) =2+ fd, where £ o 108 .. defined by the € uat'[2]
In an {&rgand diagram a sct of points representing compleX ' Linai
|z—10i| = 2|z - 4il. '

al. The complex conjugate of z

a + ib, where g and b 2I€ re

(ii) Show, by squaring both sides, that
gz* —2iz" + 212~ 12=0.

Hence show that |z —2i[ = 4, 2
(iii) Describe the set of points geomcm’cally. L3
29, O/N 12/P33/Q10

quation iwt=(2- 2i)". (3]
points representing the

Jator, solve the e

m showing the region R consisting of

(a) Without using a calcu
(b) (i) Sketch an Argand diagra
complex numbers z where
,—4-4i| <2
d by points i

d a<agzs B.
correct to 3 sign

(2]

n the region R, it is given that

mbers represente
p<lzl€qg A0
o and p, giving you

(ii) For the complex nu
ificant figures.  [6]

Find the values of p, 4 r answers

30. M/J 12/P32/Q7
ber u i8 defined by

The complex num
L= 1+2i
T 1-3i
(i) Express in the form X + 1), where x and y are real. - . 2 [3]
(i) Show ona sketch of an Argand diagram the points A, Band C rcprcscnting the\co’féblqﬁ%mbcgs
u, 1+2i and 1-31 rcspcctively. &f‘;)\%") S 2]
(iii) By considering the arguments of 1 +2iand 1 -3, show that N\ {i@‘)
tan~12 + tan™ 3 = 37. Nﬁ\@ é:;-,’L ' 3]
N
31. MIJ 12/P31/Q4 @Q ©
. 2 0’
The complex number ¥ is defined by u = & ; 2,1) A @ @‘Q
! _ 2+ 2
(i) Without using a calculator and showing your working, %Br ss i the form x + 1Y, where x and
[4]

y are real.
#2% number z such that [z~ u|= [u]-
(3]

(ii) Sketch an Argand diagram showing the locus of Hi;
/&%J ,_
N é§

32. MiJ 12/P33/Q10

(n) The complex numbers # and w satisfy the equatioﬁ?/

u-w=4i and =
Solve the equati : 5 uw =3.
quations for # and w, giving all answers in the form x + iy, where x an

B

d y are rcﬂl-[5]
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\ il (R poplon!

Hon ! akoteh ol /I\ruiun:l l”:;:lil‘illll: nh‘mluI 1|m‘|’nulnn whose polnts represent cnmples
M jumbert putinfylng the Inecquiditics |2 Dok 2| € %y e & ke nnd ez 2 1, wihere Re%
Jonoten (e rond part ol z, (51

prontont pontible vl of [z for polnts 1ying i the shaded region. 1] |

0, OIN 11/P31/Q10
e worklng, (od the two tguare rooth of the complex number 1 = (24/6)i. Give your
form 1 by, where A nnd y nie exnel, 5

eleh ol an Arpand dingran, ahnde the region whose points represent the complez numbers

v ):rfﬂ:l;t antinly the inequulity |2 -] &2 Vind the grealent yalue of argz for points in this region,
” (51
"l‘lm complex pumber W s defined by w = b

w” and w?, showing your working, (4]

(he ntodulus and arpument of

in an Arpgand dingram representing
tion of the cirele, piving your ans

)] Jind
(i) The points
Find the equi

g5, MIJ 11/P321QT

(a) The complex mu

w and w* are the ends of a diamcter of a circle.
wer in the form |z = (@ + bi)| = k. (4]

___ where the constant a is real.

TR A

where x and y arc real, (2]

- i;}rc, where u* denotes the complex conjugate of u.
3

|
aber 1 is defined by o =

(i) Express in the form x -1y,
(if) Find the value of a for which arg(u’) -

yse points represent complex numbers z

| (4]

() Ona sketeh of an Argand diagram, shade the region whe
which satisfy both the inequalitics |z| < 2 and |z| < |z -2~ 2i
16. MIJ 11/P31/Q8
; , 6 - 3i
The complex number i 15 defined by 1 = Tr

+ 21
find the modulus of u and show that the argument of u is —:l—lrr. [4]
(z— 1) = im, find the least possible value of |z|. [31
yu| = 1, find the greatest possible value of lz|. [3]

(i) Showing all your working,
(i) For complex numbers z satislying arg
(iii) For complex numbers 2 satisfying |z = (1 +1

37. MIJ 11/P33/Q7
(i) Find the roots of the cquation

22+ (2V3)z+4=0, | MO

giving your answers in the form x + iy, where x and y are real. @ ,.QQ’EW 2]
(ii) State the modulus and argument of each root. Qfg oy Qg@J (3]

(iii) Showing all your working, verify that cach root also satisfies the e u@ﬁﬁvé’ﬁp

25 = —64. X 3
38. O/N 10/P32/Q6 @ @ el
The complex number z is given by % ‘
. ' z = (/3) +1i.

(i) Find the modulus and argument of z. 2]

where x and y are real,

(a) 2z+1z', @;

(if) The complex conjugate of z is denoted by z". Shcggg‘yyo rworking, eXpress in the form x +1y,

iz’ '

b) —. ’ '

&3 & 4

(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the
complex numbers z and iz* respectively. Prove that angle AOB = . ;3] - (
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39. O/N 10/P33/Q3
The complex number w is defined by w=2+1
(1) Showing your working, express w? in the form x + iy, Where and y are real. Find the modulys
of w2, (3]
(if) Shade on an Argand diagram the region whose points represent the complex numbers z which
satisfy
IZ—‘V2|‘<~11"’ZI' [3]

40. M/J 10/P32/Q8

The variable complex number z is given by
z=1+cos26 +isin26,

where 6 takes all values in the interval —i7 < 6 < 37-
(i) Show that the modulus of z is 2 cos 8 and the argument 0f 2 is: (6]
(ii) Prove that the real part of L s constant. B)

z
41. MJ 10/P31/Q7
The complex number 2 + 2i is denoted by 1.

(i) Find the modulus and argument of u. ‘ (2]
(ii) Sketchan Argand diagram showing the points representing the u.:olmp[c.\‘ : rtibersil, LGz & e
the region whose points represent the complex numbers = which satisfy both the inequalities
[4]

|z—1|<|z-i|and |z-u|< 1.
(iii) Using your diagram, calculate the

value of |z| for the point in this region for which arg z is least.
[3]

42, M/J 10/P33/Q8
(a) The equation 253 —x* + 2x + 12 = 0 has onc real root and two complex roots. Showing your
working, verify that 1 +i+/3 is one of the complex roots. State the other complex root. [4]

(b) On a sketch of an Argand diagram, show the point representir
resen

1 the complex number 1 +iv/3,
t the complex numbers 2 which

On the same diagram, shade the region whose points ref

satisfy both the inequalities |z -1 =i v3|<landargzs 1. [5]
43. O/N 09/P32/Q7
The complex numbers =2 +1i and 3 +i are denoted by 1 and v respectively.
(i) Find, in the form x + iy, the complex numbers &
(@) u+v, e !\\\0\ (1]
- \‘\‘ k“/ '\‘.“-‘ . 5

(b) E, showing all your working. 5%\_\) 5\\t (3]

14 (¢>2 )

u AR\

(ii) State the argument of " \%}3 Q,;g (1]
In an Argand diagram with origin 0, the points A, B and C represent ttjgg}ﬁ1‘1'11\@:\‘:[1&11:111101-5 u, v and
u + v respectively. Al

aen — 3 N @

(i) Prove that angle AOB . " NG __?}\Q 2]

(iv) State fully the geometrical relationship between the line s%‘ﬁ@tak@ﬁ\ and BC. [2]

44. OIN 09/P31/Q7 % 93%“

The complex number -2 +1 is denoted by u. N &

(i) Given that u is a root of the equation P =1lx-k -‘ig;"wL e k is real, find the value of &, (3]

(ii) Write down the other complex root of this equfii 4. }{‘ (1]

2]

(iii) Find the modulus and argument of 1.
(iv) Sketch an Argand diagram showing the point representing 1. Shade the region whose points
represent the complex numbers z satisfying both the inequalitics
|z| <|z-2| and O<arg(z-u)< zlrr. [4)

___-‘
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i
Wﬂ |
» \ e (o gution &4 (V) ), g your smawers i the form £ 417, wlme”"‘i’,;‘;
\Il‘ll‘llt. I -
el o Apne e ahowing (e ot sepmeosentiog the 1oots, ”_l
;f'ml (s b e et of sioh oof, (%]
l O hatt (s o (hes pobnty FEPSBent g thes roots are the verfices of an eoifateral triangle.
) “]
I OIN (0G0 -
1 A
. winber e b plven by o=
'|'||m-n|n||1u.n I : | ) )
i il the modulus ik e psment of 1, (2]
() et \"Hi'llllll‘.l ninher s b modulus 26 nrgimisnt 0, yhere _’};; <A~ _i;.c, State the modulus
v angient of e md e modilig and wgiment of 4 -
W
% o
() Henee explnn Why e Avgand dingram, the polnts representing z, wz and - are the vertices
( W o

ol i equititerad friangle,

) dnnn A dimgnmy, the vertices of an cquilateral triangle lie on
oripine One of the vertices teprerentu the complex mumber 4 4 2i.
1:<|nuuunlml by the other two vertices, Cive your angwers in the form £ 4 iy,

penl ndd exnet,
Al M Ou/1rodQh
(e varlable complex number 2 iy piven by
2 eon ) i(l —~2uin ),
where 0 taken nll valuen in the interval < < 0 < 7,
(1) Show that “"‘ Al 2, Tor al) values of 0, Hence sketeh, in an Argand diagram, the locus of the

4 circle with centre at the
Fine the complex numbers
where x and y are

(4]

(v

polntreprenenting, z, [3]
|
() Prove that the real part of L it constant for - = 0 < 1, [4]
40, OIN 07/P03/Q8
—_ A~ 3i
() The complex number 7 is piven by 7 = = ?’
~2i
() Express z in the form x4 iy, where x and y are real, 2 [2]
(i) Find the modulug and argument of z, //\g/g [2]
Y A .
(1) Find the two square roots of the complex number 5~ 12i, giving your anr,wf:rs-;'-i'lj-'fﬂt;_fgrrn x + iy,
where x and y arc real, ' /_’.3‘ {,ﬁ@" [6]
P 7 RN
49. MIJ 07/P03/Q8 ,@;&/J»‘;‘?
- v N 2
The complex number T denoted by u. /6/9 P@/
() Find the modulug and argument of u and u’, S @ S (6]

g : . . . '\/‘é%r} @} 2
(1) Sketeh an Argand diagram showing the points representing e €ompiex numbers w and u”. Shade
i sfy both the inequalities |z| <2

the region whose points represent the complex numbers zgxh

and |z - u?| < |z - ul. jd‘) [4]
50. O/N 08/P03/Q9 @(0
The complex number u is given by % o
p= it &
2-1
() Bxpress u in the form x + iy, where x and y arc real. [3]
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(2]

(il) Find
the modulus and argument of . l i i
omplex num . OW on the

(iii) Sketch a , . ¢

Sl A g oo s P o k141 = L

(iv) Using your diagram, calculate the least value of |2 | for points Of tile loed (2]

51. MIJ 06/P03/QT "

The complex number 2 + i is denoted by 1. Its complex conjugate IS IR :

() Show, on a sketch of an Argand diagram with origin Oy the points A,.B In:ld fi r;!:l[::rcs;:nt‘mg the

complex numbers n, 1™ and 1 + u" rcspcclivcly. Describe 11 gcomcmcn erm! relationship

between the four points O, A, B and C. [4]

(3]

(ii) Ex T u ' . oy l
press g in the form x + iy, where X and y are reak.

-1 or wisc, prove that
[ —;, or otherwisc, prov

(iif) By considering the argument o
1"
i 2
mn_l(g) = 21an 1('2!) .
52. O/N 05/P03/Q7
The equation 2% 4 x* 4+ 25 = 0 has one real root and two complex roofs. [3
3]
(1]

(i) Verify that 1 + 2i is onc of the complex roots.
(i) Write down the other complex root of the equation.

(iii) Sketch an Argand diagram showing the point represet
the same diagram the set of points representing the comp

Jing the complex number 1+ 2t Show on
: ‘hich satisfy

lex numbers T W

[4]

'2' :]z—-l -—?.-il
53. M/J 05/P03/Q3 ) . .
(i) Solve the equation 72 —2iz -5 =0, giving your answers in the form.x+1y where v and y are rt['d]
of cach rool. (3]
(1]

(ii) Find the modulus and argument
roofs.

(iii) Sketch an Argand diagram showing the points represeniing the

54, O/N 04/P03/Q6 _
The complex numbers 1+ 3i and 4 + 2i arc denoted by 1 and v respectively. )
(i) Find, in.thc form x + 1y, wherc X and y are real, (he complex numbets # =V and = . 13]
il . Fa W
(i) State the argument of o A \\@
\ \‘:’N END)
In an Argand diagram, with origin O, the points A, B and C represent the num_b\@\s \;\\\k‘ and u—-v
: A Q
respectively. | ) 1 . $ ‘:&‘\.\ .
(iii) State fully the geometrical relationship between OCand BA. o g\_\_l,' 2]
: ) R
(iv) Prove that angle AOB = -%Jl‘ radians. & 2]
B f)‘ .Q%
55. M/J 04/P03/Q8 ;&\k e
(i) Find the roots of the equation 2% —z+ 1 =0, giving your ‘@X‘Em {\@ Yhe form .+ 1y, where ¥ ‘.1!;!.1
)y are rcal. %’ R \’}.\ [..]
(ii) Obtain the modulus and argument of each root. \\)\ c\\‘ [3]
ation 2° =&Y, &° [2]

(iii) Show that each root also satisfies the equ W
f‘\@f’ 6“5\
56. O/N 03/P03/Q7 - K Ve
The complex number  is given by # = ;—+§ &
— l -
(i) Express u in the form x + iy, where x and y are real. B




7/ g2 T 2
. “,d Read & Virte Publicaions Unit 9: Complex Numbers

di . . ;
o Argand dizgram showing the point representing the complex number 4. Show on the

& :;S,gdi.z;ﬁm the }::us ?fﬁw complex number z such that Iz - uI =2. (3]
) eatest value o z for poi s
& 7o 2 4 aIg points on this locus. (3]
gl & N e Hikaikad
d';:r: o puim by u. The complex number with modulus 1 and argument %n is
o OY 7
A fFnd i the form x + iy, where x and y are real, the complex numbers w, uw and = 4]
. ) ) w
@ Sietch aﬂ Ar gand.dxagram showing the points U, A and B representing the complex numbers 4,
o 204 = respectively. (2]
i) Prove that triangle UAB is equilateral. [2]
bm 02/P03/Q2
e ‘) Find the tw0 5qUaTe roots of the complex number — 3 + 4i, giving your answers in the form x + 1y,
7 perexandyare real. (5]
®) The complex number z is given by
: o 1430
. . ) 241 °
(i) Expresszin the form x + iy, where x and y are real. - (2]
(if) Showona gketch of an Argand diagram, with origin O, the points 4, Band C representing the
complex numbers — 1 +3i, 2+ iand 2 respectively. (1]
(iii) Statean equation relating the lengths 04, OB and OC. [l

o, MIJ 02/P03/Q2
The complex pumber 1+ ¥3 is denoted by u.
(i) Expressu in the form r(cos0+ i sin®), where r> 0 and -7 < g < n.Hence, or otherwise, find the

modulus and argument of u’ and u’. [5]
(iiy Show thatu is a root of the cquation 22 — 2z + 4 = 0, and state the other root of this equation. 2]

(iii) Setch an Argand diagram showing the points representing the complex numbers i and u. Shade the
region whose points represent cvery complex number z satisfying both the inequalities '
lz—i| =1 and  argzzargu. | (4]
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Answers Section
1. MU 18/P32/Q7

i S o
(1) Substitute in uv, expand the product and use it =-1

Obtain answer yy = ~-11 —5J§i

EITHER:  Substitute in w/ and multiply numerator and
denominator by the conjugate of v, or
equivalent

Obtain numerator =7 + ?'\/gi or denominator 7

Obtain final answer —1++/3i
OR: Substitute in w/v , equate to x + iy and solve
for x or for y

0btaiﬂx=— 1 ory= .Jg

Obtain final answer —1++/3 i 5
(i) Show the points 4 and B representing u and v in relatively

correct positions

Carry out a complete method for finding angle 408, e.8.

calculate arg(u/V)

If using @ =tan™ (—\E ) must refer to arg (%)

Prove the given statement : 3

2. M/J 18/P31/Q7
(i) Use quadratic formula, or completing the square, or the substitution z = x + iy to

find a root, using i’ =-1

Obtain a root, e.g. ~/6-+2i

Obtain the other root, e.8. —J6-2i 3
(ii) Represent both roots in relatively correct positions 1
(iii) State or imply correct value of a relevant length or angle, e.g. O4, OB, AB, angle

between OA or OB and the real axis <,

Carry out a complete method for finding angle OAB @

Obtain AOB = 60° correctly ﬁ @ 3
(iv) Give a complete justification of the given statement ] ‘@ 1

| &
3. M/J 18/P33/Q9 @ ©

(a) Substitute and obtain a correct equation in x and y @ @\@

Use i =—1 and equate real and imaginary parts \é%y é‘\é

Obtain two correct equations in x and y, e.g. S ,

3x—y=1land3y-x=35

Solve and obtain answer z = 1 + 2(i) 4
(b) Show a circle with radius 3

Show the line y = 2 extending in both quadrants

Shade the correct region

Carry out a complete method for finding the greatest value of arg z i

Obtain answer 2.41



1. Toplonl 301
" ol Rond & Writa Publications
0

o modulus 2
qrpument =471 or =60° (47 or 300°)
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| Stle i
g lER! Ixpand U"‘(\ﬁ)i)' complete

i A Verify that the given relation j

) stV it gbad ¢
- P2 (cm{( ;r) | !mn( n‘)) Or equivalent: follgy their answers to (i
Verlfy that the given relation jg satisficd

i) Show 0 clrele with centre 1 ~(\/§)i in a relatjy

Show 1 circle with radiuy 2 passing lhrough th
ghow the line Re z =2

2
Y and procegs 2 anq
i satisfied

2
cly correct position
¢ origin

ghde the correet region

N 17/P31/Q7, OIN 17/P33/Q7
b ?) gquarex - iy and equate real and im
n (3

aginary parts to 8 and 15
Oblnin Xt - y" =8 and 2xy =15

Eliminate one unknown and find a horizontal cquation in the other

Obtain 4x =327 “12745 =0or 4)’4 + ?:?.y2 —~225=0, or three term equivalent
Obtain answers -.I:Tj—z.-(S ~3i) or equivalent
(b) Show n circle with centre2 41 in g rel

atively correct position
Show a circle with radius 2 and centre not at the origin
Show line through i at an anplc of 477 10 the real

axis
Shade the correet region . )
6. M 17/P32/Q6
(i) EITHER:
Substitute x = 2 —{ (or x=24

1) in the cquation and attempt expansions of x?and x’
Equate real and/or im

aginary parts to zero

Obtaing=-2
Obtain b= 10
OR1:

2 3 /s
Substitute x = 2 — i in the equation and attempt expansions of X and X 7
Substitute x=2+1i in the equation and add/subtract the two cquations

5 P |
Obtaina=-2 /

Obtain b =10
OR2:

Factorise 10 obtain (x—2-+ i)(x~2-i)(x~ p) (: (xz ~dx 4 5)(x -p
Compare coefficients

Obtain g =~2
Obtain b= 10
OR3:

Obtain the quadratic factor ( X% —4x 45 ) 5
Use algebraic division to obtain a real linear fact% Pihe fofn x— p and set the remainder
equal to zero

Obtaing=—12
Obtain b = 10
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ORA4:
;}Jsr afi =5 ad a+tfl=4 in afl - fly 1 pe e
olve for y and wse in afly =~h andor o f11 ) =1

Obtaina =~ 2
Obtain b= 10

ORS:
Factorise g (x— (2-0))(x* -+ ex - g) and compary ool fiolents (o form i pintinn b il 1
Equate real and/or imaginary parts (0 zoro
Obtaina=-2
Obtain b= 10 :

(if) Show a circle with centre 2~ in a reltively conor | oA
Show a circle with rading 1 and centro not af the origghn
Show the perpendicular biscetor of the line segmont joining 00!

Shade the correct region

7. MIJ17/P31/Q7
(i) State thatu—2w=~7-I
EITHER:
Multiply numerator and denominator of E,' by 34, or equivilent
25i or denominator 10 25

ion

Simplify the numerator to 25
Obtain final answer | + i

OR:
Obtain two equations in x anc

Obtainx=1lory=1
Obtain final answer 1 i 4

. u
(i) Find the argument of —
w f
Obtain the given answer )

(iii) State that OB and CA are parallel
State that CA = 208, or equivalent 2

8. MM 17/P33/Q11
(a) Solve for z or for w
Useit=-1 . , V‘/
s 2'* 1 ) ”fr )
Obtain w=—"7 0f 257~ m)
2-1 2-1 _}, I /,ﬂ

Multiply numerator and denominator by the conjugate of the denominnlol (( g ) (L )
4 ;

Obtain w=—++3i () K*'j/
Obtain z=2+%i @ D) ’(ﬂ Jr-__'.j"’ f
(b) EITHER: 0} 5;;?}.

Find i[2+(2—2J§)i] 3 \,} 5 o

Multiply by 2i (or ~2i)
’J
Add result to v e 5
-Obtain answer 43 -1+6i j”
OR:
e g . Q\:’( 7 \'1
Statc —— = ki, or cquivalent 5 J
v=u

State k=2
Substitute and solve for z cven if i omilted s

Obtain answer 4\/_ 1+ 6i

| y and solve for x or fory

(.;/ ;{)‘
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) oN ER: Use quadratic formula to solve for w
-y BT 2
(0) Usei*=-1
Obtain onc of the answers w= and w=— _5__
2i+1 2i+1

Multiply numerator and denominator of an answer by —2i + 1, or equivalent
Obtain final answers +—2i and -1 +2i

ORL: Multiply the equation by 1 —2i
Use iZ=-1
Obtain 5w +4w(1-2i)-(1-2i)" =0 , or equivalent
Use quadratic formula or factorise to solve forw
Obtain final answers %— -ﬁ-i and -1 +2i
OR2: Substitute w = x + iy and form equations for real and imaginary parts
Use i’ =-1
Obtain (Jc1 —yz)—4xy +4x-1=0 and 2(1’ —-y’)+2;y+4y+2=0 0.c.
Form equation in x only or y only and solve
Obtain final answers +—2i and—1+2i (5]

Show a circle with centre 1 +1 i
Show a circle with radius 2

Show half-line arg z =i
Show half-line arg z=—%7
Shade the correct region [5)
10. O/N 16/P33/Q7
(i) State modulus 242, or equivalent
State argument —5 7 (or —60%) 2]
i) (3) State answer 3J2+/6 i

(b) EITHER: Substitute for z and multiply numerator and denominator by
conjugate of iz

Simplify the numerator to 43 +4 i or the denominator to 8
Obtain final answer J.;Ji +1i

|
- Y © |
OR: Substitute for z, obtain two equations in x and y and solve for x orx @ S A |

for y Q !
Obtain x=4~3 or y=1 riig% i

9z
Obtain final answer %\@ +i @6)%) [4]
(iii) Show points 4 and B in relatively correct positions
Carry out a complete method for finding angle AOB, €.g. calculat 3

z
argument of —
iz

e —————

B3]

Obtain the given answer

11. MlJ 16/P32/Q10 @
(a) EITHER: Use quadratic formula to solve for z @ S
Use i* =-1
Obtain a correct answer in any form, simplified as faras (-2 i3 )/ 2i
Multiply numerator and denominator by i, or equivalent

Obtain final answcrsﬁ + iand ——J?_. + 1 i
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OR: Substi
 oubsiitute r
Use Fact x + iy and equate real and imaginary parts to 2210
Obtain -~
g in ~2xy+2x=0andx’ =y’ +2y-
Solve for x and y
Obtain final answers /2 +iand —V2 +i
I T y \| i [
(b) O !:I?H!;R: Show the point represe elatively wl:};ti::t oint
hh.ow the perpendicular bisector 0 BIE?
origin .
OR: Obtain correct Cartes
8x 46y =25

Show this line '
[This f.L. is dependent on using a correct met

Jevant point is repres

3=0,o0f cquivalerll

5]

f the line segmen

ian equatio

(i) State or imply the rc
Obtain modulus 2.3 )
Obtain argument 0.64 (of 36.9°) (allow decimals

36.9))

12. MIJ 16/P31/Q10
ate real and jmaginary

(n) Square x1- iy and equ
Obtain cquations t-yt=7 and 2xy = ~5f2
and find an equation in the other
147y -18= 0, or 3-term equivalent
[5]

(0.64, 0.651 °F [36.8,
(3]

Eliminate on¢ variable
Obtain x* = 7x* -18=00rY

Obtain answers +(3 -iﬁ)

m @ Show point rep
[4]

relevance of the perpcndicular from 1 +2it0 the line
| 2

(i) Stateor imply the
(or 0.414)

Obtain answer 2 -1
2+1,0r equivalent

13. MIJ 16/P33/Q9 .
(1 EITHER: Multiply numerator and denominator of —by
v
rator to =5 +5i of denominator to 5 - 6@
4 ré’%@
)

Simplify the nume

Obtain final answer ~1+I o

OR: Obtain (WO equations in.x and y and solve for x or fory $ C@J
A

2 &V

57 & 3]

Obtain final answer =1+ I @
B

(i) Obtainu+vy=1+ 2i
BC representing u, v and w equc%r'Ve

In an Argand diagram show points 4,
State that OB and AC are parallel S
& 4

State that OB = AC

ppropriate method for finding angle 4 %ﬁ}ﬁéﬁg(u /v)
()
[2]

Obtainx =-10ry=
O ©
@
£ ly

(i) Carry outana

Show sufficient working to justify the given answer= %
14, OIN 15/P32/Q9, OIN 15/P31/Q9 Q¥ f
() Showuina relatively correct position &
Show u* in a relatively correct position ¥
Show u* —uina relatively correct position
[4]

State or tmply that O4BC is a parallelogram
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o'

ER: substitute for ¥ and multiply numerator and denominator by 3 + i, or equivalent

(ii) si mpiify the numerator to 8 + 6i or the denominator to 10

Obtait final an
OR: gubstitute for u, obtain two equations in x and y and solve for x or for y
' or y =% , or equivalent

swcr%— + —35-i , or cquivalent

Obtaint *=
4.3 i
obtain final answerz + 51, or equivalent (3]
i) State O imply arg(u*/ ¥) = tan™ (%)
(“ i * *
qubstitute exact arguments in arg(u /u)=arguy  —argu
Fully justify the given statement using exact values 3]
oN 15!P33!QQ ‘ '
5 Either Find w using conjugate of 1+31
oy == N
Obtain —5—~ or equivalent
Square x +iy form to find w’
r 2 48 — 141 . '_
Obtain w* = and confirm modulus is 2 |
Use correct process for finding argument of w*
Obtain —0.284 radians or —16.3°
orl  Find wusing conjugate of 1+3i |
Obtain 7—5—1 or equivalent
Find modulus of w and hence of w?
Confirm modulus is 2
Find argument of w and hence of w?
Obtain —0.284 radians or —16.3°
Or2  Square both sides to obtain (-8 + 6i)w?> =—12 +16i
Find w? using relevant conjugate
Use correct process for finding modulus of w” i
Confirm modulus is 2 _ . c@ o Ll
Use correct process for finding argument of w? @ AN i
: > &
Obtain —0.284 radians or —16.3° |
4 ) H
Or3  Find modulus of LHS and RHS G o f

o {
Find argument of LHS and RHS @ ©@ |

Obtain 10 e"**' w=+/20 ¢"'""" or equivalent © |

Obtain w= \E e 1419 or equivalent @ ég@ o f|

Use correct process for finding w* : '

Obtain 2 and —0.284 radians or —16.3°
Or4  Find moduli of 2 +4i and 1+3i

Obtain 20 and 10

Obtain |w2| =2 correctly

Find arg(2 + 4i) and arg(l +3i)

Use correct process for arg(w”)
Obtain —0.284 radians or —16.3°
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Or5 jons i
=2 Let w=a+ib, form and solve simultancous cquations In 4 and b
7 I
a=— Lo R
5 and b=
Find modulus of w and hence of w?
anﬁnn modulus is 2
Find argument of w and hence of w’
Obtain —0.284 radians or —16.3°
Or6

|

Find w using conjugate of 1+3i

LT
Obtain Tl or cquivalent

Use lw2| =WW

Confirm modulus is 2

Find argument of w and hence of w

Obtain —0,284 radians or —16.3° (6]

(b) Draw circle with centre the origin and radius 5 2
Draw straight line parallel to imaginary axis in correct position
Use relevant trigonometry on a correct diagram (0 find argument(s)

. Obtain Sekgm or equivalents in required form 4
16. M/J 15/P32/Q7
(i) Square x + iy and equate real and imaginary parts t
Obtainx* - y* =—land 2xy = M3
Eliminate one unknown and find an equation in the other
Obtain x* +x2—-12=0 or y" --y2 —-12=0, or three term equivalent

Obtain answers + (\;13T +21i)
[If the equations are solved by inspection,

o-1and 4J§

(3]
give B2 for the answers and B1 for justifying them]

(i) Show acircle with centre =1+ 443 in a relatively correct position

Show a circle with radius 1 and centre not at the origin
Carry out a complete method for calculating the greatest value of arg z

Obtain answer 1.86 or 106.4°

17. MIJ 15/P31/Q8 :
(i) Either Expand (2-1)* to obtain 3-4i

Multiply by 34 4? and simplify to x+1y form or equivalent \\o @g
Y&

[4]

or unsimplified equivalent

3+41
Confirm given answer 2+4i @

Or Expand (2—i)2 to obtain 3—4i or unsimplified cquivaler@, éi@
Obtain two equations in x and y and solve forx or y ¢
Confirm given answer 2 +4i

(i) Identify 4+4 or — 4+4i as point at either end or state %S/\ﬂ %

Use appropriate method to find both critical values of B
State 6 <p <2 5

(iii) Identify equation as of form |z—d|=a or equivalents

[3]

Form correct equation for a not involving modulus, €.g. (a-2)* +4* = a’
State |z -5/ =5

[3]
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18 ' EITHER: Substitute for u in - and multiply numerator and denominator by 1+ i
@ F

1
Obtain final answer — — 4 -Li , or equivalent

OR: Substitute for 1, oblain two equations in x and y and solve for x or for y
Obtain final answer — -]E o+ ]_i , or cquivalcn[ 2
jf) Showa point representing u in a relatively correct position
¢ Show the biscetor of the line segment joining u to the origin -
Show a circle with centre at the point representing i
Show a circle with radius 2 4
1 ;
) State argument — = 7 , of equivalent, e.g. 270°
State or imply the intersection in the first quadrant represents 2 + i
State argument 0.464, (0.4636)or equivalent, e.g. 26.6° (26.5625) 3
19. ON 14/P32/Q5, O/N 14/P31/Q5
' . : R
(i) Substitutez =1-+1 and obtain w=——
1+1 _
EITHER:  Multiply numerator and denominator by the conjugate of the denominator,
’ or equivalent
Simplify numerator to 3 + i or denominator to 2
Obtain final answer > 4 ]Ei , Or equivalent
OR: Obtain two equations in x and y, and solve for x or for y
Obtainx = % or y= -}): , 0T equivalent
Obtain final answer —32'-+ 1 , Or equivalent [4]
(i) EITHER.  Substitute w =z and obtain a 3-term quadratic equation in z,
e.g iz’ +z—i=0
Solve a 3-term quadratic for z or substitute z = x + 1y and use a correct
method to solve for x and y
OR: Substitute w = x + iy and obtain two correct equations in x and y by equati 2
real and imaginary parts : o)
Solve for x and y @9 __
. ©
. . i *-]. + 3 1 o c\
Obtain a correct solution in any form, e.g. z = ——— Q %
. 3 1,
Obtain final answer —— + 51 [4] J
20. O/IN 14/P33/Q5

(1) State or imply iw=-3+5i

Carry out multiplication by +—
-1

Obtain final answer —17—? + g—?’—i or equivalent

&)
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() Mult
ultiply w by z to obtain 17 +17i
1

State = tan™'S
argw=tan™ = or argz =tan™ —
5 4

UnﬁB:Nm;Se% T

Stat =
C :
onfirm given result tan‘l £+ tnn"-l— ____l—“r Icgiﬁmalcly [4]
21. MIJ 14/P32/Q7 4
a . =
(a) EITHER: Substitute and expand (-1 ++50)° completely
Use i =—1correctly at least once
Obtaina=-12
State that the other complex 100t is —1-v31
ORI: State that the other complex root is -1 5
State the quadratic factor z2+2:+6 - 0 and solve for
Divide the cubic by a 3-term quadratic, equal® }-gmamder W i
a or, using a 3-term quadratic, factorise the cubic and determin®
Obtain a=-12
OR2: State that the other complex root is . S5
State or show the third root is 2
Use a valid method to determine @
Obtaina =-12 )
OR3: Substitute and use De Moivre to cube J6cis (1 14. Ie): or equivalent
Find the real and imaginary parts of the expression
Obtain a=-12
State that the other complex root is — L 5 4
(b) EITHER: Substitute w = c0S 29 +isin26in the given expression
Use double angle formulae throughout
Express numerator and denominator in terms of cos fand sin@only
Obtain given answer correctly
OR: Substitute W= ¢ in the given expression
Divide numerator and denominator by e, or equivalent
Express numerator and denominator in terms of cos@and siné only
Obtain the given answer correctly 4
22. M/J 14/P31/Q5 _-;g*'\‘i‘z?.a\
(i) Either Multiply numerator and denominator by \E +1 and use 2= «@: “\2%
Obtain corre;l numerator 18 +lS~./i‘:i or correct denominator - y&\_g o
. . QoD
Obtzin 2+ or [18+1s,/§i)/4 Q\\X\\‘* AN
Obtain modulus or argument \“@\ r o
Obtain 9 % "/"\\ \@
ain 9¢ w? & 5
. N AN [3]
OR Obtain modulus and argument of numerator o dﬁﬂo&f—i\l@i\o&pﬁoﬂl
moduli or both arguments - NG} q{\-@.
. i CH 37
Obtain moduli and argument 18 and %,._. or2 @Q\é &
P v 5_-_;
or moduli 18 and 2 or arguments L1 - \;&%"’ &
£, g p \%}2 - 1‘.&\:@0\\ degrees)
Obtain 18¢¢ +2e & or equivalent &
Divide mo’duli and subtract arguments
3]

. —-xi
Obtain 9¢?
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| ‘ :
ol following through their answer to part (i)

) :
Laisgn _ following through their answer Lo part (i)

obtain 2 3]

EIT HER: Multiply numerator and denominator by 1 - 4i, or equivalent, and use iP=-1

Simplify numerator to ~17 ~17i , or denominator to 17
Obtain final answer -1 -1

OR: Using i* =-1, obtain two equations in x and y, and solve for x or for y
Obtain x = -1 or y =~1, or equivalent
Obtain final answer =1 — i | 3

Show a point representing 2 +1in rélatively correct position

o @ Show a circle with centre 2 + i and radius 1

show the perpendicular bisector of the line scgment joining i and 2

Shade the correct region 4
(ii) State O imply that the angle between the tangents from the origin to the circle is
required
Obtain answer 0.927 radians (or 53.1°) 2
IN 13/P32/Q8

@

EITHER:Solve for u or for v

Obtain u =

5 !
or v=
i v T or equivalent

Either: Multiply a numerator and denominator by conjugate of denominator,
or equivalent
Or: Set u or v equal to x + iy, obtain two equations by equating real and
imaginary parts and solve for x or for y

OR: Using a + ib and ¢ +id for u and v, equate real and imaginary parts and obtain
four equations in @, b, cand d
Obtain b+2d=2,a+2c=0,a+d=0and-b+c= 3, or equivalent
Solve for one unknown

Obtain final answer u =~2 —2i, or equivalent

Obtain final answer v = 1+ 2i, or equivalent [51
(b) Show acircle with centre -

Show a circle with radius 1 ; A

Show correct half line from 2 at an angle of er to the real axis

Use a correct method for finding the Jeast value of the modulus

Obtain final answer —%—1 , or equivalent, e.g. 1.12 (allow 1.1) @ ® [5]

25. O/N 13/P33/Q9

()

% &2
Solve using formula, including simplification under squarc oo 1gDs

. =214 ;
Obtain T or similarly simplified equivalents
2(2—i) similarly stmp quivalen b &

Multiply by 2_'."1 or equivalent in at least one ca@
2+1

Obtain final answer -% + %i

Obtain final answer —i

(5]
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(b) Show wi
Show 'b\!’lrilrlﬁsrst quadrant with modulus and argument relatively correct »
Show w* i econd quadrant with modulus and argument f c]gt.wclb’ cofr:cct
Use in fourth quadrant with modulus and argument gelact®

correct method for arca of triangle A

Obtain 10 by calculation

26. M1J 13/P32/Q9

(2) Subsgltutc w =x + iy and state a co
Use i =1 and equate real parts
Obtain y=-2
Equate imaginary parts and solve forx (5]

Obtainx=12 J_Z- , Or equivalent, only

(b) Show acircle with centre 2i
Show a circle with radius 2

rrect equation in ¥ and y

Show half line from -2 at &n‘ to real axis

Shade the correct region

Carry out a complete method for calculating the greatest wlvp] IZ| [6
Obtain answer 3.70 :
27. MIJ 13/P31/Q7

sa+36i+2@—b) = 7 i o linear equations in @ and b

(a) State or imply
Consider real and imaginary p
Solve two simultaneous linear equa

arls to obtain tW!
tions for a or

[4]

Obtain 7-2i
(b) Either Show or imply a triangle with side 2 |
f the angles imim and 57

State at least tw0 O
State or imply argume
Use sine rule or equiva

Obtain 6.69¢"
Or State y = X.
X

J3
State y:-l—-x+2 of —=—F—_3
el 2 JxP+(-2)

State or imply argument is £ ' ©) ‘%@
4 @ S

ntis 47
lent to find r

or

Solve for x or ). &
obean 696+ - @,@g [5]
28. M/J 13/P33/Q7 G @@
() Show that 2 +b* = (a+ib)(a—ib) 5
@ & ]

Show that (a+ib—ki)' = a—ib+ki ¢
P

(if) Square both sides and express the given equation in terms Z
Obtain a correct equation in any form, e.g. (z— 10i)(z’ +E‘§ ; 4i)(z +4i)
(#/

Obtain the given equation A
¢/
ien equation to the form

Either express |z ~ 2:‘[ =4in terms of z and z or reé%ﬁ;@
5

-
[

Obtain the given answer correctly

(iii) State that the locus is a circle with centre 2i and radius 5
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12”’ q and simplify as far ns iw? =-8i or equivalent

o) I&‘b‘::;; first answer iv8 , or cquivalent
obtain second answer —14/8 , or cquivalent and no others 3]
raw cirele with centre in first quadrant
® ) Draw cortect circle with interior shaded or indicated 2]

mcntit‘y cnds of diameter corresponding to line throu igi
(i) obtnin P = 3.66 and g = 7.66 gh origin and centre

Show tangents from origin to circle
.4l
Evaluate sit '(.&-ﬁ]

. 1 i il ) .2
Obtain & =EJT e 7 2 | or cquivalent and hence 0.424

. 1 . af )
Obtain A= E 4 sin I[E ﬁ) or cquivalent and hence 1.15 (6

1 12/P 32/1Q7

0 EITHER: Mlultip_ly pumerator and denominator by 1+ 34, or equivalent
Simplify numerator to -5 + 5i, or denominator to 10, or equivalent

30.

Obtain final answer —L2 4 lzi , or equivalent

OR: Obtain two cquations in x and y, and solve for x or fory

. 1 1
Obtainx = =5 or y= 2 or cquivalent

Obtain final answer — 1; + l?_i , or equivalent B3]

(i) Show B and C in relatively correct positions in an Argand diagram
Show u ina relatively correct position [2]

(iii) Substitute exact arguments in the LHS arg(1 +21) — arg(l —3i) = arg u, oT equivalent

Obtain and use argu = % 7

Obtain the given result correctly 31
31. MIJ 12/P31/Q4
(i) Either Expand (1 + 2i)* to obtain -3 + 4i or unsimplified equivalent
Multiply numerator and denominator by 2 —1
Obtain correct numerator =2+ 11i or correct denominator 5
; L, A
Obtain - % + 15—1 or equivalent
Or Expand (1 - 2i)" to obtain _3 + 4i or unsimplificd equiv
Obtain two equations in X and y and solve forx ory
2
Obtain final answer X = -3
: 11
Obtain final answer y === 41

(i) Draw a circle
Show centre at relatively correct position, following their u
Draw circle passing through the origin 31
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32. Ml 12/P331q10

(8) EITHER:Elimj
:Eliminate u or w and obtain an equation it worin# R
; b . s
gbltam a quadratic in v or w, c.g. A iy -3= gorw’ +4
0 5 _ .
ve a 3-term quadratic for u or for obtain an equation in w

ORI:  Having squared the first equation, elimin or w and

ale ¥

oru
Obtain a 2-term quadratic in v or W, €.8- p=-3+4
Solve a 2-term quadratic for 1 Of for w od + aginary parts an P

OR2:  Using u = a + ib, w = c + id, equalC real

cquations in a, b, c and d
Obtain 4 correct equations
Solve for a and b, or for c and d
Obtain answer u = 1 +2i, w=1-2i
Obtain answer u=—-1+2i, w=-1-2i and no other (5]
orrect position

(b) (i) Show point representing 2 - 2i in relatively ©
Show a circle with centre 2 — 2i and radius 2

Show linc forargz= =7 :r
[5]

Show line for Re z=1
Shade the relevant region
(1]

(if) Statc answer 2+ 2 , or cquivalent (accept 3.41)
33. O/N 11/P32/Q10, O/N 11/P31/Q10
real and imaginary parts t

(a) EITHER: Squarcx*t iy and cquate
Obtain x* —y* =1 and 2= ~24/6
tion in the other

Eliminate one variable and find an cqua :
4 42— 6=0, or 3-term equivalent
[3]

Obtain x*' —x*—6=00ry +y
Obtain answers % (\/5— iﬁ)

OR: Denoting 1261 by Reis, state, Or imply, squaré
and find values of R and cither cos @ or sin @ or tan & o
1 26

Obtain tﬁ(cos%()-{-isin%&'}, and cosd=5 O sinf=——-

-3
tan 0 = ~2\/E 1 1
Use correct method to find an exact value of cosiﬁ' or, smiﬁ
=1

3
/4
Obtain cos % 0= i‘g and sin 216' = :t‘E , or equivalent éﬁ@

)
Obtain answers (\E —iy/2), or equivalent @ 9
&
&gv (S
¢ ©

[Condonc omission of + except in the final answers.]
1 a sketch of an Argand diagram

(b) Show point representing 3i 0
Show a circle with centre at the point representing 31 and radius 2 , (D @§§©
Shade the interior of the circle
Carry out a complete method for finding the greatest value of’ raiﬁi& )
s

Obtain answer 131.8° or 2.30 (or 2.3) radians
[The f.t. is on solutions where the centre is at the pOin@té‘@%e :
/

34. O/N 11/P33/Q6
(i) Use correct method for finding modulus of their @%&/ﬁ both
Obtain |w?| =2and |w’|=2+2 or equivalent
Use correct method for finding argument of their w? or w” or both
Obtain arg(w?) =—4mor 3 wand arg(w)) = 1 =

o 1 and _2.J6 respectively

roots are d:\f}_i’cis(% )

or

3
A\

(5]
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) Obtain centre ~d=ti (their v’)
{ calculatc the diameter or radius using | w-w? | w21or right-angled triangle
o cosine rule or cquivalent

obtain radius 4 J10 or equivalent
ot |2+ L+ | = 4 V10 or equivalent
5, MU 11/P32/Q7 ,
» o (i) EITHER: Multiply numerator and denominator by a — 2i, or equivalent

Obtain final answer —2— 101 , Or equivalent
a*+4 a*+4

OR: Obtain two equations in x and y, solve for x or for y
Obtain final answer x = oa and y= , or equivalent
a” +4 a’ +4

(if) Either state arg(u) = = 7% OF express u* in terms of a (f't. on u)

Use correct method to form an equation in a, e.g. Sa=-10
Obtain a = -2 correctly

(b) Show a point representing 2 + 2i in relatively correct position in an Argand diagram
Show the circle with centre at the origin and radius 2

Show the perpendicular bisector of the line segment from the origin to the point
representing 2 + 2i

Shade the correct region
[SR: Give the first B1 and the B1Y for obtaining y = 2 ~ x, or equivalent, and sketching
the attempt.]

36. MIJ 11/P31/Q8

(i) Either: Multiply numerator and denominator by (1 — 2i), or equivalent
Obtain —3i
State modulus is 3
Refer to u being on negative imaginary axis or equivalent and confirm argument

. oas —imw
2
Or: Using correct processes, divide moduli of numerator and denominator
Obtain 3 25
Subtract argument of denominator from argument of numerator Y ®
Obtain ~tan™ 4 — tan™2 or ~0.464 — 1.107 and hence —47 or-1.57 ?13@5 _@ﬁ\
> _OF
(i) Show correct half-line from u at angle 47 to real direction C@@\’ @’
Use correct trigonometry to find required value \@\ 3 @%
Obtain 51-\5 or equivalent 5 @@@‘}\
(iii) Show, or imply, locus is a circle with centre (1 + i)u and radius 1

0,

Use correct method to find distance from origin to furthest point clegy
Obtain 3/2 +1 or equivalent i

37. MU 11/P33/Q7 %

(i) Use the quadratic formula, completing the square, or th bstittition z=x+ iy to find a
root and use i* = -1 7

Obtain final answers —+/3 1, or equivalent ;

(4]

2]

E)

[4]

[4]

[3]

B3]

(2]
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(1) Stato that the modulus of both 1ol i 2

State that the argument of - Jil'-l'i i 150" o ) i (2.07)) ML
0

B |

Unit 8; Aevsniests Setyy,

’i 3
(e 2,62) tadiang o1

State that the argument of 3 =1 I 150" (0f 210%) OF =
7
"(;"’T (3.67) radinny (3]
(&) Carry outan attempt to find the wixth power of 4 100l
Verify that one of the rools salinfios 2° =04 .
Verify that the other root satisfics the equation ]
38. O/N 10/P32/Q6
(i) State modulus is 2 7
State argument is -+, or 307, of 0,524 1ndinns
(i) (a) Statcanswer 33 i ot
L} Ly i : . E 3 I
(b) EITHER: Multiply numerator and denominator by J3—i,or 'UI"Wl el
Simplily denominator 1o 4 or numcrator 0] Zﬁ 421
Obtain final answer J3 ki, or cquivalent
OR I:  Obtain two cquations in X and y and golve for x OF fory
Obtain x=—l~-\/3 or y=1
Obtain final answer iﬁ Ak, o equivalent -
OR 2:  Using the correct processes CXpress i7#/z in polar form
Obtain X :-.}\/5 or y=1
' : D 4
Obtain final answer {ﬁl—%l ,or equivalent [4]
(iii) Plot 4 and B in relatively correet positions
EITHER: Use fact that angle AOB = arp(iz*) —arg Z
Obtain the given answer .
ORI Obtain tan AOB from gradients of 04 and OB and the correct tan(4 — B)
formula
Obtain the given answer
OR 2: Obtain cos AOB by using correct cosine formula or scalar product | /_@ "
Obtain the given answer . @“\g‘.’%{@
39. O/N 10/P33/Q3 * C;J i fof‘j“" )
(i) Attempt multiplication and us¢ it=-1 rgg,:z, ’%g{;o
Obtain 5 for modulus o © %
(if) Draw complete circle with centre corresponding to their w* ... @ @@
... and radius corresponding 0 their || cf&g @'xku "
Shade the correct region @\@ 5 7
40. M/J 10/P32/Q8 % i o
() EITHER: Stateacorrect expression for |z| or |*, e, @rc )2 +(sin 26)”
Use double angle formulae throughout QF7 Othagdtas
Obtain given answer 208 Ocorr{:ctlyé5 &
+cos26)

State a correct cxpression for tangent of argpm
Use double angle formulae to express it in terms 0
Obtain tan 0and statc that the argument is 0

ent, e.g. (sin26/(1

f cos fAand sin g

B
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OR: Use double angle formulac to express z in terms of cos @ and sin 0
: Obtain a cotrect expression, e.g. 1+cos? @ —sin? @+ 2isin # cos O
Convert the expression to polar form
Obtain 2 cos #(cos @ +isin 0)
State that the modulus is 2 cos®

State that the argument is @ (6]
) Substitute for z and multiply numerator and denominator by the conjugate of z, or
¢ cquivalent

Obtain correct real denominator in any form
1dentify and obtain real part equal to 1 (3]

1. W 10/P31/Q7

(i) Obtain modulus V8
Obtain argument + 7 or 45° | (2]

@) Show ,iand u in relatively correct positions on an Argand diagram
Show the perpendicular bisector of the line joining 1 and i
Show a circle with centre u and radius 1
Shade the correct region (4]

(iii) State or imply relevance of the appropriate tangent from O to the circle
Carry out complete strategy for finding| z| for the critical point
Obtain answer 5 3]

42. MIJ 10/P33/Q8
(a) EITHER: Substitute 1413, attempt complete cxpansions of the x and x* terms

Use i* =—1 correctly at least once
Complete the verification correctly

State that the other root is 1—iJ§
OR1: State that the other rootis 1 —iﬁ

State quadratic factor x*—2x+4

Divide cubic by 3-term quadratic reaching partial quoticnt 2x -+ k
Complete the division obtaining zero remainder

OR2: State factorisation (2x+ 3)(3:2 —2x+4), or equivalent
Make reasonable solution attempt at a 3-term quadratic and use i* = ~1 (V@)
Obtain the root 1+iv/3 @§ A
State th; i i3 % >
e that the other root is 1—-1+/3 ®

: s : : i vis X 8

(b) Show point representing 1+iV/3 in relatively correct position on an Argand.gyl :
Show circle with centre at 1+iy3 and radius 1 (}{@ ®©
Show line for arg z= 17 making {7 with the real axis AC

Show line from origin passing through centre of circle, or the di “'J)w
the origin if produced Yy \
Shade the relevant region

43. O/N 09/P32/Q7
(i) (a) Statethatu+visequaltol+2i <

[4]

@ would contain

[5]

[1]

(b) EITHER: Multiply numerator and denominatorg¥ ulv by 3 —i, or cquivalent

Simplify numerator to =5 + 5i, or denominator to 10

Obtain answer -% + %i, or equivalent
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ORI: :
Obtain two cquations in x and y and solve for or fory
Obtainx =~ ory= L)
2

Obtain answer —+ +
OR>: . 7 17 .
R2: Using the correct processcs cxpre far fort?
(3]

Obtain x = —-;- ory= ;, correctly
(1]

Obtain answer -—% + % i, or cquivaieﬂl

(i) State that the argument of ulvis 2 7 (2.36 radians or 135°)
: v= arg(/ V)

(iii) EITHER: Use facts that angle AOB=arg 4~ arg
Obtain given answer
ORI:  Obtain tan AOB from gradients of 0A and 08 and the 27
Obtain given answer :
OR2Z: Obtain cos AOB by using the cosine formula
Obtain given answer
(2]

uct :
2]

(iv) State O4= BC
State OA is paralle

44. O/N 09/P31/Q7
(i) Substitute x = _2 +iinthe equation and attempt €X
Use i* =—1 correctly at Jeast once and solve for k
Obtain k =20 (1]
State that the other complex oot is—2-1
(2]

1to BC
pansion of (2% i)’
[3]

(i)
(iii) Obtain modulus J5
§ radians

Obtain argument 153.4° 0r2.6
(iv) Show point representing # in relatively correct pO
Show vertical line through z = 1
Show the correct half-lines from ¥ of gradient Zer0
Shade the relevant region
[SR: For parts (i) and (i) allow the follo
State that the other complex rootis—2—1

State quadratic factor PAdx+S
Divide cubic by 3-term quadratic, equate remainder to €10

3.term quadratic, factorise cubic and obfain &
&
>

Obtain k=20
45. MIJ 09/P03/Q7 7
dratic formula, or completing the square, 0T the substitution Z Qg i
7
¥ &

(i) Usequa
to find a root, using i’ =-1
A
e

Obtain a root, €.5. 1-+/3i
Obtain the other root, &g =1 = Ji < 3
) @
latwely@igj 3 gositions 1
(S

(i) Represent both roots on an Argand diagram in re

(i) State modulus of both roots is 2 57
State argument of 1 — 3i is —60° (or 300°, —3175 é g ‘}"(\
] ¢/
Ozr (Q}

State argument of —1 - J3i is—120° (or 240

(iv) (?;;lfc a complete justification of the statement ﬁ 37) ,
[The A marks in (i) are for the final versions of tlle roots. Allow (2 —2 J3i)2

as final answer. The remainin
. g marks ar i
[Treat answers fo (iiii) in polar form as ain(;grlga?i‘jaﬂablc TR e 7o

gition in an Argand diagram

and 1
(4]

wing alternative method:

and solve for k, or, using

O&\@

0 2\
o4

9
r

™~

ucH

L7 ]

B—




pde Read & Write Publications Unit 9; Answers Section
Qi
g/P03/ .
b OIN 0 (ato that he modulus of wis l2
i o
0 g that the argument of w is 37 or 120 (accept 2.09, or 2.1) o
gate that {he modulus of wz is R
() Gtate that the argument of wz 1 0+ % T
glate {hat the modulus of ziwis R -
gate that {he argument ofzlwis -5 7 "

late OF imply {he points are equidistant from the origin
(iif) State of imply that two pairs of points subtend -}n‘ at the origin, or that all three pairs subtend

equal angles at the origin o
Multiply 4+ 210y W anduse i2 ==1

Obtain — 2+ \E )+ (2\E —1)i, or exact cquivalent

4+2ibyw, multiplying numerator and denominator by the conjugate of w, or equivalent

(iv)

Divide

Obtain —(2- Ji) - (2\/5 +1)i, or cxact cquivalent (4]
sc of polar form of 4 + 2i can cam M marks and then A marks for obla?nin:g exact x + iy an‘swefts.]

(SR: If answers only seen in polar form, allow B1+B1 in (i), R1v + B1Y in (i), but A0+ A0 in (iv).]

47. M 08/P03/Q5 N N
0] Find modulus of 2¢cos g— 2isin@and show it is cqual to 2
Show a circle with centre at the point represcnting i
Show a circle with radius 2 i3]

(i) Substitute for z and multiply numerator and denominator by the conjugate of
5 +72 —1, or equivalent
Obtain correct real denominator in any form
[dentify and obtain correct unsimplified real part in terms of cosd,
e.g. (2cos@+ 2)/(8cos 0+ 8)

State that real part equals -}4- [4]

48. O/N 07/P03/Q8

(2) (i) EITHER: Carry out multiplication of numerator and denominator by 1+ 2i, or equivalent
Obtain answer 2 + i, or any equivalent of the form (a +ib)/c
OR1:  Obtain two equations in x and y, and solve for x or fory
Obtain answer 2 + i, or equivalent
OR2:  Using the correct processes express z in polar form

Obtain answer 2 + i, or equivalent 2]
(if) State that the modulus of z is J5 or2.24 |
State that the argument of z is 0.464 or 26.6° 2] !

3
(b) EITHER: Square x + iy and equate real and imaginary parts to 5 and —12 respective N 6:‘?@7
Obtain x> —y? =5 and 2xy =—12 @ ®©
Eliminate one variable and obtain an equation in the other

@ © |
Obtain x* —5x2-36=00ry4 +5y% =36=0, or 3-term cq@i&f}q @ !

Obtain answer 3 —2i

Obtain second answer —3 + 2i and no others @\@ .

[SR: Allow a solution with 2xy = 12 to eamn the seco la
OR:  Convert 5 —12i to polar form (R, o)

Use the fact that a square root has the polar fo@?jiy{@)
Obtain one root in polar form, €.g. (Jﬁ ,—0.588) V13 ,—33.7°)
Obtain answer 3 -2i

Obtain answer —3 + 2i and no others [6]
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49. M/J 07/P03/Q8

(1)

(i)

50. O/N 06/P03/Q9
tor and denominator by

(®

(ii)

(iid)

(iv)

51, M/J 06/P03/Q7

®

(if)
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ominator by ~ 1 i, or solve TREanY

EITHER: .
: Carry out multiplication of numerator and den
b)lc

Obtain u=-1-i '

. ain =~ 1 -i , or any equivalent of the form (a1
tate modulus of # is Y2 or 1.41

2.36) or — 135% or® (3.93) or 2 ’

State argument of u 1s -—% m(-
tor by that of th

OR: Divide the modulus of the numera
State modulus of uis v or 1.41
Subtract the argument of the Jdenominator from that of the pumerator,
State argument of u is —% 7(-236)0r— 135% ori- z(3.93) °f 225°

Carry out method for finding the modulus or the argument of u

State modulus of w is 2 and argumen 2 x(15T) 0 90° L

tofWiss 7
2 . . . z

Show u and ? in relatively correct positions

Show a circle with centre at the origin and 1t

Show the line which is the pcrpcndicular bise
Shade the correct region, paving obtained ¥ and ¥

denominator

or equivalent

dius 2
s and 1
(4]

ctor of the
2 gorrectly

EITHER: Multiply numerd 2-4i,0r cquivalent

Simplify numerd ninator 10 3
Obtain answer | + i

OR: Obtain two cquations inxand Y, and solve fo
Obtain x =1

Obtainy =1
OR: Using correct processes express 1 in polar form
or equivalen!
B3l

Obtain u= vZ (cos45°F i sin 45°),
Obtain answer ] +i
State that the modulus i8 JZor 1.4]
State that the argument is 45° or % 7 (or 0.785) 2]
Show the point representin atively correct position
Show a circle with centre & ing u
(3]

Indicate or imply the radius is 1
. If the Argand diagram has uncq
ellipse with centre ¢ and equal
both semi-axes ar¢ indicated or implicd to be cqudt
for a circle with centre # and 4 horizontal or yertical rat

Carry out complete stralcgy for calculating min | z | for the locus

Obtain answer V2-1 (or 0.414)
[The f.. is on the value of 1]

torto 5+t 5i or denol
r x or fory

guina rel
t the point represent
cales the locus iy not cireular in appearance, bgf/hn

¢ axes of the dipgram cams Jl&ﬁ ayfugﬂl if
[{o 1. Insucha :;illulliu?;;l%:lkii&(%@’i}d B1Y
lius indicated Quithp jetto be 1.]

NS

) '
©?

5
R o
N T

‘gg)/ (rﬁéié‘)
Show w and %’ in relatively correct positions Q‘gv ‘&:‘:@9
Show #+ 4" in relatively correct position % - S;S
State or imply that OACB is a parallclogram > ":g‘
State or imply that OACB has a pair of adjacent cqjl{p Gidg {"f
[The statcment that OACB is a thombus, or cquﬁfqltn! §§ns B2V Ml
EITHER: Multiply numerator and denominator of o by 2 +1i
Simplify numerator to 3 + 4i or dcnominall‘or to 5

Obtain 242 i
answpr . + g bor cquivalent

ual 8
axes parallel L0 th

£
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oR: Obtain two cquations in x and y, and solve for x or for y
' \ 3 4
Obtainx = ory=«
5
al 2t
Obtain answer -+ =i (3]

EITHER: State or imply nrg(;‘f_) —~2argu
Justify the given statement correctly
OR: Use tan 24 formula with tan 4 = 2
2

(i)

Justify the given statement correctly (21
(The fL. is on — 2 +1i as complex conjugate]

& oIN 05!P03!Q7
: p Substitute x =1+ 2i and attempt expansions
Use i =1 correctly at lcast once |

Complete the verification correctly 3]
(i) State that the other complex root is 1 —2i (1]
(i) Show 1 + 2i in relatively correct position

Sketch a locus which

(a) is a straight line

(b) relative to the point representing 1 + 2i (call it 4), passes through the mid-point of 04
(c) intersccts OA at right angles [4]
53. MIJ 05/P03/Q3

(iy Use quadratic formula, or the method of completing the square, or the
substitution z = x + iy to find a root, using i = -1
Obtain aroot, e.g. 2 + i
Obtain the other root =2 + i 3

[Roots given as +2 +iearn A1 + A1]

(i)  Obtain modulus V5 (or 2.24) of both roots
Obtain argument of 2 + i as 26.6° or 0.464 radians
(allow £1 in final figure)
Obtain argument of =2 + i as 153.4° or 2.68 radians
(allow 11 in final figure) 3
[SR: in applying the follow through to the roots obtained in (i), if both
roots are real or pure imaginary, the mark for the moduli is not available < ®
and only B4V is given if both arguments are correct; also if one of the &,

two roots is real or pure imaginary and the other is neither then B1v is

2 QO
given if both moduli are correct and B1Y if both arguments are corret}y fﬁ
(i) Show both roots on an Argand diagram in relatively correct pogg @@ 1 |
[This follow through is only available if at least one of the two rog i
of the form x + iy where xy # 0.] @D @ |
34, O/N 04/P03/Q6
(i) Stateu-vis-3+i B1
EITHER: Carry out multiplication of numerator !
4 - 2i, or equivalent M1 I
Obtain answer —+=i, or any e@ al A1 j
|
OR: Obtain two equations in xand y, a o solve for x or for y M1 ]f
Obtain answer 12+%i, or any equivalent Al 3

e
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fi
(i)  State argument is %rr (or 0,786 radians of 45°)

(lii)  State tha
{ OC and BA are equal (in length »
State that OC and BA are pgralle(l or hawa) me direion

(iv) EITHER: Use fact that angle AOB =3rg /=7

OR:

OR:

OR:
[SR: Obtaining a value for angle ACE
arctan{a)-arctar{-;—] earns a maximu

55. M/J 04/P03/Q8
(i) EITHER: Solve the quadratic and use -

OR:

(ii) State that the modulus of &
State that the arguments @

[Acce

p

the implied moduli and B1 for bo

pt degrees and %:rinsteadof-—-;-r!.

. g, n are integers. An answer

e
{1 1o, f 1A Bt i

M
Read & e [Tl

N

the s4

Obtain given answer (or 45°) ok i B
Obtain tan AOB from gradients of O/ and 0B A 16 tanifh 1)
formula

Obtain given answer (0f 45°)
Obtain cos AOB by using the cosing e or 3
Obtain given answer (o 45°)

and OA =AB

(or45°)
by caleulzling

eatar prodi

N

Prove angle OAB = 90°
Derive the given answer

mof B1.]

1 =i
"i -
Obtain roots %—:—i—"é and 12--i£ or equivalent
2

Substitute x + iy and solve

Obtain correct roots
ach root is equal £ i
]

bt

forxory

T

re 17 and _ 17 respectively
£ '/ﬂ , Mners
4

pcoept 2 modulus in the form
vihich only gives roats in rdulus-argumeant frrm eatns B for bath

th the implied 212 uments.]

— _] for each root
7

(iii) EITHER: Verify 72
7Y .

OR:

OR:

state 22 +1=(+ 1" ~2+D
. 2 % /@a AN
Justify the given statement 7k s
F: 9

Obtain P=rt-z
; 2 Ny b
Justify the given statement ) )7
4 [
/,g’jr el
(0

56. O/N 03/P03/Q7 p
bryq?y"i'/él, /{/;,/0’?

(i) EITHER: Attem

OR:

pt multiplication of numerator and denominator
or  equivalent : ﬁ, Ly
Simplify denominator to 13 or numerator Lo 13 +2ﬁi = f‘\"b
Obtain answer u=1+2i o\ & ’
- /(\’
Using correct processes, find the modulus m@y

: = (0 ey
Obtain modulus Y5 (or 2.24) or a:gm.aﬁ'fm’/i:j)m? 63.47 or 111 radians)

i 3l

Obtain answeru =1 +2i 3

-
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Show the point U on an Argand diagram in a relativel iti
Show a circle with centre U o COiTedt peiien

Show 2 circle with radius consistent with 2 B3]

(i 0 State OF imply relevance of the appropriate tangent from O to the circle
i Carry out a complete strategy for finding max arg z
Obtain final answer 126.9° (2.21 radians) (3]

. the appmpriatc tangent 1s sufficient for BN.]
[D'?“:;in qwer obtained by measurement earns M1 only.]
[.'\ 10

) 03POSIE° 2 2
' State or imply w = cos 37 isin 37 (allow decimals)

()

Obtain answer uw = - 3 -i (allow decimals)

Multiply numerator and denominator of i by -1 - i+/3, or equivalent

w
Obtain answer ¥ = «/5 - i (allow decimals) [4]
w
i Show U on an Argand diagram correctly
( Show A and B in relatively correct positions [21

Prove that AB = UA (or UB), or prove that angle AUB = angle ABU

(or angle BAU) or prove, for example, that AO = OB and angle

AOB = 120°, or prove that one angle of triangle UAB equals 60°

Complete a proof that triangle UAB is equilateral [2]

(iii)

58. O/N 02/P03/Q8
(a) EITHER: Square x *+ iy and real and/or imaginary parts to —3 and/or 4 respectively
Obtain x*—)?=-3 and 2xy =4
Eliminate one variable and obtain an equation in the other variable
Obtain x* + 3x2—4 =0, ory* —3y? =4 =0, or 3-term equivalent
Obtain final answers +(1 + 2i) and no others

[Accept +1#2i,orx=1,y=2andx=-1,y=— 2 as final answers, but not x = Ly = +2.]
OR: Convert —3 + 4i to polar form (R, &) ' NG /%@

Use fact that a square root has polar form (VR, 3 A

Obtain one root in polar form e.g. (+/5,63.4°) (allow 63.5° argmnc@%t)dians)

Obtain anwer 1 + 2i 5@ Cé)ﬂ

Obtain answer — 1 — 2i and no others @ @Q [5]

(b) () Carry out multiplication of numerator and denominator by Z @;@D

Obtain answer % & % ior 0.2+ L.4i 3 [2]
(i) Show all three points on an Argand diagram in relati\(r?e@ qriect positions (1]
[Accept answers on separate diagrams.] 2 4
0A , @ S
(i) State that OC = et or equivalent @ 5 1]

[Accept the answer 04.0C =208, or equivaleﬁ% !
[Accept answers with |O4| for O4 etc.] i

. ]




